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Abstract

In this work, we consider the primitive equations of an ocean circulation model for the southern
pacific, which consists of the time-dependent Navier-Stokes equations in the β-plane coupled with
the temperature transport equation. Specifically, the full three-dimensional equations are adopted
and formulated as a monolithic system of nonstationary, nonlinear, coupled partial differential
equations. The El Niño phenomenon is simulated by the action of given wind stresses on the ocean
surface. We present an approximation scheme with Crank-Nicolson finite differences in time, and
in space we take inf-sup stable Galerkin finite elements for the Navier-Stokes part and bilinear
elements for the temperature. We solve the resulting, nonlinear monolithic discrete system by New-
ton´s method. Numerical experiments with realistic geometry and material data are conducted,
which show the practicability of our approach.

Keywords . Navier-Stokes equations, Temperature model, Monolithic approach, Galerkin finite ele-
ments, El Niño

1. Introduction. This work is devoted to numerical modeling and simulations of the ocean
circulation in the southern pacific; see e.g. [1, 2]. In that part of the ocean, an important phe-
nomenum is El Niño, which is a non-cyclic, change of sea currents. It appears in non-regular
intervals of 4 years in average. During El Niño warm surface waters appear for several months
over the entire equatorial zone in the Pacific. Europe is interfered of a similar phenomena in the
Atlantic with strong influence on the European weather. We consider the model for circulation of
tropical ocean when El Niño appears. The ocean current is described by the primitive equations
which consist of the equations of motion and temperature transport which are strongly coupled.
The wind stresses on the surface of the ocean are fundamental for the warming of waters.
The warm tropical oceans are fundamental in regulating Earth’s climate and driving large-scale
weather phenomena, such as monsoons, tropical cyclones, and El Niño-Southern Oscillation (ENSO)
events. Among these, the equatorial oceans are particularly critical due to their heightened sensi-
tivity to atmospheric forces, which result in rapid oceanic responses. This makes them ideal for
studying dynamic oceanic motions on monthly or longer time scales, see [3].

However, the limited availability of in-situ observations, combined with the complex interac-
tions between the ocean and atmosphere in these regions, underscores the need for accurate and
reliable models. These models are crucial for simulating equatorial wave motions, see [4, 5], and
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are vital for improving our understanding of global climate variability and enhancing weather and
climate prediction systems.

The objective of this work is the design of a robust numerical approach for three-dimensional
simulations of a simplified ocean circulation model. Specifically, the incompressible Navier-Stokes
equations are coupled to a temperature equation, a so-called Boussinesq approximation. The equa-
tion of state for the density and the salinity approximation are neglected. For such models, we
refer to [6]. The three-dimensional model (in comparison to homogenized models such as [6, 7])
allows for an easy access of flow and temperature values in intermediate ocean levels for (−d, 0),
where −d is the ocean depth. The Navier-Stokes temperature model is formulated as a monolithic
system resulting into a nonstationary, nonlinear, coupled PDE system. This system is discretized
with the Rothe method, namely a One-Step-θ scheme in time and Galerkin finite elements in space.
Newton’s method is employed for the nonlinear solution. The implementation is done in the mod-
ern open-source finite element library deal.II [8] using the multiphysics template [9]. Different
boundary conditions on the ocean surface for the wind stress, i.e., Neumann conditions for the
Navier-Stokes part, are used.

The outline of this paper is as follows. In Section 2 the modelling equations in the β-plane
are introduced together with the boundary conditions and initial conditions. Then the correspond-
ing variational formulation is given. Next, in Section 3 the discretization in space and time is
performed. Moreover, the nonlinear and linear solution schemes are briefly explained. Finally, in
Section 4, some numerical simulations are carried out with underline the relevance of our approach.

2. Modeling. Our model is inspired by [6] and [7], but we fully stay in three dimensions
without averaging in the vertical direction. However, the salinity and variable density are omitted,
resulting into a simplified model system. Nonetheless, the system remains a challenging non-
stationary, nonlinear, coupled PDE system, where the numerical solution is costly due to the big
dimensions, 3D-setting, and the choices of the numerous parameters.

2.1. Notation. Let Ω ⊂ R3 be sufficiently smooth and let I := (0, T ) with T > 0 be some
time interval. More specifically, let

Ω = (0, L1)× (−D,D)× (−h, 0).

The specific values are provided below in Table 4.1.

Figure 2.1: Sketch of the domain and the boundaries.

2.2. Equations. Find vector-valued velocities v = (vx, vy, vz) : Ω × I → R3, scalar-valued
pressure p : Ω× I → R, scalar-valued temperature ϑ : Ω× I → R such that

ρ ∂tv + ρ(v · ∇)v −∇ · (ρν(∇v +∇vT ))

+∇p+ (0, 0, ρg)T + αβ∇ϑ+
1

R0
2 cos(Θ)k × v = 0 in Ω× I, (2.1)

∇ · v = 0 in Ω× I, (2.2)
∂tϑ+ (v · ∇)ϑ−∇ · (κ∇ϑ) = 0 in Ω× I. (2.3)
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Here, k = (kx, ky, kz) = (0, 0, 1)T , i.e.,

k × v =

0

0

1

×

vxvy
vz

 =

−vy
vx

0

 ,

with density ρ, kinematic viscosity ν, thermal coefficient α, colatitude Θ (the colatitude is com-
puted as Θ = arcsin (y/a), where (x, y, z) ∈ Ω and a is the Earth radius), coefficient β [10][p.624],
and the Rossby number R0. Moreover, ν > 0 is the kinematic viscosity:

ν :=

νx 0 0

0 νy 0

0 0 νz

 .

In the temperature part, κ > 0 is the thermal expansion coefficient.

2.3. Boundary conditions. We recall that the boundary is split into

∂Ω = Γu ∪ Γb ∪ Γl, (2.4)

where Γu is the upper (top) boundary at sea level, Γb the bottom of the ocean, and Γl all surrounding
(side) boundaries. The following boundary conditions are prescribed:

∂z(vx, vy) = τ̄ = (τx, 0) on Γu × I (2.5)
vz = 0 on Γu × I

∂zϑ = 10−5γ(ϑA − ϑ) on Γu × I

v = (vx, vy, vz) = 0 on Γb × I (2.6)
ϑ = 4◦ on Γb × I

v = (vx, vy, vz) = 0 on Γl × I (2.7)
∂n⃗ϑ = 0 on Γl × I.

The main driving mechanisms are τx for the Navier-Stokes system and 10−5γ(ϑA−ϑ) for the
temperature system. For the calculation of τx we consider two cases.

Case 1. Here, we follow [11]. The zonal trade winds is composed by two patches

τx =

{
τ1 = τW + τH , ϑ < ϑm
τ2 = τH , ϑm ≤ ϑ

, (2.8)

where ϑ is evaluated at (L1, 0, 0), that is the east part at the Peruvian coast.
Moreover,

τW = τowX(x)Y (y) (2.9)

τH = τohX(x)Y (y) ∗ 106 ∗ sin(4.0πt/8 640 000)

where t is the time in seconds, and the end time T = 50 days and,

τow = −0.05Nm−2,

τoh = 0.015Nm−2,

λ = 3000km [11], p.349

X(x) = cos(
2π

L1
(x− L1

2
)),

L1

4
< x <

3L1

4
,

Y (y) =
1

2
(1 + cos(

2π

λ
y)), |y| < λ,

X = Y = 0 otherwise.

We notice that τH differs from [11] and has been scaled with 106 in order to observe more
significantly the effects of the wind stress. To employ the original wind stress proposed by [11] is
ongoing work.
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Case 2. As Case 1, but now we set T = 365 days and used a modified wind stress.

τW = τowX(x)Y (y), (2.10)

τH = τohX(x)Y (y) ∗ 106 ∗ sin(4.0πt/63 072 000).
In both cases, the patch τH of the wind stress is one oscillation of a sine function, that is, it

starts with zero, it increases, then decreases, switches to negative values and ends with zero.

2.4. Initial conditions. Moreover, as initial conditions, we prescribe

v(0) = v0 in Ω× {0}, (2.11)
ϑ(0) = ϑ0 in Ω× {0}. (2.12)

Figure 2.2: Temperature profile ϑ(0); see [12], where this figure is taken from.

For ϑ0, the temperature profile of [12] is applied with appropriate interpolation in the z direc-
tion. We note that the initial temperature must be compatible (having the same values) with the
temperature boundary conditions.

2.5. Weak formulation. The weak forms are as follows. For the Navier-Stokes system, we
have: Find U = (v, p, ϑ) ∈ H1(I, V v)× L2(I, V p)× L2(I, V ϑ), where

V v := {u ∈ H1(Ω)d| uz = 0 on Γu, u = 0 on Γb ∪ Γl}, (2.13)

V ϑ := {χ ∈ H1(Ω)| χ = 0 on Γb} (2.14)

and V p := L2(Ω) such that

Av,p,ϑ(U)(Ψ) :=

∫
I

∫
Ω
ρ∂tv · ψv dV dt+

∫
I

∫
Ω
ρ(v · ∇)v · ψv dV dt (2.15)

+

∫
I

∫
Ω
ρν(∇v +∇vT ) : ∇ψv dV dt−

∫
I

∫
Γu

(τx, 0)T · (ψv
x, ψ

v
y)

T ds dt

+

∫
I

∫
Ω
(∇p+ (0, 0, ρg)T ) · ψv dV dt + αβ

∫
I

∫
Ω
∇ϑ · ψv dV dt

+

∫
I

∫
Ω

1

R0
2 cos(Θ)(k × v) · ψv dV dt +

∫
I

∫
Ω
∇ · v · ψp dV dt = 0,

for all test functions Ψ = (ψv, ψp) with ψv = (ψv
x, ψ

v
y , ψ

v
z ) ∈ L2(I, V v) and ψp ∈ L2(I, V p).

In addition, we used dV := dxdydz as the volume increment. For the temperature equation, we
have: Find (ϑ, v) ∈ H1(I, {ϑ|Γb

= 4 + V ϑ})× L2(I, V v), such that

Aϑ,v(ϑ, v)(ψ
ϑ) :=

∫
I

∫
Ω
∂tϑψ

ϑ dV dt+

∫
I

∫
Ω
(v · ∇)ϑψϑ dV dt (2.16)

+

∫
I

∫
Ω
α∇ϑ · ∇ψϑ dV dt−

∫
I

∫
Γu

10−5γ(ϑA − ϑ)ψϑ ds dt = 0,

for all test functions ψϑ ∈ L2(I, V ϑ).
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3. Discretization. In this section, we introduce temporal and spatial discretization. Then, the
nonlinear and linear solution schemes are briefly explained.

3.1. Variational-monolithic formulation. The weak form is formulated as a volume-coupled
variational monolithic system [13] [Section 3.3.1]. To this end, we have: Find Ũ = (v, p, ϑ) ∈
H1(I, V v)× L2(I, V p)×H1(I, V ϑ) such that

A

(
Ũ

(v, ϑ)

)
(Ψ) :=

(
Av,p,ϑ

Aϑ,v

)(
Ũ

(v, ϑ)

)
(Ψ) = 0 ∀Ψ = (ψv, ψp, ψϑ) ∈ L2(I, V 0), (3.1)

where Av,p,ϑ = Av,p +Aϑ, V := V v × V p × {ϑ|Γb
= 4 + V ϑ} and V 0 := V v × V p × V ϑ.

This system is discretized with the help of the Rothe method: finite differences in time via the
shifted Crank-Nicolson scheme and a Galerkin finite element discretization in space.

3.2. Finite differences in time. We apply a One-Step-θ scheme to
A(U)(Ψ) = 0.

For the θ it holds θ ∈ [0, 1] with θ = 0 for the explicit Euler scheme and θ = 1 for the implicit
Euler scheme. We are specifically interested in θ + ∆t (for ∆t ≪ 1), where ∆t = tm − tm−1,
which results in the so-called shifted Crank-Nicolson scheme, which is second order and strictly
A− stable.

In more detail the backward Euler discretization with θ = 1, reads: Given the previous time
step solution Um−1, find the current time step solution Um, m = 1, . . . ,M , such that∫

Ω
ρ
vm − vm−1

∆t
· ψv dV +

∫
Ω
ρ (vm · ∇)vm · ψv dV

+

∫
Ω
σv(v

m) : ∇ψv dV −
∫
Γu

(τx,m, 0)T · (ψv
x, ψ

v
y)

T ds

+

∫
Ω
(∇pm + (0, 0, ρg)T ) · ψv dV + αβ

∫
Ω
∇ϑm · ψv dV

+

∫
Ω

1

R0
2 cos(Θ)(k × vm) · ψv dV +

∫
Ω
∇ · vmψp dV

+

∫
Ω

ϑm − ϑm−1

∆t
ψϑ dV +

∫
Ω
(vm · ∇)ϑmψϑ dV

+

∫
Ω
α∇ϑm · ∇ψϑ dV −

∫
Γu

γ(ϑA − ϑm)ψϑ ds = 0.

In abstract form, the time-discretized problem reads: Given Um−1 ∈ V , find Um ∈ V for
m = 1, . . . ,M such that

A(Um)(Ψ) = 0 ∀Ψ ∈ V.
More details on the schemes as well as the extension to Crank-Nicolson can be found in [13][Section

5.3]. We notice that we have implemented the backward Euler scheme and the Crank-Nicolson
scheme (pure as well as shifted) in our programming code.

3.3. Fully discrete problem. By using finite element discretizations on hexahedra, with
(vm, pm, ϑm)|K ∈ Q2×Q1×Q1 and (vm, pm, ϑm) ∈ Vh, we have in abstract fully discrete form:
Given Um−1

h ∈ Vh, find Um
h ∈ Vh for m = 1, . . . ,M such that

A(Um
h )(Ψh) = 0 ∀Ψh ∈ Vh.

As finite element spaces, for the Navier-Stokes part, an inf-sup stable Taylor-Hood element
Q2/Q1 is used; see e.g. [14]. The temperature part is solved with bilinear elements Q1. More
specifically, we employ isoparametric shape functions as follows: On the mesh Th = {Ko}Oo=1,
for O mesh elements, we employ a conforming finite element space V s

h ⊂ V , where V = H1
0 (Ω)

and s ∈ N0 is the polynomial degree. Then, we define
Vh := V s

h := {v ∈ V |v|K ∈ Qs(K) for K ∈ Th} = {v1, . . . , vN} , dim (Vh) = N,

with shape functions from Qs(K). Let K̂ be the reference element, e.g., K̂ = (0, 1)d̃. In isopara-
metric finite elements, the space Qs(K) is obtained from Q̂s(K̂) and where the transformation
from K̂ → K is of the same polynomial type as Q̂s(K̂), and where

Q̂s(K̂) = span


d̃∏

j=1

x
αj

j | αj ∈ N0, αj ≤ s

 .
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3.4. Nonlinear and linear solution. The resulting monolithic discretized system is nonlinear.
Here, we employ a line-search Newton method in which the Jacobian is derived analytically by
hand. Therein, in the defect step, the arising linear systems are solved with a sparse direct solver.
The entire programming framework is based on an adaptation of the open-source multiphysics
template [9], which is based on the open-source finite element library deal.II 9.6.0 [8]. The criterion
for termination the Newton method is a relative residual less the 10−8. In our calculations, the
number of iterations for each solved system was smaller than 5, in most time points we observe 2
iterations.

4. Numerical Results. In this section, we conduct some numerical simulations. The ocean is
modeled as a cuboid Ω ⊂ R3 with realistic length, width, and depth scales. This leads to highly
anisotropic finite element meshes. All parameters are listed in Table 4.1.

4.1. Geometry and parameters. In this section, we list all data in Table 4.1.

Parameter Notation Value

Time step size ∆t 86 400 s (=1 day)
Final time T T 50 days / 160 days
Ocean length L1 14 000 km
Ocean width D 3 300 km
Ocean depth H 4 km
Earth radius a 6371 km

Density ρ 103kg/m3

Viscosity (horizontal) AV , i.e., νx and νy 104m2/s

Viscosity (vertical) kV , i.e., νz 15× 10−4m2/s

Gravity g 9.8m/s2

Thermal expansion coefficient α 0.0003C−1

Model parameter β 2× 10−11m−1s−1

Thermal transport coefficient γ 12.552J/m2sK

Rossby number R0 9.7656× 10−4

Thermal expansion coefficient κ 0.0003

Temperature condition ϑm 20◦C

Temperature condition ϑA 26◦C

Table 4.1: Problem data.

In Figure 4.1, the three dimensional mesh with relatively small step size in z-direction is shown.

Figure 4.1: Geometry and finite element mesh with 512 elements.

In order to approximate the velocity we used 14739 unknowns, for temperature and pressure
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729 unknowns each. The mesh size is hx = 1.75× 106m,hy = 0.825× 106m,hz = 0.5× 103m.
The size of the time step is ∆t = 1 day. The simulation time for T = 50 days is around 5 minutes
and for T = 365 days is around 30 minutes.

4.2. Numerical simulations for Case 1. In the first set of computations, we use T = 50 days
and the boundary conditions described in Section 2.3. Our findings are displayed in Figure 4.2 and
Figure 4.3, which show the velocity at the surface at five different days. Since the temperature at
the surface changes a little only, we give the average values of the temperature on the sea surface
in Table 4.2. We notice that there is a relative high interpolation error of the initial temperature
profile (Figure 2.2) due to the relative coarse finite element mesh. However, the principal effects of
varying temperatures across the ocean depth can be accounted for in our three-dimensional model.

day 1 day 13 day 27 day 38 day 50

23.04◦ 25.53◦ 26.14◦ 27.39◦ 30.52◦

Table 4.2: Temperature Case 1.

a)

b)

Figure 4.2: Velocity Case 1 at a) day 1 , b) day 13.
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c)

d)

e)

Figure 4.3: Velocity Case 1 at c) day 25, d) day 38 e) day 50.

4.3. Numerical simulations for Case 2. In the second set of simulations we consider a time
horizon of one year, i.e., T = 365 days. The velocity at the sea surface at five different days is
shown in Figure 4.4 and Figure 4.5, and the average value of the temperature on the sea surface
in Table 4.3. Furthermore, in Figure 4.6 and Figure 4.7, the temperatures at depth 500m are
displayed. Specifically, the direct access to intermediate temperature distributions below the sea
level is simple thanks to our three-dimensional model. Clearly, in comparison to homogenized
models (e.g., [6, 7]), three-dimensional computations are more costly.
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day 1 day 91 day 182 day 273 day 364

23.00◦ 26.03◦ 28.02◦ 26.25◦ 26.01◦

Table 4.3: Temperature Case 2.

a)

b)

c)

Figure 4.4: Velocity Case 2 at a) day 1, b) day 91 c) day 182.
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d)

e)

Figure 4.5: Velocity Case 2 at d) day 273, e) day 364.

a)

Figure 4.6: Case 2, Temperature at depth 500m at day 1.
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b)

c)

d)

e)

Figure 4.7: Case 2, Temperature at depth 500m at b) day 91, c) day 182, d) day 273 e) day 364.
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5. Conclusions. In this work, we considered a simplified ocean model using the incompress-
ible Navier-Stokes equations coupled to a temperature problem. Importantly, we used a three-
dimensional formulation. Here, we derived a weak formulation and employed the Rothe method
using a One-Step-θ scheme in time and Galerkin finite elements on a hexahedral mesh. The nu-
merical solution was based on Newton’s method. We carried out simulations for two different time
horizons of 50 days and 365 days. The three-dimensional model allows us for an easy access of
temperature (and velocity) values for different ocean depths. Ongoing work is on the implemen-
tation of a parallel solver to conduct mesh refinement studies. As future extensions, we plan to
extend the model to include the atmosphere and the salinity and to employ an equation of state for
non-constant densities.
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