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Abstract
In this paper we study hypersurfaces in R® parametrized by lines of curvature, with four distinct principal
curvatures and with Laplace invariants mj; = my; = my; = 0,mji # 0, Mg # 0, myjp # 0, Tijry # 0
for i, 3, k,l distinct fixed indices. We characterize locally a generic family of such hypersurfaces in terms
of the principal curvatures and four vector valued functions of one variable. Moreover, we show that
these vector valued functions are invariant under inversions and homotheties. We observe that this class of
hypersurfaces cannot have constant Mobius curvature.
Keywords . Hypersurfaces, Laplace invariants, lines of curvature, Mobius curvature.

1. Introduction. Dupin surfaces were first studied by Dupin in 1822 and more recently by many
authors [1]-[3] and [4]-[13], which studied several aspects of Dupin hypersurfaces. The class of Dupin hy-
persurfaces is invariant under Lie transformations [5]. Therefore, the classification of Dupin hypersurfaces
is considered up to these transformations.

Riveros, Rodrigues and Tenenblat [11] studied a class of proper Dupin hypersurfaces M™ in R"*!
parametrized by lines of curvature, with n distinct principal curvatures and constant Mdbius curvature.
They then showed that for n > 3 the principal curvatures of such hypersurfaces are functions of separated
variables and for n > 4 proper Dupin hypersurfaces M" in R"*! with n distinct principal curvatures and
constant Mobius curvature cannot be parametrized by lines of curvature.

Riveros and Tenenblat [10] obtained a local characterization of the Dupin hipersurfaces in R® parametrized
by lines of curvature, with four distinct principal curvatures and 7;;x; 7 0, in terms of the principal curva-
tures and four vector valued functions in R® which are invariant under inversions and homotheties, in this
case m;; = 0,forl <4 # j < 4.

In this paper we study generic hypersurfaces in R®, parametrized by lines of curvature, with four
distinct principal curvatures and with Laplace invariants m;; = mg; = my; = 0,mju # 0, My #
0, myjr # 0, Tijie 7 0. We obtain a local characterization of a generic family of such hypersurfaces
(Theorem 3.1), in terms of the principal curvature functions and four vector valued functions of one variable.
This family of hypersurfaces includes the Dupin hypersurfaces studied by Riveros-Tenenblat [10]. The
characterization is based on the theory of higher-dimensional Laplace invariants introduced by Kamran-
Tenenblat [14]-[15].

In section 2, we give some properties of hypersurfaces with distinct principal curvatures. In section
3, Theorem 3.1 gives a local characterization of generic hypersurfaces in R® with four distinct principal
curvatures. In section 4, we show that the vector valued functions, which appear in the characterization of
Theorem 3.1 are invariant under inversions and homotheties, but the functions are not invariant under isome-
tries. Therefore, the vector valued functions are not invariant under the full group of Lie transformations of
RS,
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2. Preliminaries. Let () be an open subset of R and x = (z1, 22, -+ ,2,) € Q. Let X : Q C R™ —
R™*1 n > 3, be a hypersurface parametrized by lines of curvature, with distinct principal curvatures
Xi, 1 <i<mnand N :Q C R* — R™! aunit normal vector field of X. Then

(X6, X ;) = 0ij9u, 1<i,5<n,
N, = f)\iXﬂ; , 2.1

)

where the subscript ; denotes the derivative with respect to ;. Moreover,

Xy -THX,;—TLX;=0, 1<i#j<n, (22
i Aij .
Fij:)\j_Ai’ 1S17é.]§n7 (23)
where Ffj are the Christoffel symbols.

We now consider the higher-dimensional Laplace invariants of the system of equations (2.2) (see [14]-
[15] for definition of these invariants),

= T i T
mig = gL (2.4)
mir = Uiy =TF , k#i,j, 1<k<n.

As a consequence of (2.3) and the Lemma obtained in [15], we obtain for 1 < ¢, 5, k,l < n, 1,5k,
distinct,

Mijk + Miji =

Mijk,e — MijkMjki — Mkj =

Mij ke + MijeMik + MikjMi; = 25)

Mijk — Mijl — Mijk =

o o o o o

Myik,j + MijiMEil + MM =

Considering the higher-dimensional Laplace invariants satisfying (2.5), for1 < i # j #k #1 < 4
fixed, we consider the functions 75, U1, and PT4 defined in [10] by

mji
Ty = myu+ <1og (”)) : (2.6)
Mkl R
mi;
Uiji = mpa + <log <Jk>> ; 2.7
myjil F
Pf = myiTiju > Pé=mjuUsu » B =mjuUijn (2.8)

where m i, # 0, m;; # 0 and my; # 0.

We now consider the effect on the principal curvatures and on the higher-dimensional Laplace invari-
ants of a hypersurface under an inversion or a homothety.

Let X : Q C R® — R*"! — {0}, n > 3, be a hypersurface parametrized by lines of curvature with
distinct principal curvatures \;, 1 <i <n.
Consider an inversion

I+ R (0} o R — {0}

X - I"Y(X)= X @9

(X, X)

and a homothety

D:R"™ 5 R

X — DX)=aX ,acR ,a#0.

(2.10)

Denoting /™ (X) = X and X = D(X), we have that

\T <X’N>
N _2<X,X>

X+N
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is a unit vector field normal to X and N = N is a unit vector field normal to X.
X and X are hypersurfaces parametrized by lines of curvature, with distinct principal curvatures given
respectively by

Ai = (X, X)\ + 2(X, N), Ez%,léién. 2.11)

Since X and X are a rescaling of X, we conclude that for, n > 3, an inversion and a homothety, does
not change the higher-dimensional Laplace invariants i.e. m;; = my;, Mijx = M4j and My; = Mmyj,
Mijk = Mijk-

The following lemma obtained in [8], provides some properties which are satisfied by the principal
curvatures of a hypersurface in R"*! parametrized by lines of curvature.

Lemma 2.1. Let \, : Q C R®™ — R, n > 3, be smooth functions distinct at each point. Consider
Sfunctions myj), defined by (2.3) and (2.4). Then for i, j fixed, 1 < i # j < n, the following properties hold

ii Aiji
(ij mjki)yl. = —Mjkij — ()\]_)\Z) . ) (2.12)
cht _ (P 2.13
( mjki),j = \N - ) (2.13)
J i)k
(CY'ma), = (CY'mg) . (2.14)
gk _ N A o
where C7F = 7/\], 1 <k #1<n aredistinct from i and j are the Mobius curvatures.
k= Aj

Lemma 2.2. Let X : Q C R® = R"!, n > 3, be a hypersurface parametrized by lines of curvature,
with n distinct principal curvatures \., 1 < r < n. Fori, j, k fixed, 1 < i # j # k < n, the transformation
ef i::ii mjkidTy

X=VX, where V= B v v (2.15)

transforms system (2.2) into

y7ij + AYJ — min =
Y,ir + (A + mjir)y,r - ’rnirY =

_ _ (2.16)
X jr +min X 5 +mije X, =

)

o o o <

Y,rl + mier,r + mmy,l =
where | and v aresuchthat 1 <r #1#1i# j<n and
A= —/mjkividmk. 2.17)
Moreover,

Aj=mgi—mig, Ar=—Mjri;. (2.18)

Remark 2.1. It follows from Lemma 2.1 that,

o
I

(A+F§Z->V7

vV, = T,V (2.19)
Vi = TLV,

M

=
I

where V is given by (2.15), A is given by (2.17) and [ is distinct from ¢, j, k.
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3. A Characterization of a special class of hypersurfaces in R®. In this section, we prove our main
result which provides a local characterization of generic hypersurfaces parametrized by lines of curvature
in R®, with four distinct principal curvatures.

Theorem 3.1. Let X : Q C R* — R®, be a hypersurface parametrized by lines of curvature, with

Sfour distinct principal curvatures \.. For i,j,k,l distinct fixed indices, suppose m;; = my; = my; =
0, Mkl 7& 0, mijk # 0 and Tijkl 7é 0 then
X =V (B} - By + B}), 3.1
where
1 1G;(x;
B! = o1 (/ @ pi (s )dxZ + G, (JL‘S)) , 8 # i, Vis given by (2.15) (3.2)
P2 are defined by (2.8), G,.(x,.), 1 < r < 4, are vector valued functions of RS,
Aj=-—-my;, A=— [ mjpiidxy and

[Adz;, i o — s
Q;l _ € lf S 7> (33)

el (Atmjis)de if g — f ]
Moreover, considering

Aj s
<A+)\_)\>M+M“ o )\_/\M—I—M‘;,S#Z (3.4)

where M = B;l — Bt + B}, the functions G,.(x,.) satisfy the following properties in Q, for 1 <r #t < 4

a) a" #0,
b) <O‘T7at> =0, r#t,
\ (a. o' x ol x af x o)
A= Viar? o] [od| [o¥] af]
Conversely, let A, : Q C R* = R ,r = 1, .., 4 be real functions, distinct at each point. Assume that
the functions m,+s and m..; defined by

k

>\r.t >\st
rts t St < ptt£s <4,
et VD W VW retss
/\7'75 )\7'tAt7'
= = ’ — LWL 1< £t <4, 3.5
Mt (At—Ar) TSI G

satisfy (2.5), and for i, j, k, 1 distinct fixed indices, mj; = my; = my; = 0, myp 7# 0, myjp # 0, Tijr #
0. Then for any vector valued functions G..(x,.) satisfying properties a) b) ¢), where " is defined by (3.4),
the function X : Q C R* — R® given by (3.1) describes a hypersurface parametrized by lines of curvature
whose principal curvatures are the functions \,.

Remark 3.1. We observe that Tj;;; = 0 if and only if U;j; = 0.
In fact, using the relations (2.5), it follows from (2.6) and (2.7) that Ty = —2 U, i1

M4t

Hence, the hypothesis of Theorem 3.1 implies that P+ # 0, for s # i.
Moreover, from third equation of (2.5), the conditions mj; = my; = my; = 0, implies that m;;, = m;; =
Mgy = Mkl = M; = Mk = 0.

For the proof of Theorem 3.1 we will need three lemmas.

Lemma 3.1. Let X be a hypersurface as in Theorem 3.1, then
|4

Mjik

X =

(Wr—w7), (3.6)

where Wk (x;, xj,x;) and W (z;, 2y, 2;) satisfy the following systems of equations,

Myik,i
Wk + <A 2 > Wk + myimjuWh = 0,
Mmjik
k Ml i k 37
Wi+ | A+mju — Wi + magmpgaWh =0, (3.7
Ml
M1k kil Mk jik
Wk ¢ —=—Ewh ¢ 2w =0,
’ Myjik ' Ml ’
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Wi + A+ Mjik — J W7 + mikjmjiij = 0,
Jik B .k
Mk
wi (A Mjili ) pys Wi o= 0
Gt + mji — o ) A + MMyl = 0
Jr
i MG eMgil xri  MGkiMyik o
j GLETIY] J LA i _
W,kl+ - Wk+ - WJ = 0.
mMjik mjil

Proof: From (2.2) we have,
XI5, X T, X,=0, 1<s#r<4.
For fixed distinct indices ¢, j, k, we consider the transformation
X =VX,
as in Lemma 2.2, where V' is given by (2.15). Then the system (3.9) reduces to
X +AX j—mi; X =0,
X i+ (A+ mjir)y,r —miy X =0,

s

X jr+miri X j+mip X =0,
X g+ mapX g +miX =0,

where r = k,l and k # I,
Aj=—myj, Ar=-—Mjri;.

It follows from the third and second equations of (2.5) and (3.12) that

(A +mjir),r = —Myr, 1 =k, L.

427

(3.8)

3.9

(3.10)

3.11)

(3.12)

(3.13)

Using (3.12), (3.13) and the fact that mj; = 0,my; = 0 in the first two equations of (3.11), we have

that
Xﬂ' + AY = Wj(l'i,mk; xl)a
X+ (A+myip)X = W2y, 25, 2),
Yﬂ' + (A + mjil)y = Wl(.’L‘i,.’Ej,],‘k).

where W7, W* and W' are functions that do not depend on x;, ) and x;, respectively.

Since m ;1 # 0, from (3.14) and (3.15) we have

1
mMjik

Y:

Wk —w).

Therefore, it follows from (3.10) that X is given by (3.6).
From (3.17) and (2.5) we obtain

1

— Miik.i . .
X; = — 2B (wk-_wi)4 Wk — w9,
i (mjik)2( ) mjik( )71
_ .i . 1
Xyp = W =W+ W
jik mjik
— iy , 1 A
X, = —%(W’“—W])— — W,
Jik Mjik
— Mjik,l k j 1 k j
X, = — I (WF - W + wr — W 1
: ()2 ( ) o ( ),
- Maj | MijkMjik,i - Mjik,i
Xi' — y J J JR, Wk _ 7y _ ik,
" (mkj - Mjik N (myik)? ( ) (myik)?
i ; 1
—M(Wk—W]),i—&— ]fj
Mjik Mjik
= My Mk Mjik,i E ; Myjik,i
X = "y wk - wi
o (m kit mjik  (Myik)? > ( I (myjik)
ki ) 1 )
— T (kW) — W

mMjik mjik

(3.14)
(3.15)
(3.16)

(3.17)
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Xu = <mz’z + MMy 4 LMk i + (kazjmlik),i Qmjik’im?-kyl> )
Mjik (m;ik) (mjin)
Mjik,i k ' Myjik,1 i ; 1 X ,
- W& —W7), — Wr—Wwh,; + Wk —w),
(mjix)? ( ) (mjix)? ( ).i —— ( )i
~ 2My ik Mk + Mk , M s
X,jk — <_ igk!lljki + k]) (Wk _ Wj) + ijk W]k - ikj W];
Mjik Mjik Mjik ,
X Mkji MMM N Mg , M
ijl = < kji,l  Mkji Jsz,l) (Wk o Wj) + ﬁ(Wk _ WJ)J i gzk,lQ W];
mjik (mjzk) mjik: (mjzk) 5
1
+ wk,
Mjik
' Mk Mk M ) s ) M _
X,kl _ < ikj,l + ikj J2§J> (Wk 7 W]) ik (Wk o Wg)’l . Jzk,l2 ij
itk (mjix) Myjik (mjik)?
1 .
———wi,.
Mjik

We will now obtain the differential equations that W* and W7 must satisfy, by using (3.11), (3.14)-
(3.16).
The substitution of X and X ; into (3.14), (3.15) and (3.16), gives

(A - mﬁ’”) (WE— W)+ (WF =W, = myW7, (3.18)
mjik

(A + mjik — mjik’i)(Wk — W]) + (Wk - W‘j)’i = mjika7 (319)
Mjik

<A + g — ”;;’ik’i)(w’f W+ (W =W, = mjuW' (3.20)
jik

Now substituting X ; and X ;; in the first equation of the system (3.11), we obtain the first equation of
3.7).

The Substitution of YJC and YJ-;C in the second equation of the system (3.11) with » = k, we obtain
the first equation of (3.8).

Using X ; and X ; in the second equation of the system (3.11) with » = [, we obtain an equation
equivalent to (3.20).

Also, using X ;, X j and X jj, in the third equation of the system (3.11) with r = k, we obtain an
identity.
Using Y7 s YJ and Y7 ;41 in the third equation of the system (3.11) with r = [, we obtain third equation of
(3.7).

Now the substitution of Yﬁk, le and Y,kl in the last equation of the system (3.11), we obtain third
equation of (3.8).

Differentiating the first equation and the third equation of (3.7) with relation to x; and x;, respectively
and using the fact that W’; = W’fj 1» we obtain the second equation of (3.7).

Similarly, differentiating the first equation and the third equation of (3.8) with relation to x; and z;
respectively and using the fact that sz 6= ij ;; We obtain the second equation of (3.8). Which concludes
the proof of Lemma 3.1.

O
Lemma 3.2. The solution of (3.7) is given by
4ex (o 4
Meiik Q5G;(x;) Ml Q;Gi(x;)
Wk = 2t J dz; + Gj(x;) | — / L dz; + Gi(x)) ) . (3.21)
Q;l P;l J( ]) Q? Pl4 ( )
Proof: From equations (2.5) and (3.12), we have that
(A - mJ’“) = myimg, (3.22)
mjik j
<A + My — mm“) = MraMik. (3.23)
MEil /)

Using (3.22) in the first equation of system (3.7), we get

(W’? T (A _ mﬁ’”) W’“) -0
)i Mk y )
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whose integration with respect to x;, provides
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Wk 4 (A - mj““) W* = DJ(z;,2) . (3.24)
’ Mjik
Substituting (3.23) in the second equation of (3.7), we obtain
(W’E + (A—l—mjil — Tnkllﬂ) Wk> =0.
MEil 1
Therefore, integrating with respect to x;, we get
Wk 4 <A e m’”) Wk = D! (x;, ;). (3.25)
’ Mkil
From (3.24), (3.25) and (2.6), we conclude that
1 ,
Wk = (D' — DY), (3.26)
Tijn
Differentiating W*, using (2.5) and the following derivatives
Tijr1,j = %Tijkl y Tijkie =0, Tijrg = L;”cTijkl ;
2 J1
we obtain
Tijki,i - 1 ;
wk = 2wkl pl_ piy 4 D' — DY), (3.27)
i (Tijkl)g( ) Tijkl( )i
myjemyie 1 ;
wk = R - (pt o piyy —— Dt (3.28)
7 Ml Tijkl( ) Tijk
MM 1 ; 1 j
wk — Y4 D! — D) — D’ (3.29)
oL Mk Tz‘jkl( ) Tijrr
1 Tijrii Mk Migi Mk Tijr
W Lo J=Dl__< j ji_ Mgk Zigkli ) (3.30)
" Tk (Tijka)? Mg Tijer Mika (Tijr)?
! N MM 1 . ;
™Miik D —D] - (D —DJ R
ik ( ) - Tz’jkl( ),
1 j Tijrti Mgy Mak Mgk Lijel
wh j J,DJ_< j _ Mtk _Lijh, (3.31)
il T Y (Tije)? Mk Tijite Myik (Tijri)?
N MM 1 ;
myi (D' — D) — 2R~ (D DY),
kil ) Mjik Tijkl( )
W?z 2mjimyj (Dl _ Dj) Mgl Myik 1 Dlj myipmjik 1 Djl' (3.32)
’ Tijm My Lijg My i
The substitution of (3.26) and (3.27) into (3.24) and (3.25), gives
(A _ Dk Zigkl, ) (D' = D))+ (D' = D%); = TyuD?, (3.33)
Mk Tkt
(A oy — ki J’”) (D' = D))+ (D' = D%); = TyuD" (3.34)
Ml Tij

Substituting (3.26), (3.28), (3.31) in the first equation of the system (3.7), and using (3.33), we obtain

Tijr z) .
v D o4
Tk 7

Similarly, using (3.29), (3.32) in the second equation of the system (3.7), and using (3.34), we get

Dl + (A _ Thiki Mgl Mjik (3.35)

Mjik

T;uD' = 0.

MEil

. T , . ; _
D+ <A+mj“ Mgt Ukl,z) D+ M1 Mkil TijuD? = 0. (3.36)

Ml Tij ' Mjik

The substitution of (3.28), (3.29) and (3.32) in the third equation of (3.7) gives an identity.
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Now we compute the Laplace invariant 1m ; of equation (3.35),

_ Miiki  Lijkli Mk jiMjik
jik,i gkl J Jt

mj,; = <A — — — Ejkl-
Mk Tijr Mkl

Using (3.12), (2.5) and the relation
Tijktij = Tijri,j <Tijkl + j;]k“> + mjiemip i Lijr
ijkl
we conclude that
mj; = 0.
Therefore, the solution of equation (3.35) is given by,

6f Ada G; (J)z)

l T — [ Adx
D (l‘i,l‘j) = MyjikLijkl€ I ‘

dx; + Gj(l‘j)) .

where G;(x;) e Gj(z;) are vector valued functions in R®.
Similarly, let us compute the Laplace invariant m;; of equation (3.36)

Miiti  Tijhii MUl
- —— Ly
1

my = (A+mjil__

M Tijk Mk

Using (3.13), (2.5) and the relation

Tijuti
_ jkl,i
Tijrt,a = —Tijri (Tijkl — = | + mpamiarTiju
Tij
we obtain
my;; = 0.

Therefore, the solution of equation (3.36) is given by,

e‘f(AJijil)dIi Gz (xl)

DY (24, 1) = myi Tyjpe | Atmai)de: (/ dx; + Gl(xl)> . (3.37)
Mk

where G, (z;) and G, (z;) are vector valued functions in R®.

We will now show that G;(z;) = G;(x;). Differentiating D' and D’ with respect to x;, we obtain
respectively

Dli = — (A—m'l k, — - ghl, )Dl+Gl(xZ)7

) m]‘ik Tijkl

4 Miiti  Lijhl i A
D = _(A+m‘iz—’—‘77)Dj+Gil‘i-

. / Ml Tijr (=)

Therefore
, _ Tiikii ; jik,i
(D' = D% ; = Gi(z;) — Gi(x;) — (A_M> (DZ_DJH'MDZ
Tijnl Myik
+ <mjzl kil Z> DJ
Ml

It follows from (3.33), that

Now using (2.8) and (3.3) we get

P ([ QiGi(ws
D (w;,x;) = Q% (/ QJTY)% + Gj(xj)> . (3.38)
J J
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On the other hand, from equations (2.5) we obtain,
MeaLijre = miaUijr. (3.39)
Therefore from (3.39) and (3.37), we have that

S(A+mga)de: (3t (.
e Gz(fﬂz)dxl + Gl(‘rl)> )

Dj (xiv xl) = mjilUijkle_ J(A+my)de; </

mji Uik
Using (2.8) and (3.3) we obtain
Di (2, 27) = ( / QG wz da; +Gl(xl)) (3.40)

Substituting (3.38) and (3.40) into (3.26), we conclude that

1 Q;Gi(x;) PY ([ QAGy(z:)
Wk — Tijkl {ngl (/ Pj ———dux; +G (37])) — Q—l? (/ lpifldxl —I—Gl(xl)> }

It follows from (3.39) and (3.3) that Pl4 = m;uUijrt = mraliju-
Using this relation in the expression above, we obtain (3.21).

Lemma 3.3. The solution of (3.8) is given by

WJ — mﬂk (/ Qk:P4'1:Z)d +Gk(3f‘k)> m]ll (/ Ql P4x1)d$z+Gl($l)> (341)

Proof: From (2.5) and (3.12), we have that

(A + Mjir — W) = MyjirMirj , T = kL. (3.42)

jir

The substitution of (3.42) in the first two equations of (3.8), gives

(Wﬁ» + (A+mjir - mﬂ) Wj) =0, r=kl
T

Mjir

)

Thus, we have that

Wi+ (A My — m“‘) Wi = L*(x;, ) (3.43)
’ Mjik
and
J Myjili i _ 7l
’ mjil
From (3.43), (3.44) and (2.7), we conclude that
j 1 l k
Wl =_—(L'—L"%). (3.45)
Uijri

Differentiating W7, using (2.5) and the following derivatives

Mk Mkl MMk
Je J _ J J
———Usjrr, Uijrig = ———Usjn,

Uijki; =0, Uik =
jil Mjik
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we get
j Uijki,i 1
| 47— LU R L Lt —1F); (3.46)
j MMk 1 1
wioo= IR (o Lk 4 L (3.47)
ok mjy Uikl ( ) Ui
; MieMig 1 ) 1
wi = Itk L' — Lk _— [k 3.48)
oL Mk Uijkl( ) Uijer ™ (
; 1 Usijri,i Myt Mak; Mgkl Uijrig
Wi = LY, — J’Ll—( I 4 1 ]’>>< (3.49)
ok Uijer ™ (Uijm)? mji Uijie mji (Uijr)?

l k M Myik 1 l k
mji(L' — L") — —————(L' = L"),
J ( ) mjil Uz]kl ( )

; 1 Uijki,i Me; | Mas Mg Usjrl
wl o= — Lkz‘i‘ Jrl, k:_( J + J " JKt, ) (350)
ke Uijrr " (Ugjr)? myik Uit mjie (Uijr)?
. T
mi; Ll_Lk_wiLl_Lki
! = 1) = P k)
j kMK MMy 1 MMy 1
Wi o= ol N (pl_ pky_ TR L, + —== Lk (3.51)
L Uijii ( ) mjie Uijer F mji Uijrt
The substitution of (3.45) and (3.46) in (3.43) and (3.44), gives
Myiki  Uijki
(A g, — 2 J’”) (L' = L*) + (L' = L) ; = Uy L¥, (3.52)
Mk Uijri
Myiti  Uijkli
(A +myy — —E 7’“) (L' = LFy + (L' = LF) ; = Uyj L (3.53)
M Uijri

Substituting (3.45), (3.47) and (3.50) in the first equation of (3.8), as a consequence of (3.52), we get

Mjiki Uijlcl,i)

L' +
Mjik Usijri

)

Mk Mjik

L+ <A + Mk — Uijm L' = 0. (3.54)

mjil
Similarly, it follows from (3.45), (3.48), (3.51) substituted in the second equation of (3.8), as a conse-
quence of (3.53), that

jilyi Uijkl,i) L injlek —0. (3.55)

m
Lk + (A—i—m-i - = s
o i M Uijri Mk
The expressions (3.47), (3.48) and (3.51) substituted in the third equation of (3.8) provide an identity.
The Laplace invariant my; of equation (3.54) is given by

Mjik,i Ll] " Mk
Mg; = (A + Mk — ———— — =7 — 71/”/@.
mjik Uijkl k myjil

Using (3.13), (2.5) and the relation

Uijri,i
JRL,
Uijki,it = Uijrik (Uijkl + —— | + mjimir;Uijm
Usijri
we obtain
mp; = 0

Therefore, the solution of equation (3.54) is given by

oJ (Atmji)da; F(z;

M Usjr

L2, zp) = mjikUijkleif(Aerﬂk)dxi (/ )dl’i + Gk@k)) ;

where F(x;) and G, () are vector valued functions in R®.
Similarly, we compute the Laplace invariant m;; of equation (3.55),

= Myiti  Uijki,i M1 Myl
J,t 1R, 7 g

my = <A+mjil__ — ————Uij-
Ml Uijki ) | Mjik
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Using (3.13), (2.5) and the relation

Uijki,i
_ jkl,i
Uijria = —Usjrig (Uijkl — = | +mjumi;Usjr
Uijri
we obtain
my;; = 0.

We conclude that the solution of (3.55) is given by,

S(A+mga)des B g B
L*(xi, 1) = mjnUijre” Jatmiu)de: / < (xl)dxi + Gi(x) |,
MUk
where F(z;) and G, (x;) are vector valued functions in R?. B
As in the proof of the previous lemma, we show that F'(x;) = F'(x;).
Differentiating L' and L* with respect to ;; we obtain respectively
T Mjiki  Uigkii \ 14
L i — A+ Mjik — ——— — L'+ F(xl), (3.56)
’ Mk Usijri
il,g Uz jkl,i =
Lk = —(A—f—m-i—jl— J ’)L’“+in. (3.57)
T g Uim (=)
From (3.56), (3.57) and (3.52) we conclude that
Now using (2.8) and (3.3) we have that
i Qi F ()
! _ 'k
L' (xs,x,) = aﬁ < P4 dx +Gk(xk)> ,
P4 Q4F($ ) _
LF(z;, ) = =L (/dei—i—Gl T >
o) = i\~ i

Substituting the last two expressions in (3.45) we get

4 4
= (B o) 5 ( B )}
ij

Finally we obtain (3.41), using (2.8).

We can now prove our main result
Proof of Theorem 3.1

It follows from Lemmas 2.2, 3.1-3.3 that the hypersurface is given by (3.6), where W* and W7 are given
for (3.21) and (3.41), respectively.
Differentiating (3.21) with respect to z; and using (3.39), we obtain

wh o= D (A - mﬂk,z) /Qj 4( )dxi +G(x)
’ @ mjik 5 (3.58)
Ml Mil,i Q;Gi( 961
+ Qo (A + myji — mw) (/ S dr + Gl(xl))
Differentiating (3.39) with respect to x;, we get
, g o 1p
Wy = —mjik (A-‘rmjik - mﬂ}“) (/ 9 4$l)d —i—Gk(ﬂ?k))
’ Qi Mjik By (3.59)
myil

mMyjil,i Q xl)
+ ] (A+mjil_ szil ) (/ lp4 dxz—l-Gz(xl))
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The substitution of (3.21), (3.41), (3.58) and (3.59) into equation (3.18), gives

. dex (.
(e (s (22)) ) (o) -
- 4 .
5 (s (o (32)) ) 20 )

From (2.6) and (2.7), we get

4
Miit Tijkl (/ @o dmz + Gz($z)> = mjuUijki (/ Q P4xz)d$z + Gz(xz))

and it follows from (3.39), that

4y (o 4 )
/%ﬂfmdfﬂl + Gl(.’bl) = Mdl’l + G'l(acl). (3.60)
l

Pi
Differentiating (3.60) with respect to z;, we get
Gi(zi) = F(x;),
and therefore

Gl(gcl) = G’l(acl).

The substitution of these two equalities in (3.21), (3.41) and in (3.17), gives

1

Mjik

y:

where we have used (3.2).
It follows from the fourth equation of (2.5) that

X =B} - By + B/,

which substituted into (3.10), implies (3.1).

4 4 4 4
(mjiB; — mga B — myi By, +myuBy)

Considering o and o, s = 7, k, | defined by (3.4), it follows from (2.12)-(2.14), (2.18) and (2.4) that

X, = Va,r=1,5,kl

)

Differentiating (3.61), we have

Xy =V,a"+Va

K]

From (3.61) we obtain that the metric of X , is given by

Jrr = (\/)2|cf|2 , Gt =0, 7 #t.

A unit vector field normal to X is given by

k l

o xad x o x «

N =

la?[ 7] |a*] [al] -

r=1,5,k,l.

(3.61)

(3.62)

(3.63)

(3.64)

Since X is a hypersurface parametrized by orthogonal curvature lines, with A, as principal curvature

we have, for 1 <r # s <4

<Nu X,rs> = 0; )\s =
Grr

Hence from (3.62) and (3.64) we obtain for r = 4, j, k, [,
(a, ot x af x aF x af)

Ar = — :
T VierPla] [ad] a*| |of|

Therefore, we conclude that conditions a), b) and c) are satisfied.

<-X,T’T7 N>
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Conversely, let A, be real functions distinct at each point. Assume that the functions m,.s and 7.,
defined by (3.5), satisfy (2.5) and suppose G- (z,), 1 < r < 4, are vector valued functions satisfying
properties a), b) and c).

Defining X by (3.1), it follows from Lemma 2.1 and properties a) and b), that X is an immersion, whose
coordinates curves are orthogonal. Moreover, the induced metric is given by (3.63) and a unit normal vector
field by (3.64).

Differentiating (3.61) with respect to x, using Lemma 2.1, the expressions (2.5), (2.19) and (3.4) we
obtain

)\rt )\tr t
Xpy=V it gr ’ s
it (At—ATO‘UT—AtO‘ r#

From (3.64), it follows that (X >IN ) = 0 . Hence the second fundamental form is diagonal and
therefore the coordinates curves are lines of curvature.
Moreover, it follows from (3.62)-(3.64) and from property c) that for r = 4, 5, k, [,

<X,rraN> _ <aTr ’ai X aj X Oék X O¢Z> _
o VIaPlad o] ok ol T

which concludes the proof.
]

4. Properties. In this section, we show that the vector valued functions which appear in Theorem 3.1
are invariant under inversions and homotheties.

Theorem 4.1. Let X : Q C R* — R® be a hypersurface with four distinct principal curvatures \,,
parametrized by lines of curvature as in the Theorem 3.1. Then the vector valued functions G, (z,),1 <
r < 4 are invariants under inversions and homotheties.

Proof: a) Assuming without loss of generality that 0 ¢ X (), we consider X = I°(X) a hypersurface
parametrized by lines of curvature, obtained by composing X with the inversion defined in (2.9).

Since, X is a hypersurface parametrized by lines of curvature, with distinct principal curvatures given by
(2.11).
Using Theorem 3.1 for X, we have for 1, 7, k, I fixed distinct indices

X:V(B;.*—B,‘§+B;*)7
where

B = i(/cm;(xi)darl—i-és(xs)) , s #4,

vV = , 4.1

A = _/mjki,idxkv

}554 , ~‘Sl, s # i are defined by (2.8) and (3.3), in terms of the higher-dimensional Laplace invariants and
éT(,TT), 1 < r < 4 are vector valued functions in R5.

From preliminaries, X and X have the same higher-dimensional Laplace invariants. Therefore, it
follows that

A=A, Q*=Q* , PP =P #0,r#i. 4.2)

Substituting (2.11) in (4.1), we have

4.3)

On the other hand,

4.4)
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We will show that GT.(x,.) = G, (x,), r # i. It follows from (4.3) and (4.4) that

B} - B} — (B — B}) + B} = B} =0. (4.5)
We observe that
Bj, = —ABj + G;g;i)7 B, =—(A+mj;)Bs + G;g?) , s=kl.
This fact follows from the equalities
?7’5 = AQ? ] ;lz = (A+myis) QY , s =k,

Therefore differentiating (4.5) with respect to z;, we get
—4 (B? - B?) + (A +mjik) (Bﬁ - B,‘i) — (A +mjar) (314 - 314) +
5 1 1 1 _
G- (3 + ) =0

Using (4.5) and the fact that

o1
D
we get
Myjik (Bé - B,‘i) — Mjil (5’14 - 314) =0. (4.6)

Differentiating this relation with respect to x;, we obtain
(Mjik,i — myin(A + mjir)) (Bﬁ - Bﬁ) = (myjirs — mja (A +mya)) (BZ‘ - B?) +

5 Mjik Ml
pe

It follows from (4.6) and from the fact that

Myjik  Mjil

P B

= 0,
that the expression above reduces to

(mjik,i — (mjik)2) (Bﬁ — Bﬁ) — (mju,i - (mjil)z) (314 - 314) =0.

Again, using (4.6), we obtain the relation

Mjiki  Myjil,i 54 4
<mm—mm+J—]) (Bl -B)=0,
mMjik mjil

which, as a consequence of (2.7), reduces to
Uijn (B;* - Bf‘) =0.
Since Ujji; # 0, we obtain
B} = B} 4.7)

Differentiating with respect to x;, we get él(mi) = G(x;), hence it follows that G, (z1) = Gi(=)).
From (4.6) and (4.7), we have

B} = B}, (4.8)

and therefore Gy () = G (xp).
Substituting (4.7) and (4.8) into (4.5), we obtain

R4 _ pd
B; = B;.
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and hence G (;) = G;(;), which concludes the proof of a).

b) Let X = aX be a homothety of X, since X is a hypersurface parametrized by orthogonal curvature
lines, with distinct principal curvatures given by (2.11).
Using Theorem 3.1 for X, we have for ¢, j, k, [ distinct fixed indices

X=V(B'-Bi+B}).
where

B= g ([ EE e ok

Ao — A
/—k —ijkidl'k
J NN

/\j—j\i ’

A = _/mjki,idxkv

<
Il

(4.9)

1? 4 Q% s # i are defined by (2.8) and (3.3) in terms of the higher-dimensional Laplace invariants and

Gr(z), 1 <r<d4are vector valued functions in R,
We will show that G- (7)) = G (z).
From preliminaries, X and X have the same Laplace invariants. Therefore, it follows that

A=A Q'=qQ' Pl=P'#0,s#i. (4.10)

Substituting (2.11) in (4.9), we obtain

<

=aV. (4.11)
Since
X=V(Bj-B;+B) , X=V (B} -B,+B}). (4.12)
substituting the expressions (4.10), (4.11), (4.12) in X = aX we have,
Bj — B} — (B, — B;) + B} — B} = 0.
The same argument of item a) proves that G,.(z,.) = G,.(z,.), V 7.

O

4.1. Conclusion. This class of the hypersurfaces parametrized by lines of curvature studied in this
paper includes the hypersurfaces of Dupin studied in [10]. This result shows that a hypersurface parameter-
ized by lines of curvature does not need to have all Laplace invariants m;; = 0,1 < ¢ # j < 4 to have a
representation in terms of four vector functions of one variable. From the result obtained in [11] this class
of hypersurfaces cannot have constant Mobius curvature.
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