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Abstract
In this paper we introduce the notion of weakly 2-absorbing primary submodules of modules and inves-
tigate this concept when the ambient module is the edge ideal of a finite simple graph without isolated
vertices. Several structural properties concerning quotients, localization and related module constructions
are established.

Keywords . 2-absorbing submodule, 2-absorbing primary submodule, weakly 2-absorbing primary submodule,
edge ideal of a graph.

1. Introduction. Throughout this paper, R denotes a commutative ring with identity and 7(G) denotes
the edge ideal of a finite simple graph G without isolated vertices.

The theory of 2-absorbing ideals, introduced by Badawi [6], has motivated several important gener-
alizations in commutative algebra. Among them are weakly 2-absorbing ideals [7], 2-absorbing primary
ideals [8], and weakly 2-absorbing primary ideals, which naturally extend the notions of weakly prime and
primary ideals.

These concepts have also been investigated in the setting of modules, leading to the notions of 2-
absorbing submodules, weakly 2-absorbing submodules, and weakly 2-absorbing primary submodules.
Such generalizations have proved useful for understanding how ideal-theoretic properties extend to module
theory.

On the other hand, edge ideals of graphs form one of the central classes of monomial ideals in combi-
natorial commutative algebra. Their algebraic properties reflect important combinatorial features of graphs
and have been extensively studied from several different perspectives.

The purpose of this paper is to investigate weakly 2-absorbing primary submodules when the ambient
module is the edge ideal I(G). Rather than considering arbitrary modules, we restrict our attention to
this important class of monomial ideals and study how several structural properties of weakly 2-absorbing
primary submodules behave in this context.

The paper is organized as follows. Section 2 recalls the basic definitions concerning edge ideals that
will be used throughout the paper. In Section 3 we establish several properties of weakly 2-absorbing
primary submodules of edge ideals and investigate their behavior under quotients, localization and related
module-theoretic constructions.

Here we use properties of commutative algebra and homological algebra for the development of the
results (see [5] and [9]).

*Federal University of Triangulo Mineiro - Department of Mathematics - ICTE, MG, Uberaba, Brazil. (ctognon007@gmail.
com).

137


http://revistas.unitru.edu.pe/index.php/SSMM
https://orcid.org/0000-0002-0272-8455
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.17268/sel.mat.2026.01.10
https://doi.org/10.17268/sel.mat.2026.01.10

138 Tognon C H.- Selecciones Mateméticas. 2026; Vol.13(1):137-142

2. Preliminaries on edge ideals. Throughout this paper, G' denotes a finite simple graph without
isolated vertices and with vertex set

V(G) ={v1,...,vs}.

Let K be a field and let

R =Klvy,...,vs

be the polynomial ring over K.

The edge ideal associated to G is the squarefree monomial ideal generated by the monomials corre-
sponding to the edges of G.

Definition 2.1. The edge ideal of G is

I(G) = (viv; | {vi, v;} € E(G)),

where E(G) denotes the edge set of G.
Throughout the paper, I(G) will be regarded as an R-module, and we shall investigate weakly 2-
absorbing primary submodules of I(G). This section is in accordance with [10].

3. Weakly 2-absorbing primary submodules of edge ideals. In this section, we present some results
about the modules and submodules which involve the theory of graphs together with the edge ideal of a
graph G, which is simple and finite and with no isolated vertices.

Here, we take K a fixed field and we consider K [v1,vs ..., vs] the polynomial ring over the field K.
Since K is a field, we have that K is a Noetherian ring and then K{vq,...,vs] is also a Noetherian ring
(Theorem of the Hilbert Basis).

Remark 3.1. Since K is a field, the polynomial ring R = K|vy,...,vs| is Noetherian by Hilbert’s
Basis Theorem. Consequently, the edge ideal I(G) is a finitely generated Noetherian R-module.

Definition 3.1. Let R = Klvy,...,v,] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. A proper submodule N of the R-module I(G) is called a weakly
2-absorbing primary submodule of I(G) if 0 # fifav € N for any f1, f» € Rand v € I(G), then
fifo € (N : I(G)) or fiv € I(G) —rad(N) or fov € I(G) —rad(N).

Proposition 3.1. Ler R = Klvy,...,vs] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Let N, K be submodules of the R-module I(G) with K C N.
If N is a weakly 2-absorbing primary submodule of I(G), then N/K is a weakly 2-absorbing primary
submodule of I(G)/K. The converse is true when K is a weakly 2-absorbing primary submodule.

Proof:  Assume that N is a weakly 2-absorbing primary submodule of I(G). Let f;, fo € R and
v+ K € I(G)/K where 0rqy/x # fife(v+ K) € N/K. Since f1f2(v + K) # Op) k. we get
fifov € N and fifov € K. If f1fov = 0, we obtain f1fov + K = Opg)/kx. So fifav # 0. Thus
fifo € (N : I(@)) or fv € I(G) —rad(N) or fav € I(G) — rad(N) since N is weakly 2-absorbing
primary. Consequently, we get f1fo € (N/K : I(G)/K)or fiv+ K = fi(v+K) € I(G)—rad(N)/K =
I(G)/K—rad(N/K)or fov+K = fo(v+K) € I(G)—rad(N)/K = I(G)/K —rad(N/K). Conversely,
let K be a weakly 2-absorbing primary submodule.

Assume that N/K is a weakly 2-absorbing primary submodule of I(G)/K. Let f1, fo € R and
v € I(G) where 0 # f1fov € N. Then we have f1fov + K € N/K. If fi fov + K = Or()/ k. then
fifsv € K. Thus f1fo € (K : I(G)) or fiv € I(G)—rad(K) or fov € I(G)—rad(K), since K is weakly
2-absorbing primary. Therefore, f1fo € (N : I(G)) or fiv € I(G) —rad(N) or fov € I(G) — rad(N),
since K - N. Let f1f2U+K = flfQ(U+K) 7& OI(G)/K Then f1f2 S (N/K : I(G)/K) or fl(U+K) S
I(G)/K —rad(N/K) or fo(v+ K) € I(G)/K —rad(N/K).

Thus fi fo € (N : I(G)) or fiv € I(G) —rad(N) or fov € I(G) — rad(N). O

We present now more a result.

Proposition 3.2. Ler R = K|vy,...,v;] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. For the R-module I(G), we consider S a multiplicatively closed
subset of R. If N is a weakly 2-absorbing primary submodule of 1(G) where (N : I(G)) N S = 0, then
SN is a weakly 2-absorbing primary submodule of S~1I1(G).

Proof: Let0 # %%% = % € SN where r,t € R, s,k,1 € Sand v € I(G). Then there exists an
element u of S such that 0 # urtv € N. Hence we get urt € (N : I(G)) or urv € I(G) — rad(NV) or
tv € I(G) — rad(NV) since N is weakly 2-absorbing primary.
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Then £ = 22 € S™H(N : I(G)) C (S7IN : STH(G)) or L% = 48 ¢ S~1(I(G) —rad(N)) =
STH(G) —rad(S~'N)or £% = € S71(I(G) —rad(N)) = S~'1(G) — rad(S~'N). O

Definition 3.2. Let R = K|[vy,...,v,] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Let N be a weakly 2-absorbing primary submodule of I(G).
(f1, f2,v) is called a triple-zero of N if fifov = 0, f1fa ¢ (N : I(G)), fiv ¢ I(G) — rad(N) and
fov ¢ I(G) — rad(N).

Note that if NV is a weakly 2-absorbing primary submodule of I(G) and there is no triple-zero of N,
then N is a 2-absorbing primary submodule of I(G).

Proposition 3.3. Ler R = Klvy,...,vs] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Suppose that I(G) is a multiplication R-module and N is a
weakly 2-absorbing primary submodule of I(QG) that is not 2-absorbing primary.

Then N3 = 0.

Proof: We have that (N : I(G))I(G) = N since, by hypothesis, I(G) is multiplication module. Then

N3 =(N:I(G))*I(G) = (N : I(G))*’N = 0.

Consequently, N3 = 0. O

Definition 3.3. Let R = KJvy,...,v;] be the polynomial ring , 7(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Let N be a weakly 2-absorbing primary submodule of the R-
module I(G) and let 0 # I1 I K C N for some ideals I, I of R and some submodule K of I(G). N is
called free triple-zero in regard to I3, s, K if (f1, f2, v) is not a triple-zero of N for every f1 € I3, fo € Io
andv € K.

Lemma 3.1. Let R = K|vy, . .., vs] be the polynomial ring , I(G) the edge ideal in R of a finite simple
graph G, with no isolated vertices. Let N be a weakly 2-absorbing primary submodule of the R-module
I(G). Assume that f1 fo K C N for some f1, fo € R and some submodule K of I(G) where (f1, f2,v)
is not a triple-zero of N for every v € K. If fife ¢ (N : I(G)), then f1K C I(G) — rad(N) or
foK C I(G) — rad(N).

Proof: Assume that f1 K is not contained in I(G) — rad(IV) and f>K is not contained in I(G) —
rad(N). Then there are x,y € K such that fiz ¢ I(G) — rad(N) and foy ¢ I(G) — rad(N). We get
fox € I(G) —rad(N) since N is a weakly 2-absorbing primary submodule, (f1, f2,x) is not a triple-zero
of N, fifo ¢ (N : I(Q)) and f1z ¢ I(G) — rad(N). In a similar way, f1y € I(G) — rad(N). Now, we
obtain fi(z+y) € I(G) —rad(N) or fo(x +y) € I(G) —rad(N) since (f1, f2,x + y) is not a triple-zero
of N, fifa(x +y) € Nand f1fa ¢ (N : I(G)). Assume that f1(z +y) = fix + fry € I(G) —rad(N).

As fiy € I(G) — rad(N), we get fiz € I(G) — rad(N), which is a contradiction. Assume that
fo(x +y) = fox + fay € I(G) —rad(N). As fox € I(G) —rad(N), we get foy € I(G) —rad(N), a
contradiction again. Hence we obtain that f1 K C I(G) —rad(N) or fo K C I(G) — rad(N). O

Let N be a weakly 2-absorbing primary submodule of the R-module I(G) and I; [, K C N for some
ideals Iy, I of the ring R = K|vy,vs,...,v,] and some submodule K of I(G), where N is free triple-
zero in regard to I, I, K. Note that if f; € I, fo € Iy and v € K, then f1fs € (N : I(G)) or
fiv € I(G) —rad(N) or fov € I(G) —rad(N).

We presented now the following result.

Theorem 3.1. Let R = K{uv1,...,vs| be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Assume that N is a weakly 2-absorbing primary submodule of
the R-module I(G) and 0 # I1 I, K C N for some ideals I, Iy of R and some submodule K of I(G)
where N is free triple-zero in regard to Iy, I3, K. Then 111 C (N : I(G)) or L K C I(G) —rad(N) or
LK CI(G)—rad(N).

Proof: Let N be a weakly 2-absorbing primary submodule of I(G) and 0 # I;[obK C N for some
ideals Iy, I of R and some submodule K of I(G) where N is free triple-zero in regard to Iy, I, K.
Suppose that I3 I5 is not contained in (N : I(G)). Now, we show that 1 K C I(G) —rad(N) or I, K C
I(G) —rad(N). Assume that J; K is not contained in I(G) — rad(/N) and Iy K is not contained in I(G) —
rad(V). Then zK is not contained in I(G) — rad(N) and yK is not contained in I(G) — rad(N) where
x € I and y € I. By Lemma 3.1, we get 2y € (N : I(Q)) since zyK C N, zK is not contained
in I(G) — rad(N) and yK is not in contained in I(G) — rad(N). By our assumption, there are f; € I
and fo € I such that f1fo ¢ (N : I(G)). By Lemma 3.1, we get f1K C I(G) —rad(N) or fo K C
I(G) —rad(N) since f1fo K C N and f; fo ¢ (N : I(G)). We investigate three cases.

First case: Assume that f1 K C I(G) —rad(N) and f2 K is not contained in I(G) — rad(N). Since
xfo K C N, zK is not contained in I(G) — rad(N) and f2 K is not contained in I(G) — rad(N), then
we get zfy € (N : I(G)), by Lemma 3.1. We have (z + f1)K is not contained in I(G) — rad(NN) since
(x + f1)f2K C N, zK is not contained in I(G) — rad(N) and f1 K C I(G) — rad(N). Since fo
is not contained in I(G) — rad(N) and (z + f1)K is not contained in I(G) — rad(NN), then we obtain



140 Tognon C H.- Selecciones Mateméticas. 2026; Vol.13(1):137-142

fo(x + f1) € (N : I(@)), by Lemma 3.1. Thus since fo(z + f1) = xfo + fife € (N : I(G)) and
xzfa € (N : I(G)), then f1f2 € (N : I(G)), which is a contradiction.

Second case: Assume that f1 K is not contained in I(G) — rad(V) and fo K C I(G) —rad(N). Itis
easily shown similarly to the first case.

Third case: Suppose that f1 K C I(G) —rad(N) and fo K C I(G) —rad(N). Then (y + f2) K is not
contained in I(G) — rad (V) since y K is not contained in I(G) —rad(N) and fo K C I(G) —rad(N). By
Lemma 3.1, z(y + f2) € (N : I(G)) since z(y + f2) K C N, xK is not contained in I(G) — rad(V) and
(y+ f2) K is not contained in I(G) —rad(N). Then x fo € (N : I(G)) since z(y + f2) € (N : I(G)) and
zy € (N : I(GQ)). As f1K C I(G) —rad(N) and K is not contained in I(G) —rad(N), then (z + f1)K
is not contained in I(G) — rad(N). As (z + f1)yK C N, yK is not contained in I(G) — rad(N) and
(x + f1)K is not contained in I(G) — rad(N), then (z + f1)y = zy + fiy € (N : I(G)) by Lemma
3.1. Aszy € (N : I(G)) and fry + zy € (N : I(Q)), then f1y € (N : I(G)). By Lemma 3.1, we get
@+ )W+ fo) =zy+afe+ fry+ fifz € (N : I(G)) since (z + f1)(y + fo) K S N, (z + f1)K is
not contained in I(G) — rad(N) and (y + f2)K is not contained in I(G) — rad(V).

As zfs, fry,xy € (N : I(G)), then xy + zfa + fry € (N : I(G)). Thus, fif2 € (N : I(G))
since zy + xfo + fry + fifo € (N : I(G)) and zy + z fo + f1y € (N : I(G)), a contradiction. Hence
LK CI(G)—rad(N)or LK C I(G) —rad(N). O

Lemma 3.2. Let R = Kluvy,...,vs] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Let N be a weakly 2-absorbing primary submodule of I(G). If
fifa K C N and 0 # 2f; fo K for some submodule K of I(G) and for some f1, fo € R, then f1fo € (N :
I(@))or 1K C I(G) —rad(N) or foK C I(G) — rad(N).

Proof: Assume that f1fo ¢ (N : I(G)). Now, we show that K C (I(G) —rad(N) : f1) U(I(G) —
rad(N) : f2). Letx € K. If 0 # fifoz, then fiz € I(G) — rad(N) or fax € I(G) — rad(N)
since f1fa ¢ (N : I(GQ)). Thus ¢ € (I(G) —rad(N) : fi) UU(G) —rad(N) : f2). Suppose that
fifox = 0. As 0 # 2f; fo K, there exists y € K such that 2f; foy # 0. Then we get 0 # f1 foy € N. So
fiy € I(G) —rad(N) or foy € I(G) — rad(N) since N is weakly 2-absorbing primary. Let z = x + .
Then 0 # f1 foz € N. Since f1fa ¢ (N : I(G)), then fiz € I(G) —rad(N) or foz € I(G) —rad(N).
Now, we consider three cases.

First case: Assume that f1y € I(G) —rad(N) and foy ¢ I(G) —rad(N). Let fix ¢ I(G) —rad(N).
Then f1z ¢ I(G) —rad(N). Thus foz € I(G) —rad(N). So fi(z+x) ¢ I(G) —rad(N) and fao(z+2z) ¢
I(G) —rad(N). Hence 0 = f1 fo(z 4+ x) = 2f1 f2z since N is a weakly 2-absorbing primary submodule
and f1 fo ¢ (N : I(Q@)). This is a contradiction. Consequently, fiz € I(G) — rad(N).

Second case: Assume that fiy ¢ I(G) —rad(NV) and foy € I(G) —rad(N). Itis proved by a similar
way to first case.

Third case: Assume that f1y € I(G) —rad(N) and foy € I(G) — rad(N). Since f1z € I(G) —
rad(N) or foz € I(G) —rad(N), fiz € I(G) —rad(N) or fox € I(G) — rad(N). O

We conclude with a proposition that uses the previous lemma.

Proposition 3.4. Ler R = K|vy,...,v;] be the polynomial ring , I(G) the edge ideal in R of a finite
simple graph G, with no isolated vertices. Let N be a weakly 2-absorbing primary submodule of the R-
module I(G). If f1JK C N and 0 # 4 f1JK for some submodule K of I(G), for any ideal J of R and for
some f1 € R, then f1J C (N : I(GQ)) or fiK C I(G) —rad(N) or JK C I(G) — rad(N).

Proof:  Suppose that f1.J is not contained in (N : I(G)). Then there exists j € J such that f1j ¢
(N : I(GQ)). Our claim is that there exists fo € J such that 0 # 4f1 fo K and f1fa ¢ (N : I(G)). As
0 # 4f1 JK, then there exists j/ € J such that 0 # 4f1j/K.

Assume that f;j’ ¢ (N : I(G)) and 0 # 4f1jK. Then we have the result for b = j orb=j. Now,
let f15 € (N : I(G))and 4f,jK = 0. Then 0 # 4f,(j +j)K C Nand f1(j + ) ¢ (N : I(G)) since
fij & (N : I(G)) and f1j° € (N : I(G)). Hence we get f, = j +j € Jsuchthat 0 # 4f,fK C N
and f1fo ¢ (N : I(G)). Thus 0 # 2f; fo K and so K C (I(G) —rad(N) : f1) UJI(G) —rad(N) : fo)
by Lemma 3.2. If K C (I(G) —rad(N) : f1), the proof is completed. Suppose that K is not contained
in (I(G) —rad(N) : f1). Then K C (I(G) — rad(N) : fa), thatis, foK C I(G) — rad(N). Let
¢ € J. Assume that 0 # 2f;cK. By Lemma 3.2, fic € (N : I(G)) or ¢cK C I(G) — rad(N) since K
is not contained in (I(G) — rad(N) : f1). Then ¢ € (N : I(G)) : f1) U(I(G) —rad(N) : K). Now,
let 2f1cK = 0. Then 0 # 2f1(f2 + ¢)K C N. By Lemma 3.2, we have f1(fs +¢) € (N : I(GQ)) or
(fa+¢)K C I(G)—rad(N) since K is not contained in (I(G) —rad(N) : f1). Thus we get fo+c € ((N :
I@): LY UUI(G) —rad(N) : K). If fo+c € (I(G) —rad(N) : K), then c € (I(G) —rad(N) : K).
Hence JK C I(G) —rad(N). Let fo+c € (N : I(G)) : f1)\ (I(G) —rad(N) : K).

Note that 2f1 (fo +c+ fo)K = 4f fo K #0and 2f,(fs + ¢+ fo) K C N. Since f1fo ¢ (N : I(Q))
and f1(fa+c¢) € (N : I(G)), fi(fa+c+ f2) ¢ (N : I(G)). Thus by Lemma 3.2, K C (I(G) —rad(N) :
f)UU(G) —rad(N) : (fa+c+ f2)). As fao+c ¢ (I(G) —rad(N) : K) and f, € (I(G) —rad(N) : K),
then we get (fo +c+ f2) ¢ (I(G) —rad(N) : K) and so K C (I(G) —rad(N) : f1), a contradiction.
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Thus fo+c € (I(G) —rad(N) : K). Since fo € (I(G) —rad(N) : K),c € (I(G) —rad(N) : K). Hence
JC((N:I(G)) : fLHUU(G) —rad(N) : K).
Consequently J C (I(G) —rad(N) : K) since f1.J is not contained in (N : I(G)). O

3.1. Applications to edge ideals. In this subsection we illustrate how the previous results apply to
edge ideals associated with some classical families of graphs. These examples show that the theory devel-
oped in the previous sections can be naturally specialized to important classes of monomial ideals arising
from graph theory.

Example 3.1. Let G be a path graph

P,:vi—vg—--— vy,

Then

I(GQ) = (v1vg, VaV3, . . ., Vp—1Uy).

Since I(G) is generated by squarefree quadratic monomials, every weakly 2-absorbing primary sub-
module of 1(G) satisfies the properties established in results of the paper.

Therefore the localization, quotient and annihilator properties obtained in Section 3 hold for edge
ideals of path graphs.

Example 3.2. Let G = K ,, be a star graph.

Its edge ideal is

I(G) = (vov, . .-, vovn).

Since all generators have a common vertex, the previous results describe the behaviour of weakly
2-absorbing primary submodules of this edge ideal under localization and quotient constructions.

Hence, the results of the paper apply directly to this family of edge ideals.

Example 3.3. Let G = C,, be a cycle.

Then

I(G) = (v1v2,v203, . .., VV1).

The results obtained in this paper provide structural information about weakly 2-absorbing primary
submodules of this edge ideal, independently of the parity of the cycle. In particular, the localization and
quotient constructions preserve the weakly 2-absorbing primary property under the hypotheses of results of
the paper.

The previous examples show that the general theory developed in this work can be applied to several
important classes of edge ideals arising from graph theory. Consequently, weakly 2-absorbing primary
submodules may be investigated in concrete combinatorial settings such as paths, cycles and star graphs,
providing a natural interaction between module theory and edge ideals.

4. Concluding remarks. The theory of weakly 2-absorbing primary submodules has been mainly
developed in the setting of arbitrary modules over commutative rings. In this paper we have considered this
theory in the particular context of edge ideals of finite simple graphs.

The obtained results show that several structural properties of weakly 2-absorbing primary submodules
remain valid when the ambient module is an edge ideal. In particular, quotient modules, localization, and
annihilator conditions preserve important aspects of the theory under appropriate hypotheses.

Since edge ideals constitute one of the fundamental classes of monomial ideals in combinatorial com-
mutative algebra, this approach provides a natural connection between module theory and graph theory.

Several questions remain open. For instance, it would be interesting to study weakly 2-absorbing pri-
mary submodules of edge ideals associated with special families of graphs, such as trees, bipartite graphs,
chordal graphs and Cohen—Macaulay graphs. Another possible direction is to investigate whether combina-
torial invariants of the graph influence the structure of weakly 2-absorbing primary submodules of its edge
ideal.

We hope that the present work motivates further investigations on the interaction between the theory of
generalized primary submodules and combinatorial properties of monomial ideals arising from graphs.
Final Observation. The results established in this paper provide a framework for studying weakly 2-
absorbing primary submodules in an important class of monomial ideals. We expect that further develop-
ments may establish stronger connections between the algebraic properties of these submodules and the
combinatorial structure of the underlying graphs.
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