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Abstract

We present method computes the tangent and curvature vector of the intersection curve of two surface,
parametric/implicit or implicit/implicit, in Lorentz-Minkowski space E3, by applying a Euler-Rodrigues
rotation to a vector projected onto the tangent space. The axis of rotation is the normal vector of the
surface (the surfaces can be timelike, spacelike or lightlike), therefore three types of rotations, since the
normal vectors can be: spacelike, lightlike, or timelike.

Keywords . Euler-Rodrigues formula, tangential intersection, Lorentz-Minkowski space, Surface-Surface inter-
section.

1. Introduction. Differential geometry of intersection curves for tangential intersections in E3, the
available literature is relatively limited. Ye and Maekawa [1] proposed an algorithm for evaluating higher-
order derivatives of the tangential intersection curve of two surfaces, considering all three types of surface-
surface intersection problems in E3. Caliskan and Diildiil [2] computed the unit tangent vector and the
geodesic torsion of the tangential intersection curve of two surfaces, also addressing all three intersection
types. Nassar et al. [3] investigated the differential geometric properties of the Frenet apparatus (¢, n, b, &, )
of intersection curves of two implicit surfaces in [E3, treating both transversal and tangential cases using the
Implicit Function Theorem.

The Rodrigues rotation formula was introduced into the surface intersection problem by Bahar and
Mustafa in [4]. In that paper, the authors proposed new approaches for analyzing both tangential and
transversal intersections of two surfaces in Euclidean 3-space using Rodrigues rotation formula. In [5,
6], the authors employed Rodrigues rotation formula to derive the geometric properties of the transversal
intersection curve of two regular parametric and implicit surfaces in 2, including the computation of
geodesic curvature and geodesic torsion.

Bahar and Mustafa Diildiil [4] introduced two new approaches for analyzing the tangential intersec-
tion of two surfaces in Euclidean 3-space, utilizing Rodrigues’ rotation formula and Willmore’s method.
For tangential intersections in 4, the authors of [7] studied the non-transversal intersection of parametric-
parametric-parametric hypersurfaces. In [8], they addressed the non-transversal intersection of implicit-
implicit-parametric and implicit-parametric-parametric hypersurfaces, and in [9], the non-transversal inter-
section of implicit-implicit-implicit hypersurfaces in E*.

The differential geometry of intersection curves arising from tangential intersections in Lorentz -
Minkowski spaces E$ was studied only by Aléssio and Cintra Neto [10], in this work the authors com-
pute the tangent vector of tangential intersection curves of two surfaces parametric in the three-dimensional
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Lorentz- Minkowski space E?, where the combination of the surfaces (spacelike, timelike, or lightlike) for
the use of Rodrigues’ rotation formula.

Differently from the works [10], in this paper compute the tangent vector and curvature vector of tan-
gential intersection curves of two surfaces (parametric/implicit or implicit/implicit) in the three-dimensional
Lorentz-Minkowski space [E3, where the combination of the surfaces (spacelike, timelike, or lightlike) for
the use of Rodrigues’ rotation formula.

The remainder of the paper is organized as follows: Section 2 introduces some notation and definitions,
and reviews relevant aspects of differential geometry in the Lorentz- Minkowski 3-space E3. Section 3
presents the Euler-Rodrigues formula adapted to Minkowski 3-space. Section 4 focuses on the differential
geometry of the tangential intersection curve of two surfaces in [E3, where we propose our method. Some
numerical results are provided in Section 5, and concluding remarks are given in Section 6.

2. Preliminaries. In this paper we denote by the Lorentz-Minkowski 3-space [E3, the pair (R3, (,) 1)
where R? is a three dimensional real vector space equipped with a Lorentz metric (inner product) of signa-
ture (2,1). That s, if v = (21,29, 23) and u = (y1, y2,y3), then

(v,u)r, = 21y1 + Tay2 — T3Y3.

Two vectors u and v in E$ are said to be orthogonal if (u,v);, = 0. An arbitrary vector u in E$ which
satisfies (u, u);, = +1 is called a unit vector.

We say that an arbitrary vector v # 0 in E$ is called spacelike, timelike or lightlike(null), if respec-
tively holds (v,v);, > 0, (v,v) < 0 or (v,v); = 0. In particular, the vector v = 0 is spacelike. If
v = (21,22, 3) € E$ we define it norm by

||V||L = |<V7V>L‘% = \2/|$1331 + zoxe — 2373

The timelike vectors can be separate in two disjoint sets, with describes the next definition.
Definition 2.1. Let F be the set of all timelike vectors in E3. If u is a timelike vector, the timelike cone
of u is the set

C(u) ={v e Fl{u,v)r < 0}.

Definition 2.2. [/]1] Let u,v € E3. The Lorentizian vector product of u and v is to the unique vector
denoted by u X p, v that satisfies

(wxpv,w), =det(u,v,w), 2.1)

where det(u,v,w) is the determinant of the matrix obtained by replacing by columns the coordinates of the
three vectorsu, v and w.
We also define the vector product of u and v (in that order) as the unique vector u x 7, v € [E$ such that

e ey —e3
UXLV=|uwu wus wus |=(uv3—uzvs, —(u1v3 — ugv1), —(uv2 — usv1)),

U1 U2 U3

where {e;,eq,e3} is the canonical basis of Ef and u = (uj,us,u3) and v = (v1,v2,v3). We have
{e1, eq, e3} is the canonical basis of R}, which satisfy e; x e = —e3, €3 X e3 = e; andes X e; = ey.
Corollary 2.1. [11] (Lagrange’s Identities). Let u,v € E3. Then

(uxpviuxpvy, = —det (2.2)

Remark 2.1. [11] Let us observe that if u and v are two non-degenerate vectors, then B = {u, v,u xp v}
is basis of € E3. However, and in contrast to the Euclidean space, the causal character of u and v deter-
mines if the basis is or is not positively oriented. Exactly, if u and v are spacelike vectors of E3 then u x v
is a timelike and B is negatively oriented because det(u,v,u X, v) = (u xpv,u xrv); <0.Isuandv
have different causal character, then B is positively oriented.
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2.1. Curves and Surfaces in E.

Definition 2.3. A regular curve o : I C R — E$ can locally be a spacelike, timelike or null (lightlike),
if all of its velocity vectors o (s) are respectively spacelike, timelike or null (lightlike).

Definition 2.4. For any non-lightlike vector v # 0, we set its indicator €, to be the sign of (v, V),
that is, €, = 1 if v is spacelike, €, = —1 if v is timelike, and €, = 0 if v is lightlike.

The Frenet-Serret trihedron can be found in [10] and [12].

Definition 2.5. [/2] [Regular Parametrized Surface] A smooth map S : U C R2 — E:f is called a
regular parametrized surface if Dg(u,v) has full rank for all (u,v) € U.

Definition 2.6. [/2] [Regular Implicit Surface] Let a € R is a regular value for f, then f~'(a) =
{(z,y,2) € D|f (x,y,2) = a} is a regular surface in E3.

2.1.1. Normal vector of parametric Spacelike, Timelike and Ligthlike Surfaces in E5. The unit
normal vector field N of a parametric spacelike (or a timelike) surface M is given by

Su XL Sv
N=_—*-2-¢v | (2.3)
1Su <z Sully,
The unit normal vector field N of a parametric lightlike surface M is given by
N =S, x1 S,. 24

Remark 2.2. Since S, X, S, is lightlike the vectors S, and S, can be either lightlike or spacelike. If
(Su,Sv) =0, then one element of the sett {S,,, S, } is lightlike and the other is spacelike.

2.1.2. Normal vector of implicit Spacelike, Timelike and Ligthlike [12] Surfaces in E$. Consider
an arbitrary implicit spacelike (timelike or lightlike) surface

S = {(;z:,y,z); f(a:,y,z) = 0}7

where f(z,y, z) : E} — R is a differential function. The vector field

VLf: (fwvfm_fz)v (2.5

is orthogonal to any vector of the tangent plane.
The unit normal vector field N of a parametric spacelike (or a timelike) surface M
. The unit normal is given by

_ vif
IVl

The normal vector field N of a parametric lightlike surface M
. The normal vector is given by

N

N=V_.f.

2.2. Curves in Surface in E3.

2.2.1. Curves in Parametric Surface in E}. Consider an parametric surface represented by S : U C
R? — VNS C E3 and let a(s) a curve in the surface defined by a(s) = S(u(s), v(s)). The a’(s), ”'(s)
and o’ (s) is

o/ (s) = Su’ + S0, (2.6)

o' (5) = Syt + 8,0 + Suu(t)? 4+ 28tV 4 Sy (V)2 2.7

a///(s) _ Suu/// + SUU/// + Suuu(ul)g + 3Suuv(u/)2v/ + Ssuvvu/(vl)2 + vav (1}/)3 +
3 (Suut't” + Sy’ V" + Sup (uv" + u'v")) . (2.8)
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Therefore, the projection of the vectors «/(s), @ (s) and o’”’(s) onto the unit normal vector field (N) of the
surface S(u, v) are given respectively by

(a/,N); =0, (2.9)
(@' N, = (Suu, N), (v)? + 2 (S, N) , /0" + (Syy, N, (V)2 (2.10)
(@ Ny, = III+1I, (2.11)
where
IIT = (Suuus N)p (W) + 3 (Suwe, N ()0 + 3 (Suvw, N) ' (V') + (Spwes N, (V)2
II = 3(Suu,N)pu'u" +3(Spy, N); v'0" +3(Sup, N); (u"0" + u'0v").

2.2.2. Curves in Implicit Surface in E5. Consider an implicit surface represented by f : E3 — E
and let a(s) a curve in the surface defined by a(s) = {(x(s),y(s), 2(s))|f(a(s)) = 0} in the implicit
surface f(x,y,z) = 0. Then, we have that:

0
%:fwx/+fyy/+fzz/:0a (2.12)
62f " 1" "
052 = f:cx + fyy + sz + (2.13)
fmx(xl)z + fyy(y/)2 + fzz(z/)2 + Q(fxyxly/ + fyzylzl + fzzx/zl) =0.
63f 2 " "
053 = fJ;.’E + fyy + fzz (2.14)

3{fmfc’x"+fyyy’y” +fzzz/2// —|—fzy(m”y/+w’y”)
fmz($//2/ Jr:E/ZN) Jrfyz(y/lzl er/z//) + fmy(xl)Qy' + frzz(m/)zz/
fﬂcyyx/(y/)2 + f:czzzl(z/)2 + fyy- (3/)22'/ =+ fyzzy/(zl)2 + fﬂcyzx/y/'z,}

Fawa (@) + fyyy (W) + fozz(2)? = 0.

Therefore, the projection of the vectors o’ (s), @ (s) and o’”(s) onto the unit normal vector field (N) of the
surfaces f(z,y, z) = 0 are given respectively by

+ o+ 4+

(Vif,d/(s)), =0, (2.15)
Vil (), = —((Vif)sa(s))y @.16)
(Vifia”(s), = —2((Vif)sa"(s)), = (Vif)' (), . @.17)
where
fza: f:r:y _fxz va:c
Hypf = fyr Sy —Jyz = | Vify

fzm fzy *fzz vaz
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(VLf)/ = (<vaw7a,(S)>L’<VLfy7O/>L’<_vazaO/(5)>L> ’ (2-18)
(VLf)/ = (<HLf[070 : 3]7 O/(S)>L ) <HLf[1a 0: 3]’ a/>L ) <_HLf[2’ 0: 3]70/(8)>L) )
(VL))" = o140, (2.19)
o1 = (<(vaz)/7a/(S)>L ’ <(VLfy)/7 O/>L ) <_(vaz),>O/(S)>L) ’

O2

(<va:m O//(S»L ) <vaya O‘N>L ) <7vaza a//(S»L) .
Vifi = (fiz fiy,—Ffi2), 5 €{z,y, 2} (2.20)
(Vifi) = (Vifie o' (8), (Vifiy, &) (=Vifizd(s)),), j €{my, 2}, (221

Vifik = (fike Fikys —fin=), g,k € {z,y, 2} (2.22)

3. Euler-Rodrigues formula in Minkowski 3-space (E). In this work, the Lorentz metric (inner
product) of signature (+,+, —), then the semi-skew-symmetric matrix W obtained from the vector w =
(wg, wy, w,) axis with unit length be

Case 1. [13, 14] Assume that w = (wy, wy, w,) is unit spacelike vector, then we get

Rep(0, W) = I3 + sinh()W + (=1 + cosh(0))W?, (3.1)

Case 2. [13, 14] Assume that w = (W, wy, w,) is unit timelike axis, then we get

Rim(0,w) = I3 + sin()W + (1 — cos(0))W?, (3.2)

Case 3. [13] If w = (w,, wy, w,) is lightlike axis, then we get

2
Rig(0,w) = I3+ 60 W + % W2, (3.3)

Where

1 0 O
I3s=10 1 0
0 0 1

3.1. Operator D;,. In the paper [4], the authors defined the operator D(w) = u X g w, where X g
cross product Euclidean space. In this subsection, we defined Dz, Let w be a nonzero vector in E3. We
define Dy, as

Dr(w)=uxpw. (3.4)

Where X , is cross product Lorentzian spaces.
Proposition 3.1. If the vector u is chosen arbitrary such that it is linearly independent with w, then
D1, (w) yields never a zero vector and also we can see that
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i)
(u,u) L {1, W) L

(Dr,(w),Dr(w)); ={uxpw,uxyw), =—det
" ’ - ’ " - <W’u>L <W7W>L

where (1, W), = X. g, = (u,u); and e, = (W, W), .
ii) If u and w are spacelike vectors, we have Dr,(w) is spacelike or Dy, (w) is timelike or Dr,(w) is
lightlike ;
iii) If u and w are timelike vectors, we have Dy, (w) is spacelike;
iv) If u and w are lightlike (linearly independent), them Dy, (w) is spacelike vector;
v) If u is timelike(spacelike) and w is spacelike (timelike), them Dy,(w) is spacelike vector;
vi) Ifuis lightlike (spacelike) and w is spacelike (lightlike) with (u,w), = 0 them Dr(w) is lightlike
vector;
vii) If uis lightlike (spacelike) and w is spacelike (lightlike) with (u,w),; # 0 them Dr(W) is space-
like vector;
viii) If uis lightlike (timelike) and w is timelike (lightlike), them D1,(w) spacelike vector, A # 0.
The operator Dy, will play the main role together with the Euler-Rodrigues formula in Minkowski
3-space for finding the tangent vector at the tangential intersection point of the intersection curve of two
surfaces.

Remark 3.1. The rotation Ry, (0, w) = I3 + sin()W + (1 — cos(0))W? of vector % still

keeps it unitary, but the rotation R, (0, w) = I3 + sinh(0)W + (1 — cosh(0))W? does not maintain its
unit length. See the figure below.

Rotyf6. .\']_Q[A':] oo Mo |

Roty,[6, N1D[N]

DIN| = x, N

L

Figure ) 3.1: Figure ) 3.2: Figure () 3.3: Figure 3 4
Rim(O.N)pymyr, R Nmpimor,  Re@Npimr,  Rig(8, N)DL(N)

D
Remark 3.2. The R, (0, w) ||DL((“;)|| transform the timelike vectors to timelike vectors, the space-
LWL

like vectors to spacelike vectors and the lightlike vectors to lightlike vectors.
Theorem 3.1. [10] The R;4(8, w)Dr (W) transform the lightlike vectors to lightlike vectors.

4. Differential Geometry of Tangential Intersection Curve of Two Surfaces in E}. Now, let us as-
sume the two surfaces S and S” intersect tangentially at a point Py where Py = S (ug, vg) and fB(Py) =
0 or f4(Py) = 0 and fB(Py) = 0 on the intersection curve a(s), i.e., N4(Py) | NB(Py) at Py. If
the surfaces are spacelike or timelike, by orienting the surfaces properly we can assume that N4 (Py) =
NB(Py) = N. If the surfaces are lightlike, N4 (Py) = 6NB(F,), for some real § € R.

4.1. Method Euler-Rodrigues formula Rotation for tangential intersection. The rotation with ro-
tation angle ¢ around the axis in the direction of w is Ryype (0, W), where type = {sp,tm, g}, depending
on whether w is spacelike or timelike or lightlike, respectively.

4.1.1. The tangent vector '(s), of the tangential intersection curve.. The rotation will be given

Dr(N
by Reype (6, N>||DLL((N))||L or Riype (6, N)Dr,(N) depending on whether the vector Dy, (N) is timelike,

spacelike or lightlike.
If N is spacelike(lightlike), the R,(6,N)

Dp(N)
DLl

Dr(N)
IDL(N)|[,

D (N)

Rig (0N, 1,

) may not preserve the

length of vector
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Parametric-implicit surfaces Spacelike or Timelike.

The vector tangent of the intersection two surfaces: parametric-implicit is

o(s) = Siu(s)+ S (s) = (@/(s), 9/ (), /() - 1)

The equation (4.1) consists of five variables u’, v’, 2’ (s), y'(s) and 2’(s).
The projection of the vector a’/(s) onto N4 and N B,

(N4, a"(s)), = (NB,a"(s)), > (4.2)

by using (2.10) and (2.16) produces the equation.

((vLr?) »a/(s)>L 43)
IVLfB|L

eA(u’)z 4 2fAu'v' JrgA(,U/)Z — _

The vector tangent (4.1) can be write in terms of rotation angle ¢

Q0) = SPO)+SM(0) = (0,50, 2(0) = Rue (0N DA 4y
IPL(N) I
or
o(0) = Siu'(0) + S5v'(0) = (2'(0),5'(0). 2'(9)) = Reype (6, N)DL(N) 4-5)
the v’ and v’ values can be obtained in terms of the rotation angle 6.
"0) x, SA N
w(o) = L0 <1 5Ny
<SA XL SA N
V(0) = {a(0 N§ (4.6)
<S'u Su ’ N>L ’

and the x’, 3y’ and 2’ values can be obtained in terms of the rotation angle 6.

Substituting these solutions u/(s) = u/(0), v'(s) = v'(0), 2'(s) = 2'(0), y'(s) = y'(0), 2'(s) =
Z'(0) in the equation (4.3), we have the trigonometric equation

(©LL) D), 7

AW O)) + 2400 (0) + 9" (V0 =~ m

where

(Ves®) = ((Veffa @), (VLffa'®), . (~VifPa(6)),) “3)

Solving the equation (4.7), we can be find the rotation angle #. Substituting the results into (4.5) yields
the tangent vector.
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Parametric-implicit surfaces Lighlike.
If the surfaces are lightlike, N4(Py) = SNB(P,), for some real § € R. The vector tangent of the
intersection two surfaces: parametric-implicit is

The vector tangent of the intersection two surfaces: parametric-implicit is

o(s) = Siu'(s)+ 8 (s) = (2/(s), 4/ (5),2'(s)) 4.9)

The equation (4.9) consists of five variables u’, v’, ' (s), y'(s) and 2’(s).
The projection of the vector a/’(s) onto N and N2,

(N4, a"(s)), =6 (NP a"(s)), (4.10)
by using (2.10) and (2.16) produces the equation.
eAW)? + 2f A + gA(W)? = =5 <(va3)’ ,o/(s)>L . @.11)
The vector tangent (4.9) can be write in terms of rotation angle 6
Dr(N
a(0) = S (0) + S'(0) = (2/(0),y'(0),2'(0)) = Rug(b, N)HDLL(E\I))H (4.12)
L
or
(0) = St (0)+ SA'(0) = (2/(0),y'(0),2'(0)) = Riy (0, N)DL(N) , (4.13)
the v’ and v’ values can be obtained in terms of the rotation angle 6.
/(9) . <O/(9) XE S{?7N>L
" (Sg xm SHEN) 7 (4.14)
<O/(9) XES{?,N I ’
v'(0) =

(St xm SFN),

Remark 4.1. we use (S} x5 3, N>L instead of (S§ %1, 3, N>L would have a value of zero.

and the z’, 3y’ and 2’ values can be obtained in terms of the rotation angle 6.

Substituting these solutions u/(s) = u/(0), v'(s) = v'(0), 2'(s) = 2/(0), y'(s) = y'(0), 2'(s) =
Z'(0) in the equation (4.11), we have the trigonometric equation

AW (0)2 + 274 (00(0) + (0 (0) = = ((Vis®) . /(0)) . @15)

where

(VefB) = ((VLfEa/0)), (TLfE.a/0)), (~VifEa'9),). (4.16)

Solving the equation (4.15), we can be find the rotation angle 6. Substituting the results into (4.13)
yields the tangent vector.
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Implicit-implicit surfaces Spacelike or Timelike.
The vector tangent is

o (s) = (¢/(s),5'(5), 2/ (s)) = Reype (0, N)DL(N), (4.17)
or
D (N)
o/ (5) = (2'(s),9'(8), 2'(5)) = Riype(0, N) et (4.18)
The projection of the vector o’ onto N4 and N5,
<NA,O//>L _ <NB,O//>L , (4.19)
by using (2.16) produces the equation
(VLFAY — (v 2y, () =0 (4.20)
L IVefBl, A YR P '
where
(Vof) = ((Vifu, d(8) (Vify, ' (8),, (VLS /(s)),) - (4.21)
The 2,9y’ and 2z’ values can be obtained in terms of the rotation angle 6.
o/ (0) = (27(0),9/(0),2'(0)) = Reype (6, N)DL(N),
or
/ DL(N)
o/ (0) = (2(0),y'(0), 2 (0)) = Ruype (0, N) 7= (4.22)
wr IPL(N)l .

Substituting these solutions 2’ (0), y'(#), z’(6) in the equation (4.20), we have the trigonometric equation

/ v fA A !
<(vaA) -~ VVZfB”i(VLfB) L (9)>L -0, (4.23)
(VifB) = ((vL al(0)), (Vi ;,a’(0)>L,<—va;',o/(e)>L). (4.24)

i€ {A,B}.

Solving the equation (4.23), we can be find the rotation angle 6. Substituting the results into (4.18)
yields the tangent vector.

Implicit-implicit surfaces Lightlike.
The vector tangent is

o (s) = (2'(s),y'(5), 2'(5)) = Rug (6, N)DL(N), (4.25)
' — (2'(s (). 2/ (s)) — DL(N)

The projection of the vector o’ onto N4 = V1 f4 and SN? = §V, f& produces the equation.

(N4, "), = (5N5, a") (427)

L )
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by using (2.16) produces the equation

(VL f2) = 6(VLfB),a'(s)), =0, (4.28)

where

(va)/ = (<vam7a/<s>>L7<vay’a/(S)>L’<_vaZ7O/<S>>L) . (429)

The 2’,y’ and 2’ values can be obtained in terms of the rotation angle 6.

o/ (0) = (2(0),/(0), 2'(0)) = Rug (6, N)DL(N)
or

Dp(N)

—= 4.30
LN, (430

o/ (0) = (2(0),5/'(0), 2'(0)) = Rug (6, N)

Substituting these solutions z’(6), y'(#), 2’(6) in the equation (4.20), we have the trigonometric equation

(Vo fY —8(VifB),a'(9)), =0, 4.31)

(vai)/ = (<VL ;7a,(9)>Lv<vL ;,0/(9)>L,<—va§,al(9)>L) . (432)
i€ {A, B}.

Solving the equation (4.31), we can be find the rotation angle 6. Substituting the results into (4.26)
yields the tangent vector.

4.1.2. Solution of the Equations (4.7,4.15,4.23,4.31).

Theorem 4.1. Let S and SP be spacelike surfaces that intersect tangentially at a point Py =
S (ug,v0) = SB(po,qo), i.e., N*(ug,v0) || NB(po,qo) at Po. Since the surfaces are spacelike, the
normal vector N is timelike. Therefore, the corresponding rotation is of timelike type: Ry (0,N). As a
result, the transformation R, (0, N)DL(N) is similar the Rodrigues rotation formula was introduced into
the surface intersection problem by Bahar and Mustafa in [4].

Theorem 4.2. Let S and S® be timelike surfaces that intersect tangentially at a point Py =
SA(ug,v0) = SB(po, qo), i.e., N4 (ug,v0) || NB(po, qo) at Py. Since the surfaces are timelike, the normal
vector N is spacelike. Therefore, the corresponding rotation is of spacelike type: Rs,(8,N). As a result,
the transformation R, (0, N)Dy,(N) maps lightlike vectors to lightlike vectors. Proof: See theorem 1 of
the [14] article. O

Theorem 4.3. [/0] Let S and S be lighlike surfaces that intersect tangentially at a point Py =
SA(ug,v0) = SB(po, o), i.e., N4 (uo,v0) || NB(po, qo) at Po. Since the surfaces are lighlike, the normal
vector N is lighlike. Therefore, the corresponding rotation is of lighlike type: R;4(0,N). As a result, the
transformation R, (0, N)Dy,(N) maps lightlike vectors to lightlike vectors.

Remark 4.2.
To analyze the solutions of the trigonometric equations (4.7,4.15,4.23,4.31) in the variable 0, we need
to separate into three cases: When N is timelike or is lightlike or is spacelike.

o If N is timelike, we have the following cases depending upon the number of solutions:

(a) If equation has no solution, then P is the isolated contact point.

(b) If equation has one simple solution, then we have one intersection curve passing through P.

(c) If equation has several simple solutions, then P is a branch point, i.e. we have another branch
passing through P.

(d) If equation vanishes, then surfaces have at least second order contact at P.

o [fNisspacelike inp € M, T,,M is a timelike plane, then T, M contains two linearly independent
lightlike vectors, timelike and spacelike vector, therefore the vector tangent can be spacelike, time-
like or lightlike. Since the rotation R,(8, N)Dr(N) transform the timelike vectors to timelike
vectors, the spacelike vectors to spacelike vectors and the lightlike vectors to lightlike vectors, we
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must choose four vector p; i € {1,2,3,4} for DL(N) = p; x 1, N. We can choose the vector ji1
such that Dy, (N) = pu1 X1, N be lightlike and pio such that Dy, (N) = ug X1, N lightlike and i3

such that Dy, (N) = pg x 1, N spacelike and puy such that Dy, (N) = pg X1, N timelike.

eql = <NA,0/'(9)>L - <NB,0/'(9)>L, for uq,

eq2 = <NA, a”(9)>L — <NB, a"(@)}L, for uz,

eq3 = (N4, o"(0)), — (N5, o"(0)), , for us,

eqd = <NA, o/'(t‘))>L — <NB, a"(9)>L , for ua.
eql | eq2 | eq3 | eq4 | case solution
#0 | #0 | #0| #0 a If equation has no solution, then P is the isolated contact point.
= 0| #0|#0| b o/ (to) = Rsp(6,N) p1 x 1, N for any 6.
#0 | = #0|#0| b o' (to) = Rsp(0,N) 2 x 1 N for any 6.
#0|#0|=0|#0| be o/ (to) = Rsp(8;,N) ug x N, if0; is solutions to the eg3 = 0.
#0|#0|#0| =01 be o/ (to) = Rsp(6;,N) pa x 1, N, if 6; is solutions to the eq4 = 0.
#0 | =0|#0|=0] bc o' (to) = Rsp(0,N) pz x 1 N for any 6.

o/ (to) = Rsp(6;, N) g x 1, N, if 6; is solutions to the eq4 = 0.
#0 | =0|=0] #0| bc a/(to) = Rsp(6,N) p2 x 1 N, for any 6.

o/ (to) = Rsp(0;,N) ug xr N, if 6; is solutions to the eq3 = 0.
= =0 | = #0 | be "(to) = Rsp(0,N) 1 x1 N; o (tg) = Rsp(0,N) p2 xp N, V6.
= =0 | #0| = b,c "(to) = Rsp(0,N) p1 X1 N; o/ (tg) = Rsp(6,N) pa xp N, V6.
=0|=0|#0|#0]| bc "(to) = Rsp(0,N) 1 x1 N; o (tg) = Rsp(0,N) p2 xp N, V6.
= 0|#0] =0 bec o/ (tg) = Rsp(8,N) pq x N forany 6

o/ (to) = Rsp(8;,N) pa x . N, if 6; is solutions to the eqg4 = 0.
=0|#0|=0|#0| be o/ (to) = Rsp(6,N) pg x 1 N for any 6.

o/ (tg) = Rsp(8;,N) ug x N, if 6; is solutions to the eg3 = 0.
#0|#0|=0|=01| be o/ (to) = Rsp(6i, N) us x, N, if 6; is solutions to the eg3 = 0.

a/(to) = Rsp(6i, N) pa x N, if 6; is solutions to the eq4 = 0.
=0|#0|=0|=0| be o/ (to) = Rsp(0,N) pg xr N, for any 6.

o/ (to) = Rsp(6i, N) usg x N, if 6;, is solutions to the eg3 = 0.

o/ (to) = Rsp(6i, N) pa x N, if 6; is solutions to the eq4 = 0.
#0| =0 0 0| bc o/ (to) = Rsp(8,N) pa x 1, N for any 6.

o/ (to) = Rsp(8i,N) ug xr N, if6; is solutions to the eg3 = 0

o/ (to) = Rsp(0i, N) pa x 1, N, if6; is solutions to the eq4 = 0
=0|=0|=0|=0 d have at least second order contact at P

Where the cases are:

Table 4.1: Solutions
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(a) If equation has no solution, then P is the isolated contact point.

(b) If equation has one simple solution, then we have one intersection curve passing through P.

(c) If equation has several simple solutions, then P is a branch point, i.e. we have another branch
passing through P.

(d) If equation vanishes, then surfaces have at least second order contact at P.

o [fN is lightlike in p € M, T, M is a lightlike plane, then the T\, M contains only one vector light-

like vector and spacelike vector, but not a timelike one, therefore vector tangent can be spacelike
or lightlike.
Since D, (N) can be spacelike or lightlike, the rotation R;4(68, N)Dy,(IN) transform the D, (N)
spacelike vector to spacelike or lighlike vectors and Dy,(IN) lightlike vectors to lightlike vectors,
we must choose iy such that Dy, (N) = py X 1, N be lightlike and ji2 such that Dy, (N) = pg X, N
spacelike. For the choice of u, see Proposition (3.1).

4.1.3. The curvature vector o’’(s), of the tangential intersection curve.. The rotation will be given
DL((s))

by Riype(#, ' (5)) 75—y

Y Revo L@ G)I;

is timelike, spacelike or lightlike.

If o/ (s) is spacelike or lightlike, the R, (¢, &/ (s))
Dr(a/(s))

DL/ ()l

Parametric-implicit surfaces Spacelike or Timelike .

or Ryype (6,0’ (8))Dr(c/(s)), depending on whether the vector Dy, (a/(s))

Dr(a’(s))
DL (s))ll.,

or D (d/(s)), respectively.

or Rig(¢,a’(s))Dr(a’(s)) may not

preserve the length of vector

The curvature vector of the intersection two surfaces: parametric-implicit is

'(5) = Syt +Suv” 4 Suu(t)? + 28tV + Sy (v))?,

= (x//(s)’ y//(s)v Z//(S)) .
(4.33)

The equation (4.33) consists of five variables u”, v”, 2" (s),y”(s) and z”(s). These quantities can be
expressed in terms of x sin(¢) and & cos(¢).
The first equation is obtained for projection of the vector o/’ onto N4 and N B,

<NA7 o/”(s)>L = <NB7 o/”(s)>L , (4.34)

by using (2.11) and (2.17), produces the equation.

SB{(VLSEY,a(s), (o (s)),

ITI (W, 0") 4+ I (W, v w0 = (4.35)
IVLfPIg
The curvature vector (4.33) can be write in terms of rotation angle ¢
Dp(a'(s))
a"(¢) = KRuype (0, &/ (8)) 75— 7~ (4.36)
e DL’ (),
if o’'(¢) is timelike, spacelike, and

o (¢) = Riype(6,0/(5))DL(c/(s)) > (4.37)

if & (¢) is lightlike.
The u” and v" values can be obtained in terms of the k cos(¢) and k sin(¢)

<O/l(¢) XL 57347 NA>L
(S xp SANA) 7

(a"(6) 1, 524, N7 (4.38)
<S{;4 xp S@ NA>L

u

u"(¢) =
v (¢) =




Cintra Neto LAR, Aléssio O.- Selecciones Matematicas. 2025; Vol.12(2):439-468 451

The 2", y" and 2" values can be obtained in terms of the k cos(¢) and & sin(¢)

o (¢) = (2"(¢),4"(¢),2"(4)) -

The second equation is obtained for equation

(VifP,a"(9)), = —((VifP).a'(s0)), - (4.39)

We obtain the linear system in the variables k cos(¢) and k sin(¢) from the equations (4.36,4.39 ).

1w (50),0 (50, 0 (),07(8)) + ST 0O a0y, (s0)) —

Ve fBIlL IVLfBIlL
<vaBaaH(¢)>L = _<<VLfB)I7a/(S())>L'
where
(va)/ = (<Vfo,O/(80)>L, <vay’O/(SO)>Lv <_vaZ’a,(50)>L) ) (4.41)
o1 = (((Vofa) a'(s0), (VLfy)s e (s0) , (—(VLf) e/ (s0))) -
(4.42)

Solving the system (4.40) gives us the k cos(¢), x sin(¢). Substituting the results into (4.37 or 4.38)
yields the curvature vector. From this, one can derive the curvature, the normal vector, and the binormal
vector.

Parametric-implicit surfaces Lighlike.

The curvature vector of the intersection two surfaces: parametric-implicit is

o'(5) = Syt +Suv" 4 Suu(t)? + 28tV + Sy (v))?,

(@"(s),y"(s),2"(s)) -
(4.43)

The equation (4.43) consists of five variables u”, v”, 2" (s),y”(s) and z”(s). These quantities can be
expressed in terms of x sin(¢) and  cos(¢).
The first equation is obtained for projection of the vector o/’ onto N4 and N5,

<NA, O/N(S)>L _ <NB, O/N(S)>L ; 4.44)
by using (2.11) and (2.17), produces the equation.
ITI(uw o)+ [T (W, 0w v") = =3 <(VLfB)', o/’(s)>L - <<>113, o/(s)>L . (4.45)
The curvature vector (4.43) can be write in terms of rotation angle ¢
Dr(d (s
" (¢) = KRiype(@, & (5)) L(@’(s)) (4.46)

DL/ ()l

if o’'(¢) is timelike, spacelike, and

" (@) = Riype (@, & (s))Dr(/(s)), (4.47)

(oF,0/(s0)),

(4.40)
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if o (¢) is lightlike.
The w”" and v" values can be obtained in terms of the & cos(¢) and & sin(¢)

(a”(¢) xp S} N4) o
(St xp St NA4) 7

<O‘”(¢) XE S;‘v NAI;E
(gt <o S NA)

u"(¢) =

(4.48)
v'(¢) =

The 2", y" and 2z values can be obtained in terms of the k cos(¢) and k sin(¢)

o (¢) = (2"(¢),4"(¢),2"(4)) -

The second equation is obtained for equation

(Viff,a"(9)), = —((VifP).a'(s0)), - (4.49)

We obtain the linear system in the variables & cos(¢) and k sin(¢) from the equations (4.45,4.49 ).

II(u'(50), v (s0), u" (¢), 0" (¢)) + 3{(VL[P),a"(9)) —III(u'(s0),v'(s0)) — (oF, &'(50))
(VLfP,a"(9)), = —((VLfP) . a'(s0)) -

L(4.50)

where

(va)/ = (<VLfm7 O/(SO»L ) <vayvo/(30)>L ) <_Vszaa/(50)>L) ) (4.51)

¢1 = (<(VLf:r)/7 a/(30)>L » <(VLfy)/ﬂ al(50)>L s <_(vaZ)I7 a/(30)>L) .

Solving the system gives us the x cos(¢), xsin(¢). Substituting the results into (4.46 or 4.47) yields
the curvature vector. From this, one can derive the curvature, the normal vector, and the binormal vector.

Implicit-implicit surfaces Spacelike or Timelike.

The curvature vector is

o (s) = (2" (s),y"(s5),2"(5)) . (4.52)

The equation (4.52) consists of five variables '/ (s), " (s) and 2’ (s). These quantities can be expressed in
terms of x sin(¢) and x cos().
The first equation is obtained for projection of the vector o/ onto N and N B,

(N4, ()}, = (NB,a(s)), . (4.53)
by using (2.17), produces the equation.
S3{VLEY 0 (0)), — (o el (s)), UL ), ~ P ), s
VLAl VLB,
The curvature vector (4.52) can be write in terms of rotation angle ¢
Dr(d(s
0" (8) = KRy, () ot 3] @55)

DLl ()l

if &’ (¢) is timelike, spacelike, and
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a"(¢) = Riype(¢, &/ (5))Dr(/(s)) >
if /() is lightlike.

The second equation is obtained for equation

(Vif.a"(@))y, = —((Vif),a'(s0))y -

We obtain the linear system in the variables k cos(¢) and k sin(¢) from the equation (4.54).

_3(VLfA)/ S(VLfB)/ o _ <>114 _ <>lB o (s
< VoA, IV, (¢)>L - <||vaA||L wore, °)>L
(VLf.a"(0), - LAY o (s0)),
where
(va)/ = (<vaxa O/(SO»L ) <vay7O/($0)>L ) <_vaZ7O/(50)>L) ’

o1 = ((Vofe) e (s0))p»(VLfy) e/ (s0)),  (—=(Vif.) ' (s0)),) -

453

(4.56)

(4.57)

(4.58)

(4.59)

Solving the system (4.57) gives us the x cos(¢), x sin(¢). Substituting the results into (4.55 or 4.56 )
yields the curvature vector. From this, one can derive the curvature, the normal vector, and the binormal

vector.

Implicit-implicit surfaces Lightlike.
The curvature vector is

o'(s) = (2" (s),y"(s), 2" (s)) .

(4.60)

The equation (4.60) consists of five variables '/ (s), 3" (s) and 2’ (s). These quantities can be expressed in

terms of x sin(¢) and x cos().
The first equation is obtained for projection of the vector o/’ onto N and N2,

<NA,C¥”/(S)>L _ <NB,CV”/(S)>L ,

by using (2.17), produces the equation.

-3 <(VLfA)/7aH(5)>L - < 114’0/(5)>L = _3<(vaB)/’O//(S)>L - <<>lB’a/(5>>L :

The curvature vector (4.60) can be write in terms of rotation angle ¢

Dr(o/(s))

o(9) = WRuype (6,0 (5)) 5 Crr T

if &’ (¢) is timelike, spacelike, and

a”(¢) = Ruype(¢, () Dr(a’(s))

if a”(¢) is lightlike.
The second equation is obtained for equation

(Viof,d"(0)), = —((Vif),d(s0))p -

(4.61)

(4.62)

(4.63)

(4.64)
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We obtain the linear system in the variables k cos(¢) and & sin(¢) from the equation (4.62).

(=3(VLLAY +3(VLIP), (@), = (of —of,a(s0)), o)
(Vif,a"(8)), = —((VLf),d/(s0))p -
where
(Vi) = ((Vifue, ' (s0))p,(Vify: ' (50))p, (=ViLfd(50))) (4.66)
°1 = (<(VLfm)/7a/(80)>L ) <(VLfy)/ﬂO/(SO)>L ’ <_(vaz)lva/(50)>L) . (4.67)

Solving the system (4.65) gives us the x cos(¢), x sin(¢). Substituting the results into (4.63 or 4.64 )
yields the curvature vector. From this, one can derive the curvature, the normal vector, and the binormal
vector.

4.1.4. Solution of the Systems (4.40,4.50,4.57,4.65). The linear systems in terms of the (x cos(¢),  sin(¢))
if a’’(s) is timelike or spacelike and in the terms of the (cos(¢), sin(¢)) if o/ (s) is lightlike.

To analyze the solutions of the systems (4.40,4.50,4.57,4.65) in the variable ¢, we need to separate into
three cases: When «” is timelike or is lightlike or is spacelike.

o If &/(s) is timelike, then o’(s) is spacelike, and the system has a unique simple solution.

e If o/(s) is spacelike, then o’ (s) may be timelike, spacelike, or lightlike. In this case, the system
have solution depending on the choice of ;. If we choose i1 such that Dy, (o/(s)) = p1 X’ (s) is
lightlike and the system has no solution, then we choose 2 such that Dy (a/(s)) = pa X1 &/(s) is
spacelike. If this case still has no solution, we then choose p3 such that Dy, (a/(s)) = pus X, &'(s)
is timelike.

e If o/(s) is lightlike, then o’ (s) may be spacelike or lightlike. In this case, the system has a unique
simple solution depending on the choice of y;. If we choose 11 such that Dy, (o’ (s)) = pu1 x o/ (s)
is lightlike and the system has no solution, then we choose ug such that Dy, (a/(s)) = pg X, &'(s)
is spacelike.

5. Examples. In this section, we present some examples that illustrate our new methods.

5.1. Example of implicit-implicit surface intersection.

Example 5.1. Let S and S® be the implicit surfaces given by

Ay, 2) =202 +2y—223—1=0, fB(z,y,2)=8z+4y®> -4z —5=0.

Then

vaA = (41‘7 27 622)a vaB = (8a 8ya 1222)a
we have N4 = NB = Nat P = (1, %, 1), i.e. S4 and S intersect tangentially at P. We have N4 =
(426) _ B _ _(8412) a1 _
Tatom, =N = i, =V =(1,0515).
a) The tangent vector o' (s) = (2/(s),y'(s), 2/ ().
Since N = (1,0.5, 1.5) is timelike, then can be any 1, let 11 = (0,0, —1). Then D1, (IN) = (0.5, —1.0,0)

'Rtmw = (1.34164078649987 sin() + 0.447213595499958 cos(6),
IDL(N)]|,
0.670820393249937 sin(#) — 0.894427190999916 cos(0),
1.11803398874989 sin(0))
Dr(N)

o0 = R, MO,

and from (4.23) we obtain
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(Vo). (0)), (VL fP)a9), ~
IV fAllL VLBl ' (5.1)

—1.2 % sin(2 x theta) + 0.975 x cos(2 x theta) — 0.375 = 0.

Thus, we have two solutions for 0 : {6, = —1.10714871779409, 6, = 0.218668945873942}
For 6; = —1.10714871779409, we have

o (1) = (~1.0,—-1.0,—1.0), (5.2)
o' (61)

= — = (-1,—-1,-1). 5.3

t(tO) ||O/(91)||L ( ’ ) ) ( )

For 0 = 0.218668945873942, we have

a'(6) = (0.727606875108999, —0.727606875108999, 0.242535625036333), 5.4)
!
0
t(tg) = cj’é(EQQ))H = (0.727606875108999, —0.727606875108999, 0.242535625036333). (5.5)
2)llL

b) The curvature vector o (s) = (2" (s),y" (s), 2 (s)).

Since o/ = (—1.0,—1.0,—1.0) is spacelike, then o' (s) may be timelike, spacelike, or lightlike. In
this case, the system has a unique simple solution depending on the choice of j;. If we choose 1 such that
Dr(') = p1 X, o is lightlike and the system has no solution, then we choose 2 such that Dy (o) =
w2 X1, o is spacelike. If this case still has no solution, we then choose pg3 such that D, (o)) = pg X o' is
timelike.

o Ifwe choose p1 = (—1,0,0) such that D, (/) = p1 X1 o = (0, =1, —1) is lightlike

The curvature vector alpha’ (¢) = kappa * RepDr(a/(s))

Rep = I3+ sp.sinh(phi) xS+ (=1 + sp.cosh(phi)) * S?,
a’(¢) = kappaxReDr(d/(s)),
a’(¢) = (0.0, kappa x (—1.0 * sinh(phi) — 1.0 * cosh(phi)), kappa * (—1.0 x sinh(phi) — 1.0 * cosh(phi)))).

We obtain the linear system in the variables k cos(¢) and k sin(¢@) from the equation (4.57).

3.0 * kappa * cosh(phi) + 3.0 x kappa * sinh(phi) 0.0,

16.0.

(5.6)
8.0 x kappa * cosh(phi) + 8.0 * kappa * sinh(phi)

The system (5.6) has no solution.
o Ifwe choose g = (0,0,1 such that Dr (o) = pa X o = (1,—1,0) is spacelike

Rep = I3+ sp.sinh(phi) xS + (=1 + sp.cosh(phi)) * S,
a”(@ Sp DL (Oj/(S)) )
Do),
= (—0.707106781186548 * kappa * sinh(phi) + 0.707106781186548 * kappa * cosh(phi),
—0.707106781186548 * kappa * sinh(phi) — 0.707106781186547 x kappa * cosh(phi),
—1.4142135623731 * kappa * sinh(phi))

kappa * R

We obtain the linear system in the variables k cos(¢) and k sin(¢) from the equation (4.57).

0.0 * kappa * sinh(phi) + 4.24264068711928 * kappa * cosh(phi) = 0.0, 5.7
8.48528137423862 * kappa * sinh(phi) + 2.82842712474619 x kappa * cosh(phi) = 16.0. -
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The system (5.7) have solution kappa * sinh(phi) = 1.8856180831641158 and kappa * cosh(phi) =
0.0.
Substituting the results into

a”’(s) = (0.707106781186548 * kappa * sinh(phi) — 0.707106781186548 * kappa * cosh(phi),
—0.707106781186548 * kappa * sinh(phi) — 0.707106781186547 x kappa * cosh(phi),
—1.4142135623731 * kappa * sinh(phi))

a’(s) = (—1.33333333333333, —1.33333333333333, —2.66666666666666 ).

From this, one can derive the curvature, the normal vector and the binormal vector.

k= (a"(s),a"(s)), = 1.88561808316413,

= (—0.707106781186544, —0.707106781186544, —1.41421356237309)

b =a'(s) x; n = (—0.707106781186548, 0.707106781186547, 0).

5.2. Example of parametric-implicit surface intersection.

Example 5.2. Let us consider the surface S* and S® by the parametric equations

2 y2 2,2

== 47 ~1.
0.452 T0.82 1252

S4(u,v) = (0.6 % cos(v) * cos(u),0.8 x cos(v) * sin(u), sin(v)) . fB(x,y,2z)

Since the unit normal vectors of these surfaces at the intersection point P = (0,0.8,0), i.e, S*(5,0) =
(0,0.8,0) and fP(0,0.8,0) = 0 are N4 || NB (N4 = (0,—1,0), N® = (0,1,0)), these surfaces in-
tersect tangentially at P. The vectors S;}(%,0) = (—0.6,0,0), S2(%,0) = (0,0,1), V. f52(0,0.8,0) =

A SyxuS) B _ _Vif?(0080) _
(O, 25, 0), produce N4 = m = (O, —1, 0) and N° = HVLLfB(Ow = (0, 1,0)

The vector normal N4 = —INB are spacelikes. Since surfaces is timelike, by orienting the surfaces
properly we can assume that N4 (Py) = NB(Py) = N = (0,1,0). Let us now apply our second method
to find the tangential direction. We must test the four equations:

a) The tangent vector o' (s) = (2/(s),y'(s), 2/ (s)).
Since N = (0,1, 0) is spacelike, we must test the four equations:
e cql = <NA,0/’(0)>L — <NB,0/’(9)>L, for uy
Let p1 = (1,0, 1) be lightlike, we get Dy, = pu; x 1, N = (—1,0, —1) is lightlike. Then, from (3.1)
we way write

o/ (s) = Rep(8,N)DL(N),

cosh(0) 0 sinh(0) -1
a'(s) = 0 1 0 0 1
sinh(0) 0 cosh(6) -1

a'(s) = RspDrL(N) = (—1.0 % sinh(0) — 1.0 * cosh(0), 0, —1.0 * sinh(0) — 1.0 * cosh(0)) .

From the equation (4.6) we have
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v = 1.66666666666667 * sinh(0) + 1.66666666666667 * cosh(0),
v/ = —1.0%sinh(0) — 1.0 * cosh(0),

The coefficients of the second fundamental form are

ed =08, fA=0, g4 =-0.38,
and
9.87654320987654 0 0
Hpf? = 0 3125 0

0 0 —1.28

If we substitute these results into (4.5), we have

(Vo fP),d(0),

e (' ()2 4+ 2f4u (0)v' (0) + g2 (v'(0))% + = 0,
(u'(0)) (0)v'(0) (v'(0)) Voo,
1.44039506172839 * exp(2  theta) = 0
We have
eql # 0.
any 0.

e eq2 = (N4, a"(0)), — (NB,a"(0)), , for uz
We need to choose pia such that D, (N) = pa xp, N is lightlike, but linearly independent with
DL(N) = M1 X[, N.
Choosing 2 = (—1,0,1) such that Dy, = pa X1, N = (—1,0, 1) is lightlike. Then, from (3.1) we
way write,

a'(s) = Rsp(0,N)DL(N),

cosh(0) 0 sinh(6) -1
a(s) = 0 1 0 0 1,
sinh(0) 0 cosh(6) 1

a'(s) = RspDr(N) = (1.0 * sinh(6) — 1.0 * cosh(6),0, —1.0 * sinh(0) + 1.0 * cosh(0)) .

From the equation (4.6) we have

v = —1.66666666666667 x sinh(f) + 1.66666666666667 * cosh(f),
v\ = —1.0=xsinh(6) + 1.0 * cosh(0).

The coefficients of the second fundamental form are

ed =08, fA=0, ¢ =-08.
and
9.87654320987654 0 0

Hpf? = 0 3125 0
0 0 —1.28
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(Vef) = ((Vefed(s)p,(Vify, ) (=Vifand(s)),
(VofP)Y = ((HofP0,0:3,d'(s)), , (HofP[1,0:3],0") ,(—HLfP[2,0:3],d/(s)),) .

If we substitute these results into (4.5), we have

(Vef?),a(9)),

eA(u (0))? + 244 (0)0'(0) + ¢ (v'(9))? + = 0,
(u'(0)) (0)v'(0) (v'(0)) Vo /B0,
1.44039506172839 * exp(2 * theta) = 0.
We have
eq2 # 0,
any 6.

e eq3= (N4 a (9)>L— <NB,0/’(9)>L7 for us.
Choosing s = (0,0, 1) such that Dy, = pg xp N = (—1,0,0) is spacelike. Then, from (3.1) we
way write,

o/(s) = Rep(6,N)D(N),

cosh(0) 0 sinh(6) -1
a'(s) = 0 1 0 0 1
sinh(0) 0 cosh(6) 0

a'(s) = Rsp(0, N)DL(N) = (—1.0 * cosh(6),0, —1.0 * sinh(6)) .

From the equation (4.6) we have

v' = —sinh(h).

The coefficients of the second fundamental form are

4=_08, fA=0, ¢* =08,

and
9.87654320987654 0 0
HyfP = 0 3125 0
0 0 —1.28
(Vef)' = (Vifud' () (Vify, )y (=Vifad/(s)g),
(VofP)Y = ((HpfP0,0:3,d'(s)), , (HofP[1,0:3],0") ,(—HLfP[2,0:3],d/(s)),) .

If we substitute these results into (4.5), we have

e (8))2 + 24 (6)0'(0) + 9 (' (0)* + <(VL|J;BL)}’B“H'(9)>L - o,

0.720197530864197 * cosh(2 * theta) + 1.0081975308642 = 0.

We have
eq3 # 0,

any 0 € R.
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® cqd = <NA, a”(9)>L — <NB, 0/’(9)>L , for g
Choosing 114 = (1,0,0) such that Dy, = pg X1, N = (0,0, —1) is timelike. Then, from (3.1) we way write

Oél(S) = Rsp(ev N)DL (N)’

cosh(f) 0 sinh(6) 0
a'(s) = 0 1 0 0 1
sinh(0) 0 cosh(0) -1

a'(s) = Rsp(0, N)DL(N) = (—1.0 * sinh(6), 0, —1.0 * cosh(0)) .

From the equation (4.6) we have

v = 1.66666666666667 sinh(6),
v' = —1.0 cosh(h).

The coefficients of the second fundamental form are

e =08, fA=0, ¢ =08,

and
9.87654320987654 0 0
Hpf? = 0 3125 0
0 0 —1.28

(Vef) = ((Vifed'(s)p (Vify, )y (=Vifed(s)y),
(VofP)y = ((HofP0,0:3,d'(s)), , (HofP[1,0:3],0"), ,(—HLfP[2,0:3],d/(s)),) -

If we substitute these results into (4.5), we have

<(VLfB),7 a/(0)>L
IVLfeIL
0.720197530864197 * cosh(2 * theta) — 1.0081975308642

e (0))2 + 274 (0)0'(6) + 9 (v (6))? + - o,

I
e

We have
eqd =0,
whit solutions [¢h = —0.433451372988399, 6> = 0.433451372988399].

1
As (N4, a”(0)), — (NB,a"(0)), # 0for s, i € {1,2,3} and (N4, (0)), — (NP, o/ (0)), =0 for
Wi, © € {4}, we have o' (to) = Rsp(0i, N) pa X1, N, if 0; is solutions to the eqd = 0.

#0 | #£0| #0| =0 | be | &/(to) = Rep(6i, N) pra x1 N, if 0, is solutions to the eq4 = 0.

For 6; = —0.433451372988399,

o' (1) = (0.447152261947521, 0, —1.09542007712329),

and 05 = 0.433451372988399.

o (62) = (—0.447152261947521, 0, —1.09542007712329).
b) The curvature vector is o' (s) = (2" (s),y" (s), 2" (s)) .
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Since o/ = (0.447152261947521,0, —1.09542007712329) is timelike, then o' (s) is spacelike, and the
system has a unique simple solution. We can be any p; i € {1,2,3,4}. Let u1 = (0,0, 1). Then D, (N) =
(0,1,0)

Rim = I3+ sp.sin(phi)* S + (1 — sp.cos(phi)) * S2,
Dr(a'(s))
DL/ (s))ll,’
a’(¢) = (1.09542007712329 x kappa * sin(phi), 1.0 * kappa * cos(phi), —0.447152261947521 * kappa * sin(phi)).

o"(¢) = kappa* Ripm

We obtain the linear system in the variables k cos(¢) and k sin(¢) from the equations (4.40 ).

2.11660104885168 * kappa * sin(phi) + 0.0 * kappa x cosh(phi) = 0.0, 5.8)
0.0 * kappa * sinh(phi) + 2.5 * kappa * cos(phi) —  _3.51069665386727.

Solving the system (5.8) gives us the ksin(¢) = 0.0, k cos(¢) = —1.404278661546908.
Substituting the results into

o' (¢) = (1.09542007712329xkappaxsin(phi), 1.0xkappaxcos(phi), —0.447152261947521 xkappaxsin(phi)),
we have
o’ (s) = (0.0, —1.40427866154691, 0.0).

From this, one can derive the curvature, the normal vector and the binormal vector.

k= {a"(s),a"(s)); = 1.40427866154691,

O/’(S)

K

= (0.0,—1.0,0.0),

b = d'(s) X n = (1.09542007712329, 0.0, —0.447152261947521).

5.3. Example of parametric-implicit surface intersection.

Example 5.3.
Let us consider the surface S* and S® by the parametric equations

S (u,0) = (w0t 0) . fP(2,y.2) = .

Since the unit normal vectors of these surfaces at the intersection point P = (1,0,0), i.e, SA(1,0) =
(1,0,0) and f5(1,0,0) = 0 are N* || NB (N4 =(0,-1,0), N® = (0,1,0)), these surfaces intersect
tangentially at P. The vectors S2(1,0) = (1,0,0), SA(1,0) = (0,0,1), V. f#(1,0,0) = (0,1,0), pro-

A_ _SixiSy B _ _Vif2(1.00) _
duce N* = m = (0, _170) and N*© = HvLLfB(w = (0,170)

The vector normal N4 = —INB are spacelikes. Since surfaces is timelike, by orienting the surfaces
properly we can assume that N4 (Py) = NB(Py) = N = (0,—1,0). Let us now apply our second method
to find the tangential direction. We must test the four equations:

e ¢cql = <NA,0/’(9)>L — <NB,0/’(0)>L, for pa
Let p1 = (1,0, 1) be lightlike, we get Dy, = p; X1, N = (1,0,1) is lightlike. Then, from (3.1) we
way write

o/ (s) = Rep(0,N)DL(N),
cosh(#) 0 —sinh(6) 1

a(s) = 0 1 0 0 |-
—sinh(0) 0  cosh(0) 1
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o' (8) = RspDr(N) = (—1.0 * sinh(0) + 1.0 * cosh(8),0, —1.0 x sinh(#) + 1.0 * cosh(6)) .

From the equation (4.6) we have

u’ = cosh(f) — sinh(6),
v' = —sinh(6) + cosh(h).

The coefficients of the second fundamental form are

4=0.0, f4=0, ¢* =0.0,

and

o
o
o

o
o
o

(va>/ = (<vaz7O/(S)>L’<VLfya > < vaZ7 ()>L)a
(VofP)Y = ((HpfP0,0:3,d'(s)), , (HofP[1,0:3],0") ,(—HLfP[2,0:3],d/(s)),)

If we substitute these results into

(Vo fP),d(0),

e (u'(0))? + 2f 4 (0)v'(0) + g (v'(6))* + NP = 0
0 = 0.
We have
eql =0.
e eq2 = (N4,0"(0)), — (NB,a"(0)), , for pa.

We need to choose pia such that D,(N) = pa xp N is lightlike, but linearly independent with
DL(N) = M1 X[, N.

Choosing pa = (—1,0,1) such that Dy, = pa X1, N = (1,0, —1) is lightlike. Then, from (3.1) we
way write,

a'(s) = Rsp(0,N)DL(N),

cosh(0) 0 —sinh(0) 1
a(s) = 0 1 0 0 |,
—sinh(6) 0  cosh(0) -1

a'(s) = RspDr(N) = (1.0 * sinh() + 1.0 % cosh(8),0, —1.0 * sinh(#) — 1.0 * cosh(6)) .
From the equation (4.6) we have
v’ = cosh(f) + sinh(8),
v’ = —sinh(#) — cosh(6).

The coefficients of the second fundamental form are
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4=00, fA=0, g4 =0.0,

and
0 0 0
Hyf=10 0 0
0 0 O
(VLf)/ = (<va.’IC7O/(5)>L ) <vaya O/>L ) <7vazv O/(S)>L) )
(Vi fP) = ((HpfP[0,0:3],0/(s)), . (HLfP[L,0:3],a") . (~HL[P[2,0:3],d/(s)),) -
If we substitute these results into
A O + 24 00+ 2+ LD O
IVefPl L
0 = 0.

We have
eq2 = 0.
e eq3 = (N4,a"(0)), — (NB,a"(0)), , for us

Choosing us = (0,0,1) such that Dy, = ps xp, N = (1,0,0) is spacelike. Then, from (3.1) we
way write,

a'(s) = Rsp(0,N)DL(N),
cosh(0) 0 —sinh(6) 1

a'(s) = 0 1 0 0 |-
—sinh(0) 0  cosh(0) 0

a'(s) = Rsp(0, N)DL(N) = (1.0 % cosh(h),0, —1.0 x sinh(h)) .

From the equation (4.6) we have

v’ = —sinh(0).

The coefficients of the second fundamental form are

4 =00, fA=0, g =00,

and

h
~
Sy
Il
o O O
e e N =)
o o O

(Vi) = ((Vife,d'(s))(Vify, o) (=Viferd/(s))p),
((HLf10,0:3],a'(s)), , (HofP[1,0:3],0") ,(—HLf[2,0:3],d/(s)),)

<
~
~
o
|
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If we substitute these results into

(VLf?),a(9)),
Ve fPl L
0 = 0.

A (u'(0))? + 2 (0)0'(0) + 97 (v'(0))* +

We have
eq3 = 0.

e eqd = (N4, a”(0)>L — (N5, a”(9)>L , for g
Choosing 114 = (1,0,0) such that Dy, = pg X1, N = (0,0, 1) is timelike. Then, from (3.1) we way write

Oél(S) = Rsp(ev N)DL (N)’

cosh(#) 0 —sinh(8) 0
a'(s) = 0 1 0 0 |-
—sinh(0) 0  cosh(9) 1

a'(s) = Rsp(0, N)DL(N) = (—1.0 * sinh(6),0,1.0 * cosh(h)) .

From the equation (4.6) we have

v = —sinh(6),
v’ = cosh(f).

The coefficients of the second fundamental form are

e =0.0, fA=0, ¢* =0.0,

and

=
~
o)
|
o O O
oS o O
o o O

(va)/ = (<VLfI70/(S)>L ) <vay7a/>L ) <7vazaO/(S)>L) )
(Vof?) = ((HpfP[0,0:3],d/(s)), . (HpfP[1,0:3,a'), . (—HLfP[2,0:3],d/(s)),) -

If we substitute these results into

(VLfP),d(0),

et (W' ()% + 244 (0)v' () + ¢ (v'(0))? + = 0,
(W' (0))” + 277w (0)v'(0) + g7 (v'(0)) Voo,
0 = 0.
We have
eqd = 0.
As <NA,0/’(9)>L - <NB,0/’(9)>L = 0 for i, i € {1,2,3,4}, then surfaces have at least second order

contact at P,
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eql eq2 eq3 eq4 case solution

eql =0 ] eq2=01|eq3 =0 | eqgd =0 | (d) | have at least second order contact at P.

Figure 5.1: Seconde Order Contact

5.4. Example of parametric-implicit surface intersection.

Example 54.
Let us consider the surface S* and S® by the parametric equations

A u? —1 (u?+1)*v W2+ 1) *xu  u?—1
S (u,v) = —vlu— —— | ,u+v + ,
2 2vVu? +v? 2Vu? + 02 2
u2+1+ (—U*(U2+1)+ >>
V| ———==+tu) |,
2 2 % Vu? 4+ v?
SB = fB(x,yvz):7x27y2+22'
Since the unit normal vectors of these surfaces at the intersection point P = S“(1,0) = (0,1,1) and

)
fB(0,1,1) = 0 are N4 = NB = N, these surfaces intersect tangentially at P = (0,1, 1). The vectors
SA4(1,0) = (1,1,1), SA(1,0) = (=1,1,1), VLfB(P) = (0,—2,—2), produce N4 = S4 x SA =
(0,—2,—2) and NB = vV fB(P) = (0,—2, —2). The vector normal N4 = \ANB = N = (0, -2, -2)
are lightlikes and \ = 1. Let us now apply our second method to find the tangential direction.
Since N(P) = (0, —2, —2) is lightlike, We must test the two equations:
e ¢ql = <NA,0/'(9)>L - <NB,0/’(9)>L, for pa
Let u1 = (1,0,0) be lightlike, we get Dy, = p; X, N = (0,2,2) is lightlike. Then, from (3.3) we
way write

1 —1 1 26 —26 0
1|+ 1 |vV=| —20 1-20> 262 2 | = (to).
1 1 -20 20 20°+1 2

O/(to) = ng(H,N)DL(N) = (07 2, 2)

From (4.14), we have

and
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(VLf)/ = (<vam’ L7<vaya > 7<7vazva/(S)>L)a
(VofBY = (<HLfBOO 3,a/(s)), . (HpfP[1,0:3],a'), . (—HLfP[2,0:3],d/(s)),) ,
(VLfB)/ = (<( 2 0 0) (0’252» <(O’ _270)7(05272)>L7<(O’072)7(0’252)>L)7

(VofBY = (0,-4,-4).

If we substitute these results into

et (W' (0))? +2f 4/ (0)0'(0) + g2 (V' (0))* + A (VL fP).a'(0)), = 0, (5.9
X\ = 1 and from the coefficients of the second fundamental form are we have €t = 2, f4 =

-2, g4 = —4.

21+2.(-2).11-41+1((0,—-4,-4),(0,2,2)), 0,
—6 = 0.

(5.10)

We have
eql = —6 # 0.
qu = <NAa a/1(9)>L - <NB7 all(0)>L ) fOT‘ M2
We need to choose i such that Dp,(N) = po X1, N is spacelike.

Choosing puz = (0,0,1) such that Dy, = pe x1, N = (2,0,0) is spacelike. Then, from (3.3) we
way write,

O/(to) = ng(ﬁ, N)DL(N) = (2, —49, —49)

From (4.14), we have

u'(0) =1— 20,
v'(0) =20 -1,
and
-2 0 0
Hyf=10 -2 0 |,
0 0 -2
(va)/ = (<vax7 La<vaya > a<_va27O/(S)>L)a
(VofB)Y = ((HLfBOO 3,a/(s)), . (HpfP[1,0:3],a'), . (—HLfP[2,0:3],d/(s)),)
(VLfB>/ = (<< 200) 49 49» << 270>7(2’_497_49)>L7<<0’0’2)7(27_49’_49)>L)a

(Vo fBY = (—4789780).

If we substitute these results into

et (' (0)) + 2f 2/ (0)0(0) + g (v'(0))> + A (VL fP),a/(0)), = 0, (5.1
where A = 1 and from the coefficients of the second fundamental form are we have

et =2 fA=-2 g4=—-4.

2.(1 —20)% +2.(=2).(1 — 20)(—20 — 1) — 4.(—20 — 1)> + 1((—4,86,80) , (2, —40, —40)), =
—240% — 2460 — 6 —
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We have
eq2 = —246°% — 246 — 6.0 = 0.

Where 0y = —0.5 is the solution to the equation eq2 = 0.
The vector tangent is

O/(tO) = ng(007N)DL(N) = (27 _4003 _400) = (23 272)
As (N4,a”(0)), — (NB,a"(0)), # 0for p1 and (N*,a"(0)), — (NZ,a"(6)), = 0 for .

We have 0 = —0.5 is solution to the equation eq2 = 0, then the equation has one simple solution,
then we have one intersection curve passing through P.

eql eq2 case solutions

eql #0 | eq2=0 | (b) | &'(to) = Rig(0o,N) pz x1 Nif 6y = —0.5.

Figure 5.2: S4 N S8 Figure 5.3: S4 N S8 Figure 5.4: S4 N S8

5.5. Example of parametric-parametric surface intersection.

Example 5.5.
Let us consider the surface S and S® by the parametric equations

S (u,v) = (u, sin(v),2 + cos(v)),

fB(.'IZ,y,Z) = _x2 - 22 + 1.

Since the unit normal vectors of these surfaces at the intersection point P = S4(0,7) = (0,0,1) and
fB(0,0,1) = 0 are N4 = NB = N, these surfaces intersect tangentially at P = (0,0,1). The vectors
A A
S0,7) = (1,0,0), SA(0,7) = (0,=1,0), V1 fP(0,1,1) = (0,0,2), produce N* = i bder —
(0,0,1) and NB = Y2l (OLD__ () 0 1)
v TV B, LD T AV T
The vector normal N4 = NP = N = (0,0, 1) are timelike.
Let p1 = (1,0,0), we get Dy, = p1 X, N = (0,—1,0). Then, from (3.2) we way write

/ _ DL(N)
)= RO N N
cos(f) —sin(f) O 0
o'(s)=| sin(d) cos(d) 0 -1 1,
0 0 1 0
Dr(N)

a'(s) = Rim (0, N) = (sin(0), —cos(6),0).

IPL(N),
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From the equation (4.6) we have

The coefficients of the second fundamental form are

e =00, fA=0, g% =-1.0,

and
-2 0 0
Hf®={ 0 0 0
0O 0 -2

(VLf)/ = (<vawaa/(3)>L7<vay7al>L7<_vazaO/<5>>L)7
(VifBY ((HLfP10,0:3],a'(s)), , (HofP[1,0:3],0"), ,(—HLf"[2,0:3],d/(s)),) -

If we substitute these results into

(VLfB).a'(9)),

e (u/(0))? + 24/ (0)v'(0) + g4 (v'(0))* + 5 0,
IVLfPIl
0.5 * cos(2 * theta) — 1.5 = 0,
cos(2 x theta) =
cos(2 * theta) = 3
The equation has no solution, then P is the isolated contact point.

Figure 5.5: S4 N S8

6. Conclusions. The application of the Euler—Rodrigues rotation formula in Minkowski 3-space is
more intricate than the classical Rodrigues rotation formula in Euclidean 3-space. In the case of a tangential
intersection between two timelike surfaces, the tangent vector is computed by applying the rotation to
all three types of vectors: spacelike, timelike, and lightlike. For tangential intersections of two lightlike
surfaces, the rotation involves spacelike and lightlike vectors. In the case of two spacelike surfaces, the
computation of the tangent vector is analogous to that using Rodrigues rotation formula in Euclidean 3-
space.

As future work, we intend to extend the method to transversal intersection curves in Lorentz—Minkowski
space, computing the tangent vector by rotating a single vector. The generalization of the Euler—Rodrigues
rotation method to broader settings in Lorentz—Minkowski space E} and Euclidean space E* remains an
open direction for further research.
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