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Abstract

In this work, we demonstrate that the Cauchy problem associated to the fourth-order equation with dissipa-
tion in periodic Sobolev spaces has a unique solution and possesses the property of continuous dependence
on the initial data. Moreover, compared to the third-order case, in the fourth-order case we obtain more
regularity for the solution. We perform this in an intuitive manner using Fourier theory and in an abstract
version using semigroup theory. Furthermore, by employing a different method, we evidence the uniqueness
of the solution of this problem through its dissipative nature, motivated by the contributions of lorio [I]
and Santiago [2]. In order to increase and enrich our study, we investigate the infinite dimensional space
in which differentiability occurs and its connection with the initial data. Finally, we generalize our results
to the equations of nth order where n is a natural number multiple of four.

Keywords . Semigroups theory, fourth-order equation, dissipative property of problem, nth order equation, peri-
odic Sobolev spaces, Fourier theory.

1. Introduction. We will study the following problem:

(Py): ug + Odu + au = 0 in H_* with u(0) = ¢ € HS

per per

considering a > 0, s a real number and denoting H_, as the periodic Sobolev space. We will prove that
(Py) problem is well-posed. Compared to the third-order case, in the fourth-order case we will obtain more
regularity, that is, u(t) € Hy,,.,Vr € R. Also, perturbing the fourth-order dissipative system studied in [3]
by a linear operator that dilates or contracts; we will also obtain that the (P) is a dissipative system. In
addition, we will give a family of operators that becomes a semigroup, achieving beautiful results through
operators and differential calculus in Banach spaces. To increase and enrich our study, we will investigate
the infinite-dimensional space in which differentiability occurs and its connection to the initial data. We
will analyze also the case a = 0. Finally, we will generalize the results to the nth-order equation.

We can cite [3], for some results related to a part of model (P;), that is, the case a = 0. And we cite
[1] for being a source of inspiration for this work.

We also mention some works on existence of solutions by semigroups [4], [5], [6] and take support
in some results of [7] and [8].

The structure of our article is as follows. In section 2, we outline the methodology used and provide
the citations for references consulted. In section 3, we prove that problem (P;) is well posed. Moreover,
we introduce a family of operators that form a semigroup of class C,, to state the result Theorem 3.3 and
prove it in an abstract version. In section 4, we study the generalization to nth order equation. Here
we use the semigroups theory of contraction, and obtain important results of approximation, existence
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and regularity. In section 5, we obtain other results related to the dissipative property of (P;) and some
estimates of it, through the use of differential calculus on Hp,,.. Also, we get their generalization and some
remarks. In section 6, to increase and enrich our study, we investigate the infinite-dimensional space in
which differentiability occurs and its connection with the initial data, for a > 0. Finally, in section 7, we

present the conclusions of our study.

2. Methodology . In this article, we mainly employ [1] as the theoretical framework. In addition, we
use the references [3], [9], [10], [2] and [I11] for the Fourier theory in H;’er, differential and integral
calculus in Banach spaces.

3. The (P,;) problem is well-posed. We will prove that the Cauchy problem (P;) is well-posed. Also,
we will introduce a family of operators that form a contraction semigroup of class C,, as we will make it in
Theorem 3.2.

Finally, we will state Theorem 3.3 whose content is a fine version of the Theorem 3.1 based on the
semigroup {S(¢) }+>o.

Theorem 3.1. Let s be a fixed real number, a > 0 and

u € C([0, +o0), Hp,)
(Py) pu+ Opu+au=0 € H5*
u(0) =¢y € Hy,, .

then (Py) is globally well-posed, that is, Ju € C([0,00), H5,,) N C((0,00), H3.*) satisfying equation
(P1) so that the application: 1 — u, which to every initial data v assigns the solution u of the IVP
(P1), is continuous. That is, for 1 and 1 initial data close in Hp,,, their corresponding solutions v and 1,
respectively, are also close in the solution space.

In addition,

lu(t) = @)l < ey = Plls < |l = Dlls, VE € [0, +00)

and

sup [|u(t) — a(t)|ls < [l¢ — s
t>0
are verified.
Moreover, the solution u satisfies u(t) € H},,. ,
3C >0, ||lu(t)|» < C||¢|s Vr € R, Vt > 0.
Also, the application: 1 — Oyu, which to every initial data 1 assigns the derivate of solution u of the
IVP (Py), is continuous. That is, for 1 and 1[) initial data close in H;er, their corresponding Oyu and 0,4,
respectively, are also close in the solution space.

Additionally, the following inequalities are satisfied

0pu(t) — Bpiu(t)||s—a < e~ .2,/ max{1,a2}||v — ¥||s, ¥t >0,

Vt >0, Vr € R, with ||u(t)|s < e |[¢]ls < ||| and

and
sup 19,(t) — ()4 < 2.1/ L, | — 1.
>
Moreover, ||0pu(t)|s—a < e ".2.y/max{1,a?}||¢|s, Vt > 0.

Proof: We prove it in the following manner.
1.First, we will obtain the candidate for the solution. To achieve this, we apply the Fourier transform to

Ou = —0%u — au
and obtain
oiu(k,t) = —(ik)*a(k,t) — ati(k,t) = —(k* + a)u(k,t),

which for every k € Z is an ODE with initial data @(k, 0) = ¥(k).
Therefore, solving the IVP’s

u € C([0,4+),12(Z))
() ok, ) = —k*a(k, 1) — au(k,T)

~

u(k,0) = ¢ (k)
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we obtain
ik, ) = e F e (k).
from which we get our candidate for the solution:

+oo +o0

u(r) = 3tk r)er = Y. e F e T (k)pn s 3.1

k=—o0 k=—o0

here we are denoting ¢y (7) = % for x € R.
2.Second, we will prove

u(r) € Hy,, and [[u(r)|[s < e™*|[¢lls < [[¢fls, vr > 0. (3.2)

Indeed, let 7 > 0, % € H;er, using 0 < e~? <1,V > 0 we have

+oo
—k*r —ar ]
lu(Dl} = 27 Y (1L+F)-[e " e TP(k)?
k=—00
+oo . .
= 2r Y (14 Te T (k)]* < oo (3.3)
k=—o0

N

< el < lvll3
It is evident that (3.2) is satisfied for 7 = 0.

3. We will prove that u(-) is continuous in [0, +00). Indeed, let ', ¢ € (0, 00), we obtain

“+oo
lut) = u(t)II2 2 Y (L4 (e M e — e K e ) (k)

k=—oc0
+oo

= 21 > (L+ K [H)P|d(k) (3.4)
k=—o0

where H (t) := e~F'te=at — g=k't'g=at’,
We see that lim H (t) = 0.
t—t’
To ensure the interchange of limits we need the uniform convergence of series (3.4). For this we will bound
the k-th term of the series, that is

-~ ’ ’ 2
Two = 2m(L4 B2 () oM temat = ek oo
< Sm(L+ Rk

where we have used the triangle inequality and the inequality 0 < e=% < 1 for § > 0. Thus,

+oo
D Ine < 4IE < oo,

k=—o0

and using the Weierstrass M-Test, we obtain that the series (3.4) converges uniformly. So, we can inter-
change limits and get

“+oo
. o N2 — 3 —
lim, [lut) = u(®)]|2 = Y lim Ty =0
k=—00 N— —r
=0

and then we conclude

lim ||u(t) —u(t')||s = 0.
t—t!
It is evident that u is continuous to the right of zero. To prove this, we use the same technique,
considering ¢’ = 0.
4. Lett > 0andt+ h > 0, we will prove

u(t+ h) — u(t)
h

— Owhenh — 0.
s—4

+ O2u(t) + au(t)
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Indeed, lett + h > 0,
2

w + Otu(t) + au(t)

s—4
2

—k*(t+h) ,—a(t+h) _ —k*t —at
c < € ° 4 [(ik)* + a]67k4t67“t

+oo
—or 3 1+ ROk

h
k=—oc0
+oo N A
=21 Y (L+ k) (k) Pe > T | M (h))? 3.5
k=—oc0

A
k4h g —ah _q

where M (h) := {% +k* + a}.

Applying L'Hopital’s rule we obtain M (h) — 0 when A — 0.
To ensure the interchange of limits, we need the uniform convergence of the series (3.5). For this we will
bound the k-th term of the series. Previously, for 2 > 0, we analyze

—k*h ,—ah h
-1 1
€ € — 7& e—k:47‘e—ar}d,r,
h 0 ha'f’
h 1 4
= / —[—k* —ale F e ar
o h
and taking norm, we have
—k*h ,—ah h
-1 1
e ot Ly / KT e g
h h 0
1 4
< (Kt +a)h
= |k*+a. (3.6)

Using the inequality (3.6), we are going to bound | M (h)|? in the following way:

|IM(R)]*> < 16max{l,a*}(k®+1)
= 16max{1,a®}(1 + (k%)%
< 16max{1,a?}(1 4+ k*)*. 3.7

For h < 0 such that 0 < ¢ 4+ h we analyze

e K'tg—at _ o=k (t+h), a(t+h) _ /t lg{e_k4re_aT}d7"
h t+h h 37”
K ot
= / —[—k* —ale™" "e7dr
t+h h
and taking norm, we have
—k*t ,—at _ ,—k*(t+h) ,—a(t+h) 1 t
© © © € < —|—k*—q e~k g=ar gy
h |l t+h
1
< —(k*+a).(=h)
|hl
= k' +a <max{l,a}(1 +Ek*?. (3.8)

Let us bound the k-th term of the series (3.5) using estimation (3.7) for h > 0 and (3.8) for 1 < 0, and
denoting 16 max{1,a%} by C,, :

(1+ K2 (k)P e M(B)2 < (14 K2 [d(k)[PCa(1 + k)
Ca(L+ B[ (k)]

Therefore, since

“+o00o
21 Y (L+ K [(k)* = [[0]3 < o0

k=—o0
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for ¢ € H,,, and using the Weierstrass M-Test we get that the series (3.5) converges uniformly. So, it is
possible to interchange of limits and obtain
t+h) —u(t 2
w 4 0Mu() +au(t)|  — Owhenh 0. (3.9)
s—4

5. We Will~ demonstrate the continuous dependence of the solution with respect to the initial data, that is,
let ) and ¢ be close data in H,,., then their corresponding solutions u and @, respectively, are also close in
the solution space. Lett > 0,

3 3 (L) e {90 - b))

lu(t) — a3

k=—o00
+o00 =R ~ 2
< e or 3 (14K w(k:)—z/)(k)‘
k=—o00
= ey =PI < v - PII2. (3.10)
Taking supremum over (0, co) we have
sup |u(t) — a(t)lls < v =]l (3.11)

t€(0,00)

Hence, we have: if ¢y — 1; then u — .

6. Now, we will prove the uniqueness of solution. Inequalities (3.11) or (3.10) will enable us to demonstrate
that the solution is unique. Effectively, let ¢) € H,, and suppose there are two solutions u and u, then
using (3.11) we have,

[u(r) —a(r)lls < sup (u(t) —a(t)]s < | —+[s =0, V7 >0.
t€(0,00)

from where we conclude that © = .
Thus, the (P;) problem is well-posed, and its unique solution is

“+oo
uty = > e F e (k) gy

k=—o0

which depends continuously on the initial data.
7. Now, we analyse the case r < s. Under this condition we have H; , C H,,, and since the initial data
¢ € Hj,,.then ) € H} and satisfies

per
[l < Nl3ls - (3.12)
From (3.3) for r and using (3.12) we get
a7 < e™|9l7 < 917 < 93 < oo
That is,

u(t) € H'

per s

Vr € (—o0,s) . (3.13)

The case = s has already been proved in item 2.
Lett > 0, for r > s we get

“+o0
lu@[2 = 27 Y (14K |e " e (k)

k=—00

+o00
= 27 Z (14 k%)*

k=—oc0

‘ 2

e—2k4t6—2at(1 + k2)r—s

G(k,t):=

Wb (k)

‘ 2

—+o0

< gom )y (14

k=—o0

~ 2 9
o) = € vl
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where é(k,t) <&, Vke Z,t>0.So

u(t) € H),

per

Vr e (s,+00).

Therefore, from (3.2), (3.13) and (3.14), for ¢t € (0, +00) we conclude

u(t) € Hy,,, Vr € R
and 3C := max{1, /&*} such that |[u(t)|, < C||¢||s, Vr € R, Vt > 0.

(3.14)

8. We will demonstrate that d;u(-) is continuous in (0, +00). Let ¢ > 0 and ¢’ > 0, using the inequality

107 w(t)||s—m < ||u(t)||s and continuity of u(-), we obtain

10pu(t) — Dpu(t)|ls—4

<
< (T+a)lu) —ut)lls — 0
when t — ¢'. That is, dyu € C((0, 00), H32,*).
9. Lety € Hp,,, if we define
+oo B .
Wty = (=K' —a)e™" e h(k)ps
k=—oc0

then W (t)y) € HE% and ||W (£)9||s—s < e~ 2[max{1,a?}]2 ||¢)|s, V¢ > 0.

per

That is, W (t) € L(H3,,, H3.*) with |[W(t)|| < e~ .2[max{1, a?}]z.

| = Oput) — au(t) + u(t’) + au(t')||s—a
10 [u(t) = u(t)]lls—s + allu(t) — u(t)]s—s

(3.15)

Indeed, using |k* + a|? < 4max{1,a?}(k® + 1) < 4max{1,a?}(1 + k?)%, Vk € Z, the inequality

0<e?<1,forf >0, we have

+oo
WO, = 20 > (1+E) =k —a)e e My (k)?
k=—o0
+oo N
< e am > (14 E) TR 4 af o (k)P

k=—o0

+oo

IN

k=—oc0

= e 2 4max{1,a®}||¥|* < 4max{1,a®}|]?.

10. By considering items 4 and 9, we conclude d;u(t) = W (¢).
An immediate consequence is the following Corollary.
Corollary 3.1. The unique solution of (P:) is

+o00
ut)y = > e F e (k) gy
k=—oc0

where @y, (z) = e** for v € R.
Also, we obtain the following result.

Corollary 3.2. Based on the hypothesis of the previous Theorem, we obtain

1. uwe C((0,00), Hp,.) N C1((0,00), H;;4), Vr € R.
2. wu satisfies: 3C' > 0 such that

lu(@)|- Clllls, vt >0, Vre R.

<
lOu(t)||r—a < 2C+/max{l,a?}||¢Y|s, ¥t >0, Vr € R.

3. That is,

IN A

Clip = |5, Vr € R.

e 2% 4max{1,a*}2r Z (14 E2)*|9(k)]? < oo

Cll —Plls, V¥t >0, Vr € R,

(3.16)
(3.17)
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4. Moreover

8u(t) — dyiu(t)|lr—s < 2Cy/max{1l,a2}||t) — |5, Vt >0, Vr € R,
sup  ||Opu(t) — 8pa(t)||r—sa < 2Cv/max{1,a?}|) — |, Vr € R.

te(0,00)

Proof: Through the use of the continuous Sobolev embedding, we obtain the inequality (3.16). We
will use the continuous Sobolev embedding and item 9 for prove that if ¢» € H?,, then W (t)y € H'_ 4

per per

and 3C > 0 such that |[W(t)¢|,—a < 2C+/max{1,a?}|¢||s, YVt > 0, Vr € R. Thatis, W(t) €

L(H},,, Hy2*) with [|[W (2)|| < 2Cy/max{1,a?},Vr € R.
Indeed, using |k* + a|? < 4max{1,a?}(1+ k*)*, Vk € Zand 0 < e=? < 1,V0 > 0, we have

+oo
— — 4 —a -~
W@li—y = 20 > (L+E) (k' —a)e e (k)
k=—o00
+oo .
e 20 2m N (LB K + al [y (k)

k=—o0

IN

+oo

e 8rmax{l,a®} D (1+ k)" |o(k)[
k=—oc0
+oo N

e 2% 8rmax{1,a’} Z (14 k2% (k)]? < oo
k=—oc0

= e 2" 4max{l,a®}||¢|? < 4max{1,a®}|v|? (3.18)

IN

IN

forr < s. If r > s, we proceed as in item 7 of the proof from Theorem 3.1. ]
In this point, we will introduce a family of operators which will meet the requirement of being a
contraction semigroup of class Cl,.
Theorem 3.2. Let s € R and a > 0. The application
S:[0,00) — L(H,)

per

t — S(t)

such that S(t) = e~ (@2+al)t that s, applies

v
_ (—k*—a)t ~ s
S(t)yp = {(e gp(k))kez] , Vo€ Hp,, ,

then {S(t)}i>o is a contraction semigroup of class C, on H},, and ||S(t)|| < e~, V¥t > 0.
Additionally, the following statements hold:
1. Ifp € Hp,, then §(-)¢p € C([0,00), Hp,,.).

2. The application: ¢ — S(-)p is continuous and verifies:

IS @)1 — S(t)alls < €™ lth1 — thalls , ¥t € [0, 00)

and

sup [[S(H)¢1 = S(E)alls < [[9or — alls

te[0,00)

with; € HS,. forj € {1,2}.

per

3. Ifo € H,, then 0,S(t)p € Hs " and ||0,S(t) | s—a < e™".2y/max{1, a2} ¢|s, Vi € (0, 00).
That is, 0;S(t) € L(HS,,., H:.,), Vt € (0,00), where

per’ ~“per
. \%
AS(t)p = {((—k“ —a)e~® +a)t¢(k))kez] € H;e—;l, Vo € Hp,, -

4. If o € HS,, then 9,S(-)¢ € C((0,00), H3,1).

per per

5. The application: 1 — 0;S(-)1) is continuous and verifies:

10:S ()11 — B S(t)a|ls—a < e .2¢/max{1,a2}||vy — bal|s,Vt € (0,00)
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and

S(up : [0:S()1h1 — 0:S ()2 ls—a < 2¢/max{1l, a}||¢1 — 2|
te (0,00
with¢; € Hp,, for j € {1,2}.
Proof: TInitially, we observe S(0)¢ = [(@(k))kez]v = [@]Y = ¢, Vo € Hj,,; thatis, S(0) =
From the linearity of the Fourier transform and its inverse, we obtain the linearity of S(¢). Indeed, let

ceC, € per,wehave
St)op+1p) = :(6(_k4_a)t[w + w]/\(k))kez} V
_ :(e<—k“—a>t (030 + &(k)])kez} v
_ :J (e(—k“—a)t@(k))kez + (e(_k4_a)t$(k))kezj| v
- ¢ (e(_kta)t@(k))kez} v - [<e(_k4_a)t$(k)>kez} v
= oSt)(p)+SH) (W),
fort > 0.

s : s —at . :
If p € Hpe_raz;nd t > 0, we will demonstrate that S(t)p € H,,, and [|S(t)p|s < e *|¢l|s; that is
IS < e~
Indeed, similar to (3.3) we have

2
ISMelz = 27 Z 1+ k%)* [ =05 (k)
k=—o0
< —2at o Z 14+ k‘2 )|2
k=—o00
= e el? <oo.
Then S(t)¢ € H,, and |S(t)¢lls < e™*.[¢|. vt > 0.
Therefore,
IS®)ells < e *llells, Yt >0, Ve € Hy,, . (3.19)
That is,
S(t) € L(H;,,) with ||S(t)|| < e™,Vt € [0,00) . (3.20)

From (3.20) we can say that the C,- semigroup {S(¢) }+>0 is exponentially stable.
At this point, we will demonstrate that S(t + 1) = S(t) o S(r), Vt,r € [0, 00). Indeed, let f € Hp,, and
t,r € (0,00),

S(t+r)f = {(e(—w_a)(tw)f(k))kez}
— |:(e(—k‘l—a)te(—k‘*—a)r]/c\(k))kEZ:| (3.21)

We know that if f € H,,,,. then fe 12, that is

—+oo

> AR FR)? < (3.22)

k=—o0

We affirm that

(e<*k4*a>rf(k))k e l2.vre o). (3.23)
S
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Indeed, when r is zero, it is obvious that the statement is true. Thus, we will demonstrate the case » > 0.
For this, using (3.22) we obtain

—+oo —+oo
2\s| (—k*—a)r 7 2 _ 2\s —2k*r _—2ar | 7 2
D 4k TR = Y (LR e e (k)]
k=—o0 k=—o0 <1 <1
+oo N
< Y A+ RPIFRP < oo
k=—o0

Therefore, from (3.23) and taking the inverse Fourier transform, we have

This motivates us to define

%
- (—k*—a)r 7 k ) HS .
o= ()| e
That is,

gr=8(r)f. (3.24)

Taking the Fourier transform to g,., we get

G = (e F )

keZ

that is,
Gr(k)=eCF =T F (k) Vke Z. (3.25)

Using (3.25) in (3.21) and from (3.24) we have

St+r)f = [(e(k“a)tg?(k)) kez] v

= {S{t)oS(M)}f, Vt>0,r>0.
Thus,
Sit+r)=8t)oS(r), vt >0,r>0. (3.26)
If t or r is zero, then the equality (3.26) is also true. Thus, we have demonstrated:
St+r)=8(t)oS(r), Vt>0,7r>0. (3.27)
At this point, we will demonstrate the continuity of t — S(t)p, that is, for t > 0
IS+ h)p —S(t)p||ls — 0when h — 0. (3.28)

and ||S(h)p — ¢|ls — O when h — 0.
Indeed, by applying item 3 from the proof of previous Theorem, we obtain

= 4 4 2
IS(E+R)e = SMel2 = 2m Y (14 k)" |(CH - ki) g

+oo
= 2 Y (L+ )13k [H(t h)? (3.29)

k=—oc0

where t + h > 0 and H(t, h) := e(~K' ~a)t+h) _ (=K -—a)t,
We observe that }llin%) H(t,h) =0.
—
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To ensure the interchange of limits, we need the uniform convergence of the series (3.29). For this we
will bound the k-th term of the series, that is,

21 (1 + K2)° [p(k)[2 | K @ k) _ (K —a)t 2

Iy i.n
< 8a(l+k)*|B(k)*

where we have employed the triangle inequality and 0 < e=? < 1 forall § > 0.
Thus,

400
S Liwn <49l < oo, (3.30)

k=—o00

and using the Weierstrass M-Test, we obtain that the series (3.29) or (3.30) converges uniformly. So, it is
possible to interchange of limits and obtain

—+o0
. o 2: . _ .
lim [|S(t+h)e = SE)ellf = Y lim Tpp =0
K= — 00 e et
=0

that is,

lim |S(t +h)e — S(t)plls =0.
h—0

Remark 3.1.
It is verified

lim [|S(h)p —¢ls =0, Yo € H,, .
Jim {IS(R)e — ¢ peHp

To prove this, we use the same technique, considering A~ > 0 and ¢t = 0.

Remark 3.2. With the remark 3.1 we would have that {S(t) }+>0 is a semigroup of class C,.

Let ¢; and v, be close data in H,,, then we will prove that their corresponding S(-)t1 and S(-)t2
respectively, are also close. Indeed, since {S(t)}+>0 is a contraction semigroup, we have

1S @)1 — S(E)alls = IIS@E) (o1 — 2)lls < €™ Nl — Whalls < [lh1 — a5 -

Taking the supremum over (0, co) we have

sup [[S(H)1 — SH)2lls < 11 — als - (3.31)
t€(0,00)
From here we have that if ¢); — 15 then S(-)yy — S(-)1a.
We will prove: If ¢ € H3,, then 0;S(t)¢ € H3.* and [|0,S(t)epl|s—4 < e~ .2y/max{1, a?}||¢]s.
Indeed, using |k* + a|? < 4. max{1,a?}(1 + k2)*, Vk € Z and inequality 0 < e=% < 1,V0 > 0, we
have

+oo 2
JoS®@lZs = 2m > (LK) |(—k* = a)eF -G
k=—o0
+oo
< ehom Y (4R TR + af? B(R))
k=—o0
“+o0
< e 8r-max{l,a®} > (1+k*)|@(k)° < oo
k=—oc0

= e dmax{l,a’}|oll? < 4max{1,a’}l¢]?.
That is, ||0;S(t)¢||s—a < e~ ?*.2y/max{1, a?}| ¢||s. From this inequality, we obtain

10:S(t)1h1 — 0:S(E)tha||s—a < e~ *.2¢/max{1, a®}||Y1 — 25,
with ¢; € H?,, for j € {1,2}.

per
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So, taking supremum over (0, co) we have

sup [|0:S(t)h1 — 0 S(t)alls—a < 2¢/max{l, a?}|thy — alls -

te(0,00)
Finally, if ¢ € H,,, we will demonstrate the continuity of ¢ — 0;S(t)¢. That is,

|0:S(t+ h)p — XS(t)p||ls—a —> 0 when h — 0.

Indeed, by applying item 3 from the proof of previous Theorem, we proceed

4 4 A 2
S+ R DSl = 2x 3o (1K) | (R _ (CF ) (i a)3(k)

k=—oc0
4 4 2
- o Z 1+ k2)° (e(—k —a)h _ 1) oK —a)t | (—k* — a)@(k)‘
k=—o00

2
- o Z 1+ ]{?2 e(—k4—a)h _ 1‘ €—2k4t . e—2at|k4 +(l‘2 ‘@(k’)ﬁ

k=—o00

= %Z L+ B2 BRI + af - e e 2 BT (332)

k=—o00
where B(h) := e(=F'=@h _ 1,
We observe that lim 5(h) = 0.
h—0

To ensure the interchange of limits, we need the uniform convergence of the series (3.32). For this, we
will bound the k-th term of the series, that is,

2m(1+ k) BRI + af? - e 1720 (k)
87 - max{1,a?}(1 + k2)* |5(k)|* ,

Iien

A

where we have employed the triangle inequality, [k* + a|?> < 4max{1,a?}(1 + k%)%, Vk € Z and the
inequality 0 < e ?<1,v6 >0.
Thus,

+oo
Z Inon < 4-max{1,a?}||¢]? < oo, (3.33)

k=—o0

and using the Weierstrass M-Test, we obtain that the series (3.33) converges uniformly. So, it is possible to
interchange of limits and obtain

+oo
. 2 _ : —
lim [|0:S(t + h)p — 0S(pl3 s = D Jim Iy =0
k= — 00 ot
=0

hence, we conclude

lim ||0:S(t + h)p — 0:S(t)p|ls—a = 0.
h—0

We will provide some additional properties of {S(t) }+>0.
Corollary 3.3. Based on the hypothesis of the previous Theorem, the following statements hold

1. If ¢ € Hp,, then S(t)¢ € H},, and 3C > 0, ||S(t)¢|l- < C|[¢[ls, ¥t > 0, Vr € R. That is,
S(t) € L(H;er, H}..), vt >0,VreR

2. If¢p € Hy,, then S(-)¢ € C((0,00), H},,.), Vr € R.
3. The application: ¢ — S(-)¢ is continuous and verifies

||S(t)¢1 - S(t)¢2||'r S C||¢1 - ¢2H87 vVt (0700)7 Vr € R7
sup [|S(t)pr —S(t)g2lr < Cllor — ¢2fls, Vre R

t€(0,00)

with ¢; € H> . forj =1,2.

per
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4. Ifp € HS,, then 0;S(t)¢p € H'-* and 3C > 0, ||0;S(t) ¢, —4 < 2C\/max{1,a2}|¢

per per

Vr € R. That is, 0;S(t) € L(HS,,., H'>*), ¥Vt > 0, Vr € R, where

pers Hper

s VE >0,

\%
S (t)p = [((/f4 —a)elF aﬁ@(k))kez] € H,Y, Vo€ HS, VreR.

5. If o € Hp,, then 3,S(-)¢ € C((0,00), H}*), Vr € R

per
6. The application: 1) — 0;S(-)¢ is continuous and verifies:

||8f8(t)w1 — 8t5(t)w2||r_4 S 20\/111&}({1,(12}”1/11 — ’(/)QHS ,Vt S (0,00), Vr €ER

and

sup ||O:S(t)1 — O:S(E)2|lr—a < 2C\/max{l,a?}||1h1 — 2lls, Vr € R

te[0,00)

with; € Hp,,. for j € {1,2}.
Proof: 1Tts proof is similar to the proof of second Corollary of Theorem 3.1, in which we use the
continuous Sobolev embedding. ]
Next, we will state the Theorem 3.1 in terms of the semigroup {S(¢)}+>o0.
Theorem 3.3. Let s € R, a > 0 and {S(t)}1>0 the semigroup of class C, from Theorem 3.2, then

S(-) is the unique solution of

u e C([0,+00), Hs,,.) N C*((0,+00), H3.*)
Ou=Au € H3 2

per
u(0) = € H,

er *
in the sense that

St+h)yY— Sty
h

lim
h—0

—AS@t|| =0 (3.34)

s—4

where A .= —0% — al, and if 1y ~ 1)y then S(-)1 ~ S(-)1a.
In addition, the following regularity holds: ify € H.,, then S(t)y € H},,, ¥r € R, ¥t > 0 and 3C > 0,
ISP < Cl¢|ls, ¥t > 0, Vr € R.
Also, ||0:S(t))]]r—a < 2C\/max{1,a?}||¢]s ¥t >0, Vi € R.

Proof: The proof of (3.34) is similar to item 4 of the proof of Theorem 3.1. And the proof of the
remaining statement follows in a similar way to the proof of Theorem 3.1 and as a consequence of Theorem
3.2. |

4. Generalization of results to n-th order equation. In this section, we will generalize the results
obtained in the previous section.
Theorem 4.1. Let s be a fixed real number, a > 0, n a natural divisible by four and

u e C([0,+0),H},,)

per
(P2) | Qu+0pu+au=0 € H3"
u(0) =¢ € Hy,

er *

then (Ps) is globally well-posed, that is, 3'U € C([0,00), H,,.) N C((0,00), Hy™) verifying equation
(Ps) so that the application: v» — U, which to every initial data 1) assigns the solution U of IVP (Px), is
continuous.

Moreover, the solution U satisfies

Uit) e Hy,, ¥t >0, Vr € R
with [Ut)||s < e . |¢|ls and 3C > 0, [U®)|» < C||¥||s, Vr € R, VE > 0.

Also, |OU () ||r—n < 2Cy/max{1,a?}||¢||s, Vr € R, Vt > 0.

Proof: 1ts proof is similar to the proof of Theorem 3.1. (|
Consequently, we obtain the following outcome.
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Corollary 4.1. The unique solution of (Ps) is

—+o00

Uty =y e e h(k)ps

k=—o0

where o (x) = e'** for x € R.
Next, we define a family of operators which will verify the conditions of being a contraction semigroup
of class C,,.
Theorem 4.2. Let s € R, a > 0, n an even number. We define the application
Tn:[0,00) — L(H.,.,)

per

t = Tat)

such that T, (t) applies

\Y
— (—k”—a)t/\ s
Tty = | (<4 -rew), | voe .,

then {T,,(t)}i>0 is a contraction semigroup of class C, on Hpy,, and ||T,(t)|| < e, ¥t > 0. Thus,
{Tn}nenr is a family of semigroups on H,,,. where

M :={n € N/n is an even number } .

And for simplicity we will denote to T,, as T .
Additionally, the following statements hold:
1. Ifo € Hy,, then T (-)p € C([0,00), Hp.,.).

2. The application: ¢ — T ()@ is continuous and verifies:
IT ()1 = T(t)lls < e [lvhr — talls, V¢ € [0, 00)

and

sup ([T ()1 — T(0)hals < llvb1 — ol
te(0,00)
withy; € H,,, for j € {1,2}.

3. T(t) e L(H},,)and || T(t)O|s < e *.||O],, VO € H},,, Vt € [0,00).

4. If o € H},, then ;T (t)p € Hy ™ and |0, T (t)plls—pn < e .2y/max{1,a?}|olls, Yt €
(0,00). That is, 0:T (t) € L(H3,,, H:..™), ¥t € (0, 00), where

per? per
\%
AT (t)p = {((—k” —a)eF —a)ta(k))kez] € Hy.", Vo € Hy,,.

5. Ifp € Hj,, then 0,T (-)¢ € C((0,00), H3..™).

per per

6. The application: 1 — O,T (-)¥ is continuous and verifies:

|0:T (T)th1 — T (T)a|ls—n < e™7.2¢/max{1, a?}|1)1 — 1alls, VT € (0,00)

and

sup (|0, T (7)1 — O T (7)¢2lls—n < 2¢/max{1, a?}|r — tal|s
7€(0,00)
with; € Hp,, for j € {1,2}.

Proof: Tts proof is similar to the proof of Theorem 3.2 ]
We will provide some additional properties of the family {7 (¢) }+>o.
Corollary 4.2. Based on the hypothesis of the previous Theorem, the following statements hold

1. If¢ € Hy,, thenT(-)¢ € C((0,00), Hp,,.), Vr € R.

2. The application: ¢ — T ()¢ is continuous and satisfies: 3C > 0 such that

IT@)¢1 = T2l < Cligr = ¢2lls, Vt € (0,00), Vr € R,
sup [|[T(t)¢1 — T(t)d2llr < Cllgr — ¢alls, VreR

te(0,00)

A

with ¢; € H> . forj =1,2.

per
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3. T(t) € L(H,,,, H},,) and 3C > 0, | T ()0, < C||0]|s, Vr € R, Vt > 0,V0 € H,,,.
4. If ¢ € Hp,, then 0;T(t)p € H," and 3C > 0, 0T (t)¢[lr—n < 2Cy/max{1l,a?}|¢]s,

YVt > 0,Vr € R. Thatis, 0, T (t) € L(H:,,.,H..)™), Vt > 0, Vr € R where

per’ “tper
\%
T (t)p = {((—kn —a)el~F —a”@(k))kez} € H", Yo € HS., NreR.

5. If p € Hp,, then 0, T (") € C((0,00), H);,"), Vr € R

per

6. The application: 1» — OyT (-)¥ is continuous and satisfies: 3C > 0 such that

10cT (7)1 = O T (T)¢2llr—n < 2CVmax{1,a*}|[¢1 — ¢2lls, V7 € (0,00), Vr € R,

and

sup (|8 T (1)1 = 0T (1) hallr—n < 2CV/max{l, a?}|¢y = olls, Vr € R

7€(0,00)

with; € Hy,,. for j € {1,2}.
Proof: 1ts proof is similar to the proof of Corollary 3.3. (|
Now, we will state another version of Theorem 4.1 in terms of the semigroup {7 (¢) };>0.

Theorem 4.3. Let s € R, a > 0, n a natural number multiple of four and {T (t) }+>o the semigroup of

class C, in Theorem 4.2, then T (-)v is the unique solution of

u € C([0, +o0), Hy,,.) N C1((0, +0), H3™)
Ou = Asu € H5 ™

per

u(0) =9 € Hp,, .

in the sense that

T(r+h)y—T()Y
h

lim
h—0

— AsT(T)y =0 4.1

s—n

where Ay, := =0 — al, and if 11 ~ g then T (-)1p1 ~ T (-)tba.
Moreover, the following regularity holds: if 1) € H,,, then T (t)y € H},,, ¥r € R, Vt > 0and 3C > 0,
1T @)l < Clplls, ¥t >0, r € R.

Also, if v € HS, then O, T ()Y € H..™, Vr € R, V1 € (0,00) and 3C > 0,

per per
2C/max{1,a?}||¢|s, VT > 0, Vr € R.
Proof: Tts proof is similar to the proof of Theorem 3.3. ]
Below we state some additional results that can be obtained.
Remark 4.1. Analogous results to Theorem 4.1 are obtained when n is an odd number, where the
solution would be

|atT(T)w”7‘—n <

o(t) = {(e[(ik)"Jra]tqz;(k))keZ} t>0

for the initial data ) € Hy,,.
Remark 4.2. Similar results to Theorem 4.2 and Corollary 4.2 are obtained when n is an odd number,
where the family of operators introduced is

\
= —[(ik)" +a]t 7, > s
T(t)p [(e cp(k)) keZ] , >0, Voe Hp,, .

Therefore, this family forms a contraction semigroup such that ||T(t)|| < e~ %, Vt > 0; and the analogous
version to Theorem 4.3 is valid. See [11].

Finally,

Remark 4.3. When n is an even number not divisible by four, the problem ( Ps) has no solution.

5. Dissipative property of (P;) and (Px). The properties that will be obtained in this section do not
depend on the explicit form of the solution.
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5.1. Dissipative property of (P;). Let s be a fixed real number, a > 0 and the problem

w € C([0,400), H,,.) N C'((0,00), H3.*)
(P1) dw~+ 0qw+aw =0 € H5?
w(0) = ¢ € H

er *

Theorem 5.1. Let w be the solution of (Py) with initial data ) € Hg
results:
L flw(®)[3-4 = —20(t) — 2allw(t)|l3_4 < 0, where

then we get the following

er

+oo
0<8(t) = 8(t,w):=2m Y (L+ k) K @(k) = [0Fw®)|2 4 < Jw®)]?-

k=—oc0

2. lw(®)]12_y = e 2 w(0)[2_y — 2 [ e =6 (r) dr < e 2w (0) |2y, t = 0.
3o w(®)[s—a < e Ylls—a < e Ylls < [[¥[ls, t = 0.

4. Jim w4 =0.

Proof: As H}.. C H?-* then the following expressions: < Jyw,w >¢_4 and < w,dyw >4_4 are

per per
well-defined.
So, we have
Olw®li—s = 9 <w(t),w(t) >s-a
= <ow(t),w(t) >s—4 + < w(t),dw(t) >5_4
= 2Re < Qpw(t),w(t) >s_q . (5.1
Also, we obtain
+o0o . 7
<fw,w >, 4 = 27 Z (14 k25 104w(k) - w(k)
k=—o0
+o00 7
= 2r > (14K k) a(k) - (k)
k=—o
+o0 7
or > (1+ K K a(k) - o(k)
k=—o0
+oo
= 2r > (14K R Dk (5.2)
k=—oc0
§:=

At this point, we will prove the convergence of series (5.2). Indeed, using the inequality: |k|* < |k|® =
(|k[*)* < (1 4+ k*)*, Vk € Z and w(t) € HE,,, we obtain

per?

400 —+o0

Yo AHEPTE@EP] < Y (LR TR @R

k=—o0 k=—o0

+oo

Yo R T KPR

k=—o00

+oo 1

Y. C+E) BRI = —w@)]E < oo

k=—o00

IN

As 2w (k) = (ik)2@(k) = —k2@(k) and D2w(k) = (k)20 (k) = —k>@(k), then d2w(k) - P2w(k) =
kA3 (k)[2.
Therefore,

3(t,w) = [2w)|Z_4 < ()3 - (5.3)
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Then the series (5.2) is convergent, that is,
< Otw(t), w(t) >4_4= 6 withd > 0. (5.4)
From (5.1), using ;w = —d%w — aw and the equality (5.4) we get
Alw®)>.y = 2Re < duw(t),w(t) >s_4
= 2Re{< —dtw(t),w(t) >s 4 —a < w(t),w(t) >s 4}
—2 Re < O2w(t), w(t) >_4 —2allw(t)]?_,
=6(t)
= —20(t) = 2a]w(t)|[}_4 < 0.

Therefore ||w(t)]|%_, is not increasing. Then |Jw(t)||?_, < ||w(0)||%_4, V¢ > 0.
As

([lw(®)[ls—a = lw(0)|ls—a) (lw @) |[s—a + [[w(0)[[s—a) <O,
we have
lw(t)[|s—a < |w(0)[[s—a < [Jw(O)||s , VE>0.
That is,
lw(t)ls—a < NYlls—a < 9¥]ls , ¥E>0.

To be exact, solving the equation we obtain

t t
lo(®)[2_s = &2 [u(O)]|2_, — 22" / T (r) dr = e w(0)[2_y — 2 / 27 5() dr .

>0
That is, |Jw(t)|?_, < e=29¢||w(0)||%_, since 6 > 0.
Therefore,
0 < w(®)lls—a < e [w(0)[ls—s < e w(0)]ls < [[w(0)]ls, ¥ > 0.
Taking limit to ||w(¢)|s—4 When ¢t — +o00, we obtain lim |Jw(#)||s—4 = O since lim e~ = 0. O
t——+o0 t—+o0

Corollary 5.1 (Continuous dependence of the solution of (Py)). Let u and v be solutions of (Py) with
initial data vy and o in H,,,,, respectively. Then the following statements hold

er’

+oo
Ollu(t) —v()13 -4 = —2allu(t) —v(O|Z 4 —4m Y (1+K)**Ka(k) - v(k)* <0,

k=—o0

=20u—v(H)=2[|02[u—v]()[12_,4

t
Ju(t) — o2y = e |1 — thalli_y — 2/ e 26,y (T)dr < e[y — |2,
0
and

lu(t) = v(®)lls—a < el — dalls—a < [lo1 = ¢2lls, t>0. (5.5

Proof: Define w := u — v then w satisfies:

0w + 02w 4+ aw =0
w(0) =11 — s

We conclude using Theorem 5.1. O
Corollary 5.2 (Uniqueness of solution of (Py)). The (P;) problem has a unique solution.
Proof: Indeed, let u and v be solutions of (P;) with the same initial data, that is, 1); = ¥9 = 1.
From (5.5) we obtain ||u(t) — v(t)||s—a < ||0]|s = 0. Then ||u(t) — v(t)||s—a = 0. So, u(t) = v(t), Vt > 0,
that is, u = v. O
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5.2. Dissipative property of (Ps). Let s be a fixed real number, a > 0 and the problem

w € O([0,+00), Hy,,) N C((0,00), Hpe,™)
(Ps) Oyw + 0w +aw =0 € Hy."
w(0) =p € HS

per

Theorem 5.2. Let n be a natural number multiple of four and w the solution of (Px) with initial data
p € H3_ then we obtain the following results:

per
L Ol|w(t)||?_,, = —28,(t) — 2a|lw(t)||>_, <0, where
+oo
0<0n(t) =0(t,w):=2m > (14K "kMak)[* = |02 wt)|2_, < [wt)]?.
k=—o0
2. w2, = e~ 2 lw(0)]|2_,, — 2 fy e 2=7)5, (1) dr < e~ 20w (0)]2_,,, t > 0.

3. (e < e pllon < e 2l < lglls, £ 0.
4. lim |w(t)|ls—n =0.
t—+o00

Proof: Tt is analogous to the proof of Theorem 5.1, noting (ik)™ = k™ Vk € Z when n is a natural
number multiple of four. O

Corollary 5.3 (Continuous dependence of the solution of (Px)). Let u and v be solutions of (Px)
with initial data 11 and v in Hy,,, respectively. Then the following statements hold

er’

+oo
Ohllu(t) = v(®)12 -, = —2alu(t) —v@)l|T, —4m D (1+K)* K" [a(k) - o(k)[* <0,

k=—o0

=26, (£)=210.2 [u—v] (t)]|2

s—n

t
Ju(t) —o@)2_, = el — all_, — 2/ e 26, (1w — v)dr < ey — a2,
0
and

[u(t) = v(B)lls=n < e™"lltp1 = alls—n < 1 = ¥2ls, ¢ >0. (5.6)

Proof: Define w := u — v then w satisfies:
Orw~+ 0w+ aw =0
w(0) =1 — 2.

From Theorem 5.2 we conclude the proof. ]
Corollary 5.4 (Uniqueness of solution of (Px)). The Cauchy problem ( Ps) possesses uniqueness of
solution.
Proof: Indeed, let u and v be solutions of (Px) with the same initial data, that is, 1, = 12 = 9.
From (5.6) we obtain ||u(t) —v(t)||s—n < ||0]|s = 0. Then ||u(t) —v(t)||s—n = 0. So, u(t) = v(t), Vt > 0,
that is, u = v. O
Below we state some additional results that can be obtained.
Remark 5.1. Similar results to Theorem 5.2, Corollaries 5.3 and 5.4 are also obtained when n is an
odd number, in this case, note that (ik)"™ = +ik™, Vk € Z and

—ivy ifn — 1 is not multiple of four
< Opw,w >4_p=
iy ifn — 1 is multiple of four

where
—+oo
v =27 Z (1+ K25k w(k)|*.
k=—o00
Therefore
L Ollw(t)Z_,, = —2allw(t)[3_,.

2. w®)lls—n = e=*[l@lls—n < e™*lells < [l#|
3. lim Jw(®)||s—n =0
t——+oo

hold. See [11].

s, t>0.
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6. Differentiability analysis versus initial data of (P;) and (Px). In order to increase and enrich our
study, we will investigate the infinite-dimensional space in which differentiability occurs and its connection
to the initial data for both cases: @ > 0 and a = 0.

6.1. Differentiability analysis versus initial data of (P;). In this subsection, we will analyze the
solution of (Py). Here the regularity is broader for ¢ > 0, that is, it holds for all real r; compared to what
happens for the odd-order equation.

Theorem 6.1. Let s € Rand a > 0. Ift > 0 and w is the solution of (P1) with initial data ¢ € Hp,,
then for all v € R,

lim =0

u(t + h) — u(t)
ol R

+ O2u(t) + au(t)

T

holds. This means that differentiability occurs in H},,., Vr € R. That is, dyu(t) = —0su(t) — au(t) in
Hp., Vre RVt >0.

Proof: Lett>0,t+h>0and vy € Hp,,
u(t + h) — u(t) 2

Y + O2u(t) + au(t)

T

+oo 2

—or Z (1+k2)7‘672k4t672at

k=—o0

k*—a)h _ 1
h

(7
¢ +k +a

too (=k*—a)h _ 1

—or Y (1 4 k2)r—se—2k"1 =20t eT—Hf‘l—i-a ‘zZ(k)

M(h):=

)2 (1+K2)*. (6.1)

k=—o0

Using L'Hopital’s rule we have M(h) — 0 when b — 0.
To ensure the interchange of limits, we need the uniform convergence of the series (6.1). For this, we will
bound the k-th term of the series. First, using the Mean Value Theorem to the function f(t) = etk g—at
on the interval [0, h] with & > 0, we obtain

6(7](7470,)}7, -1

- <k'+4a. (6.2)

Using the inequality (6.2), we are going to bound | M (h)|? in the following way:
IM(R))? < {2(k* + a)}? = 4(k* + a)? < 4max{1,a®}(1 + k?*)*. (6.3)

Applying the Mean Value Theorem to the function f on the interval [k, 0] with A < 0, we have that
exists £ € (h,0) such that
—k*—a)h _ 1
h

(
¢ < (k* + a)e—S('+a) (6.4)

Using the inequality (6.4), we are going to bound | M (h)|? in the following way:
IM(h)|? < (a+ k*)? (e*“’“‘l*“) - 1)2 < 2(a + k*)? (e*zf(’“4+“> + 1) : (6.5)
Therefore, for h € R — {0} and t + h > 0, there exists £ < 0, with || small enough such that
IM(R)]? < 2(a + k) (6—25“4*“) + 1) . (6.6)
Thus, we bound the k-th term of the series, where we use inequality (6.6)

Tear = (LK) 220 M) PG (R) (1 + K2)°
< 21+ k2)r—s(k4 + a)2e—2k4t6—2at (6—2£(k4+a) + 1) |,(Z(k)|2(1 + k2)5

g(t,r):=

and since |G(t, )| < C,V(t,r) € [e,+00) X R, Vk € Z where € > 0 is small enough.
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On the other hand, we know that the series converges

“+oo
21 Y (L+ K[k = [[0]3 < o0

k=—o0

since ¢ € H per

Thus, using the Weierstrass M-Test, we have that the series (6.1) converges uniformly and consequently
it is possible to exchange limits and obtain

t+ h) — u(t ?
w +9Mu(t) + au(t)| — 0
when h — 0.
Finally, Hw—&—a‘l ()—l—au()H — 0 when h — 0. O

Theorem 6.2. Let s € R and a > 0. If w is the solution of (Py) with initial data i) € H
r < s —4it holds

per then for all

lim + 02u(0) + au(0)

h—0t

u(h) — ¢ B
T =0

This means that differentiability occurs in H ., Vr < s — 4. That is, 8;+u(0) = —03u(0) — au(0) in
Hyep, Vr <s—4.
Proof: Leth > 0,

Hu(h)h v + 9%u(0) + au(0)
' 2
o0 (=k*—a)h _ 2
=21 Y (1+k%) 67}11 +k*+a ‘zb(k)’ : (6.7)
e M(h):=

Using L'Hopital’s rule, we have M(h) — 0 when h — 0.
To ensure the interchange of limits, we need the uniform convergence of the series (6.7). For this, we will
bound the k-th term of the series. Thus, using inequality (6.3) we obtain

Ly = (L+ ) IMR)P[§ (k) < 4max{L,a”}(1+ k) [D(k),

On the other hand, we know that the series converges

2 Z (L+ R [D(R)]* = [|$]]3 < oo

k=—o00
since ¢ € I per
Then, using continuous immersion in periodic Sobolev spaces, that is, H,,, C H;;‘;“ forr < s—4,
we obtain
+o00 N
8rmax{1,a’} > (1+k*) (k) = 4max{1,a’}|[¢|7,, < 4max{1,a’}|[¢|? < o0, Vr < s—4.
k=—oc0

Thus, using the Weierstrass M-Test, we have that the series (6.7) converges uniformly and consequently it
is possible to exchange limits and obtain

2

u(h) — u(0) o

h

+ 92u(0) + au(0)

r

when h — 0.
Finally, H wh—uO) 4 piy(0) + au(O)H — 0 when h — 0% O
Theorem 6.3. Let s € R, a > 0 and 1) GT Hp., then the following statements are equivalent
1. There exists Tim (S4=1) 00 )
ere exists lim Yoin (Hyew || - IIs)
2.4 € Hst?

per *
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Proof: Suppose that item 1 holds, then A = —9* — aI is the infinitesimal generator of the contraction
semigroup {S(t)};>0. Thus, Ay = —93¢) — ayp € HS,,., from which we obtain

(1+0)0 =+ 0y € Hy,,. (6.8)
Applying the Fourier transform to (6.8) we have
14 kY (k 2. :
(a+rhom) e (69)

Using that the ||, p-norms, with p € [1, oc], are equivalent in R?, we have |(1, k)| < v/2|(1, k)|, Vk € Z;
then

(1, k)3 < 16|(1, k)], Yk € Z.

That is,
(1+EHT<16(1+EkY?, VE€ Z. (6.10)
Using (6.10) we get
+oo N 2
llZa = 27 > (kD [G)
k=—oc0
+o0 N 2
= 2 > (LR L+ R (k)|
k=—oc0
400 N 2
< 321 Y (1+k2)s(1+k4)2‘w(kz)‘
k=—o0
+oo R 2
= 321 Y (148 (1+k4)w(k)‘

k=—oc0
= 16-|(1+ 8|2 < 0.
Then ¢ € H;:f-
Reciprocally, if ) € H31,
2

2 k*—a)h _ 1

h
M(h)=

+o0o (-
= 2 > (1+#7)|C

k=—o00

- Yk ta ’@(k)f L(6.11)

S

Using L'Hopital’s rule we have M(h) — 0 when h — 0.
To ensure the interchange of limits, we need the uniform convergence of the series (6.11). For this, we will
bound the k-th term of the series. Thus, using inequality (6.3) we obtain

Lo = (4R IMBEE0)] < 4max{1,a®} 1+ K2 30|

On the other hand, we know that the series converges

+o0 . 9
20 30 (4R )| = 12 < o0
k=—o00
since ¢ € H3t?.
Thus, using the Weierstrass M-Test, we have that the series (6.11) converges uniformly and consequently it
is possible to exchange limits and obtain

Hs(h)@/f—zb

2

+ 02 +ay)| — 0

h

S

when h — 07

Finally, || $%Y=% 1 g1y 4 ay) _— O when h — 0% Thatis, 3 Jim. Stlv—tb — _ gty — gy in

(Hpers [ - 1ls)- 0
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6.2. Differentiability analysis versus initial data of (Px). In this subsection, we will analyze the
solution of (Ps).

Theorem 6.4. Let n be a natural number multiple of four, s € Rand a > 0. Ift > 0 and u is the
solution of (Ps) with initial data ) € H,,, then forallr € R

er

Jimg || A R) — u(®) —0

Lim + 07 u(t) + au(t)

T

holds. This means that differentiability occurs in H,,,
Hy,,, Vr € RVt > 0.
Proof: Tts proof is analogous to the proof of Theorem 6.1. (]
Theorem 6.5. Let n be a natural number multiple of four, s € R and a > 0. If u is the solution of (Px)
with initial data ) € H,,, then forallr < s —n

Vr € R. Thatis, Oyu(t) = —07u(t) — au(t) in

er

lim |4 =% =0
h—0+ h

+ 07u(0) + au(0)

r

holds. This means that differentiability occurs in H},,, Vr < s — n. That is, O+ u(0) = —0;u(0) — au(0)

in H;er, Vr <s—n.
Proof: 1Tts proof is analogous to the proof of Theorem 6.2. ]

Theorem 6.6. Let n be a natural number multiple of four, s € R, a > 0 and ¢ € H,,, then the
following statements are equivalent

1. There exists hlig)l* (%) Y in (H;er’ - 1ls)-
2. ¢ e H53m

per
Proof: 1Tts proof is analogous to the proof of Theorem 6.3. ]
Below we state some additional results that can be obtained.

Remark 6.1. Results close to Theorems 6.4, 6.5 and 6.6 are obtained when n is an odd number. See

[11].

6.3. Differentiability analysis versus initial data of (Px) when a = 0. Next, to complete the study
done in [3], we will analyze the relationship that exists between differentiability and initial data, for the
case a = 0.

Theorem 6.7. Let n be a natural number multiple of four, s € R and a = 0. Ift > 0 and u is the
solution of (Py) with initial data vp € H,,, then forallT € R

lim =0
h—0

u(t+ h) — u(t) n
e O u(t)

T

holds. This means that differentiability occurs in H},,, Vr € R. That is, Oyu(t) = —0yu(t) in Hp,,,
Vr e R, Vt > 0.
Proof: 1Tts proof is analogous to the proof of Theorem 6.1. (]
Theorem 6.8. Let n be a natural number multiple of four, s € R and a = 0. If u is the solution of (Px)
with initial data ) € H,,, then forallr < s —n

er

. u(h) =
| — T 49" =0
h0+ h Ty .
holds. This means that differentiability occurs in H,,,, Vr < s —n. That is, 0;+u(0) = —03¢ in H},,,
Vr <s—n.
Proof: Its proof is analogous to the proof of Theorem 6.2. ]

Theorem 6.9. Let n be a natural number multiple of four, s € R, a = 0 and ¢ € H,,, then the
following statements are equivalent

1. There exists hli}rgl+ (%) Y in (H;jer, - ||s)
2. ¢ € HStn,

per
Proof: Its proof is analogous to the proof of Theorem 6.3. ]
Below we state some additional results that are obtained.

Remark 6.2. Results close to Theorems 6.7, 6.8 and 6.9 are obtained when n is an odd number. See

[11].
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7. Conclusions. Based on Fourier theory, we rigorously demonstrated the existence and uniqueness of
solution to the (P;) model, along with the continuous dependence of the solution with respect to the initial
data. Moreover, compared to the third-order case, in the fourth-order case we obtained more regularity, that
is, u(t) € H},,, Vr € R. Subsequently, we introduced the semigroup theory to rewrite the solution of the
(Py) problem using this theory, rendering it much more fine. We used semigroups theory and got important
results of existence and approximation. We generalized the results for the nth order equation when n is a
natural number multiple of four.

We proved also the dissipative property of (P ), which enabled us to deduce the continuous dependence
(with respect to the initial data) and uniqueness solution of (P;), without using the explicit form of the
solution. We obtained results analogous to Theorem 5.1, Corollary 5.1 and Corollary 5.2 for the nth order
equation when 7 is a natural number multiple of four. Thus, we gave some remarks about the nth order
equation when n is an odd number. Moreover, to increase and enrich our study of (P;), we analyzed the
infinite-dimensional space in which differentiability occurs and its connection to the initial data. Finally,
we generalized the results obtained for a > 0.
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