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Abstract

In this paper, we study oriented surfaces S in R3, called surfaces with quadratic
support function (in short QSF-surfaces). We obtain a Weierstrass type representa-
tion for the QSF-surfaces which depends on two holomorphic functions. Moreover,
classify the QSF-surfaces of rotation. Also, we give some explicit examples of this
class of surfaces.
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1. Introduction. Let S C R3 be a surface oriented by its normal Gauss map
N. The functions ¥, A : S — R3 given by ¥(p) = (p, N(p)), A(p) = (p,p), p € S,
where (,) denotes the Euclidean scalar product in R3, are called support function
and quadratic distance function, respectively.

Appell in [1], studied a class of oriented surfaces in R? associated with area
preserving transformations in the sphere. In [2], the authors showed that these sur-
faces are such that the mean curvature H, the Gaussian curvature K and the support
function V¥ satisfy H + WK = 0. Tzitzéica in [3] estudied oriented hyperbolic sur-
faces such that there exist a nonzero constant ¢ € R for which the following relation
is satisfied K + 204 = 0.

In [4], the authors study a special class of oriented surfaces S C R? that satisfy
arelation of the form 2W H+AK = 0, this surfaces are called EDSW-surfaces. They
show that these surfaces are invariant by dilations and inversions. Moreover, they
obtain a Weierstrass type representation depending on two holomorphic functions.
Given p € S, a sphere with center p + %N (p) and radius % is called the middle
sphere at p, the EDSW-surfaces have the geometric property that every middle
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sphere passes through a fixed point. In [5], the authors present a Weierstrass type
representation for EDSGW-surfaces with prescribed Gauss map which depends on
three holomorphic functions. Also, they classify isothermic EDSGW-surfaces with
respect to the third fundamental form parametrized by planar lines of curvature.
In [6], the authors introduce the class of surfaces in Euclidean space motivated

by a problem posed by Elie Cartan. This class of surfaces are called Ribaucour
surfaces and are defined as surfaces where all the medial spheres intercept a fixed
sphere along a large circle, these surfaces satisfy a relation of the form

2VH+ (1+A)K =0.

The authors obtain holomorphic data for these surfaces and discuss the relation
with minimal surfaces.
In [7], the authors study a class of surfaces S in the hyperbolic space that satis-
fies
2ce®(H — 1) + (1 + ce*)K = 0,

where 1 1s a harmonic function with respect to the quadratic form o = —K1T +
2(H — 1)I1, cis areal constant and I, /[ is the first and second fundamental form
of S, respectively.

In [8], the authors study the Ribaucour surfaces of harmonic type (in short HR-
surfaces), these surfaces satisfy

QUH + (ce® + N)K =0,

where ¢ is a nonzero real constant, 4 a harmonic function with respect to the third
fundamental form. These surfaces generalize the Ribaucour surfaces studied in
[6].

Corro and Mendez in [9], study the Ribaucour-type surfaces (in short RT-
surfaces) what satisfy

2UH + (A + V?)K = 0.

In this paper, we study the QSF-surfaces, these surfaces satisfy
2UH 4 (A — U?)K = 0.

We obtain a Weierstrass type representation for the QSF-surfaces which de-
pends on two holomorphic functions. Moreover, classify the QSF-surfaces of ro-
tation. Also, we give some explicit examples of this class of surfaces.

We observed that this class of surfaces are different from the surfaces studied in

[9].

2. Preliminaries. In this section we present the definitions and results that
will be used in the work. In this paper the inner produt (,) : C x C — R is defined
by

(f.9) = fig1 + faga, Where f = fi +ifs, g= g1 +iga,
are holomorphic functions.
In the computation we use the following properties: if f,g : C — C are holomor-
phic functions of z = u; + iug, then

(o= 9+ () (f.a)2="(if"9)+(f.id),
(F.o)= (1 Fah (LA = 1 [P+, )] @

Here (f, g) ; denotes the derivative of (f, g) with respect to u;, i =1, 2.
The next result was obtained in [4].
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Theorem 2.1. Let S be a surface with Gaussian curvature K # 0 and N its
normal Gauss map locally parametrized by

1

= TW(ZQ? 1— g% (2.2)

N(u)

where TI = {(uy,u2,u3) € R : ug = 0}, g : U — Il is a holomorphic function with
|g'| # 0, U is a connected open subset of R? and v = (uy,uz) € U.
Then there is a differentiable function h : U — R, such that S can be locally

parametrized by
/
g 2R 2R
X)) = Z5Vh— g, -2 2.
(u) (|g,|2v - ), (2.3)

where

T=1+|g and R = <Vh, %> _h. (2.4)
g

Moreover, the coefficients of the first and the second fundamental form of X are
given by

_ ‘g,|2 A2 TV 2 _ ‘g/|2v A A - |g/‘2 A2 TV 2
all—ﬁ[ 1+ (TV12)7], a1 = — T 12[A1 + Ag], a22—ﬁ[ 5+ (TV12)7],
(2.5)
2 12 2 12 2 /12 .
b1 = ‘7€2| Ar, bz = —%Vm bag = |7€2| Ag, Ai=2R-TVy, i=1,2,
(2.6)
where
1 i g//
Vin = Vi _h,11 - <?,Vh>1 ,
1 i g//
Vis = —5 [hi2 — <i—,7Vh>1 , (2.7
917 | g
1 i g//
Vag = Vi h.22 + <—,,Vh>} :
The regularity condition of X is given by
P = (A1 Ay — T2V) # 0. 2.8)
The third fundamental form is determined by
4 .
Lii = (N3 Ni) = lg'", i=1,2, (N1, Na) =0. (2.9)
1 Ah 4

Conversely, let be a holomorphic function g : U — 11, U, where U is a connected
open subset of R? and a differentiable function h : U — R. Then (2.3) define an
immersion in R3 with Gaussian curvature non-zero, Gauss map given by (2.2) and
(2.5)-(2.10) are satisfied.
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3. Surfaces with quadratic support function (QSF-surfaces). In this sec-
tion we introduce the QSF-surfaces, classify the QSF-surfaces of rotation and we
give some explicit examples of this class of surfaces.

Definition 3.1. We say that an oriented surface S C R3 is a surface with
quadratic support function (in short, QSF-surface) if the mean curvature H, the
Gaussian curvature K, the support function ¥ and quadratic distance A satisfy

2UH + (A — ¥?)K = 0. (3.1)

The following Theorem provides a Weierstrass type representation for the QSF-
surfaces which depends on two holomorphic functions.

Theorem 3.1. Let S C R? be a connected orientable Riemann surface. Then S

is a QSF-surface if, and only if, there exist holomorphic functions g, f : S — Cx,
such that X (S) is locally parametrized by

2 /
X(u) = (QCTZ (T(%) g> ,o> S (3.2)
where

_26|f|2 f’g . 2 ! o 2

Proof: From Theorem 2.1, we have that

H 1/TAh
e Y o 34
L \ LT —4‘9/’2T—1+||2 (3.5)
- T) - |g/‘2 T’ 11 — T2 9 - g . *

Using (3.5) in (3.4) we obtain

H 1 (hAh—|Vh|? 1 (92 (hAh—|Vh|?
- _ — " A === A). .
K 20 ( 9|2 * > 20 <h2 L1y i (36

Thus, S is a QSF-surface if and only if

N

—h2. 3.7
I (3.7)

Now, let h = % where A and B are differentiable functions.
We can show that
1
hAAh — [V = 25 (AAA = [VA[) = =7 (BAB — [VBF). (3.8)

Considering B =T = 1 + |g|? in (3.8) we obtain

WAL = [VA2  AAA - |VA]R
L1y 4lg'|?

h2. (3.9)
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Thus

Ah — 2
hLﬂ = —h? = AAA— VAP =0. (3.10)
11
The solution of (3.10) is A = c|f|?, where f is a holomorphic function.
Thus, )
c|f]
= . 3.11
T+]gP G40
From (3.11) it follows
2PN 99
Vh = T 7)) (3.12)
Using (3.12) in (2.3) we obtain (3.2). The proof is complete. (]

The following Theorem classify the QSF-surfaces of rotation.

Theorem 3.2. An oriented connected surface S with nonzero Gauss curvature
is a QSF-surface of rotation if, and only if, locally can be parameterized by

X (u) = (A(u1) cosug, A(uy) sinug, B(uy)) (3.13)
where
2¢(k+(2—k €4u1 e(2k—1)ul+2a
Ay) = 2k i +) 6%3)3 : (3.14)
2¢(2k + (2k — 3)e2wr — 1)e2kurt2a

Proof: Note that taking g(w) = w,w € C, S is a QSF-surface of rotation if,
and only if, 4 is a radial function i.e., h(w) = r(Jw|) for any differentiable function
r.
Making the change of parameters

w=e", z=u +iug € C,

we have that g(z) = e* and h 3 = 0.
From (3.11) and h 5 = 0 we obtain (f,if’) = 0, consequently, f(z) = e***%0 z; =
a+ib,a,b e R,k #£0.

Thus
ce?kul +2a

From (3.16) and (3.2), we obtain that X is defined by (3.13)-(3.15). The proof is
complete. 0

Example 3.1. Considering a = 1,¢ = 2, k = 2 in Theorem 3.2, we obtain
X(u) = (A(uy) cosug, A(uy) sinug, B(uy)),
and the profile curve is given by
a(u1) = (A(u1),0, B(u1)),

where A +2( ) )
863u1+2 Jetut e2ut 1 3
A(ur) = ———, Blu1) = - 3
(62U1 + 1) (62’U,1 + 1)
Here A(u1) > 0,Vu; € R and the profile curve is regular, therefore, the QSF-
surface of rotation is complete (see Figures 3.1 and 3.2).




Corro A, Riveros C, Teruel C J.- Selecciones Matematicas.2024; Vol.11(1):20-29 25

46
-5}

-10¢t

=15

-20

=25

-30
Figure 3.1: Profile curve Figure 3.2: QSF-surface of rotation

Example 3.2. Considering a = 2,¢ = -2,k = % in Theorem 3.2, we obtain

X(u) = (A(u1) cosug, A(uy) sinug, B(uy)),
and the profile curve is given by
a(ur) = (A(u1),0, B(ur)),

where

14uq

2e4= 15 (5964“1 + 1) e it T4 (2262“1 + 7)

, Blup) = — .
15 (€21 + 1) () 15 (2 +1)°

Aluy) = —

Here A(u1) < 0, Vu; € R and the profile curve is not regular only in one point,
therefore, the QSF-surface of rotation has a circle of singularities (see Figures 3.3
and 3.4).

Example 3.3. Considering a = —2,c = -3,k = —% in Theorem 3.2, we obtain
X (u) = (A(uy) cosug, A(uy) sinug, B(uy)),
and the profile curve is given by
a(uy) = (A(u1),0, B(u1))

where

e 4 (1 61etm)
A(ur) = » Blur) = =

o A )
5 (211 4 1)° '

5 (2w 4 1)°

Here A(u1) = 0 only in one point and the profile curve is not regular only in
one point, therefore, the QSF-surface of rotation has one isolated singularity (see
Figures 3.5 and 3.6).
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Figure 3.3: Profile curve Figure 3.4: QSF-surface of rotation
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Figure 3.5: Profile curve Figure 3.6: QSF-surface of rotation

Example 3.4. Considering a = 1,¢ = —1,k = 1 in Theorem 3.2, we obtain
X(u) = (A(uq) cosug, A(uy) sinug, B(uy)),
and the profile curve is given by
a(ur) = (A(ur),0, B(ur)),

where

26’LL1+2 (64u1 + 1) 262u1+2 (1 - 62u1)

Alur) = — @0 p 1P B(u) = (1 17

Here A(u;) < 0, Vu; € R and the profile curve is not regular, therefore, the
QSF-surface of rotation has two circle of singularities (see Figures 3.7 and 3.8).
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Figure 3.7: Profile curve Figure 3.8: QSF-surface of rotation

Example 3.5. Considering « = —},¢ = —2,k = 1 in Theorem 3.2, we obtain
X (u) = (A(uy) cosug, A(uy) sinug, B(uy)),
and the profile curve is given by

afuy) = (A(u1),0, B(uy)),

where ( A )
2 (3¢t 41 gedui—3
Aug) = — s, Bu) = ——.
Ve (e? +1) (e +1)

Here A(u;) < 0, Vu; € R and the profile curve is not regular only in one point,
therefore, the QSF-surface of rotation has one circle of singularities (see Figures
3.9 and 3.10).
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Figure 3.9: Profile curve  Figure 3.10: QSF-surface of rotation
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