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Abstract

In the unit Euclidean sphere S"1, we deal with a class of hypersurfaces that were characterized in [23] as
the critical points of a variational problem, the so-called (r, s)-linear Weingarten hypersurfaces (0 < r <
s < n—1); namely, the hypersurfaces of S**! that has a linear combination a, H, 1+ - -+asHs 1 of their
higher order mean curvatures H, 1 and H, being a real constant, where a,., . . . , a, are nonnegative real
numbers (with at least one non zero). By assuming a geometric constraint involving the higher order mean
curvatures of these hypersurfaces, we prove a uniqueness result for strongly stable (v, s)-linear Weingarten
hypersurfaces immersed in a certain region determined by a geodesic sphere of S*T1. We also establish a
nonexistence result in another region of S*** for strongly stable Weingarten (r, s)-linear hypersurfaces.

Keywords . Unit Euclidean space, (7, s)-linear Weingarten hypersurfaces, upper (lower) domain enclosed by the
geodesic sphere of unit Euclidean space of level 1o, strong stability, geodesic spheres.

1. Introduction. Associated with the variational problem of minimizing of the area functional

A= dx
»n

of a closed hypersurface " g S"*! for all variations, not necessarily volume-preserving variations, we
have the notion of strong stability related to closed hypersurfaces immersed into S**! with constant mean
curvature H. With regard to this notion, it is well known that (for instance, see [1, Section 2]):

“There are no strongly stable closed hypersurfaces with constant mean curvature in the unit Eu-
clidean sphere S"t1.”

Another geometric quantity associated with a hypersurface is the (normalized) scalar curvature. With
that in mind, when we study the problem of minimizing the 1-area functional

A= [ Hdx
En

associated to a closed hypersurface " &+ S"*1 for all variations, we get the notion of strong 1-stability
for closed hypersurfaces with constant normalized scalar curvature R. In this context, the author in [21,
Teorema 1] showed the existence of a region of unit Euclidean sphere S™*! that admits a specific class of
strongly 1-stable closed hyperdufaces with constant normalized scalar curvature:
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“The only strongly 1-stable closed hypersurfaces immersed into the closure of the upper domain en-
closed by the geodesic sphere of Q™1 C S of level 7y = 7 /4, with constant normalized scalar
curvature R and mean curvature H satisfying the condition R—1 > H > 0, are the geodesic spheres.”

For a better understanding of the region described above, the reader is recommended to see Defini-
tion 4.1. In the previous statement, when we look at the complementary set in which the hypersurfaces are
immersed, we have the following nonexistence result (cf. [21, Teorema 2]):

“There do not exist strongly 1-stable closed hypersurfaces immersed into the lower domain enclosed by
the geodesic sphere of Q"1 C S"*1 of level Ty = /4, with constant normalized scalar curvature R
and mean curvature H satisfying the condition R —1 > H > 0.”

An extension of the variational problems described above is that of minimizing the r-area functional

A= | F.dz
Z7L

of a closed hypersurface ¥" ¢ S"*! for all possible variations, where F,. is a suitable function that
depends on the higher order mean curvatures H, of X" & S"*1 r € {0,1,...,n}. This variational
problem generates the notion of strong r-stability for closed hypersurfaces with constant higher order mean
curvatures H,.. The concept of higher order mean curvatures of a hypersurface ©" 9+ S"*1, studied initially
by R. Reilly [20] in 1973; are such that Hy = 1, H; is just the mean curvature H of ¥ 9+ S™*! and H,
defines a geometric quantity which is related to the normalized scalar curvature R of £ 9» S™*!; more
specifically, H, = R — 1. In [22], the author obtained extensions of the above statements for the context of
higher order mean curvatures, establishing (cf. [22, Teorema 1]):

“The only strongly r-stable closed hypersurfaces immersed into the closure of the upper domain en-
closed by the geodesic sphere of Q" C St of level 79 = 7 /4, with constant (r + 1)-th mean
curvature H,. 1, forr € {1,...,n — 2}, and such that H,,1 > H, > 0, are the geodesic spheres.”

and (cf. [22, Teorema 2])

“There do not exist strongly r-stable closed hypersurfaces immersed into the lower domain enclosed by
the geodesic sphere of Q"1 C St of level 7o = 7 /4, with constant (v + 1)-th mean curvature H, 1,
forre{l,...,n— 2}, and such that H,, > H, > 0.”

On the other hand, a natural extension of the hypersurfaces ¥ 9+ S"*! with constant mean curvature
H or constant second mean curvature H5 are those ones whose curvatures H and H» obey a linear relation
of the type agH + a; H2 = constant, for some real constants ag and a;. These hypersurfaces are called in
the literature as linear Weingarten hypersurfaces (see, for instance, [5, 6, 7, 12, 16, 17, 18]). A class that
extends such hypersurfaces is given by the so-called generalized linear Weingarten hypersurfaces, namely,
those hypersurfaces whose higher order mean curvatures H,.;; and H; (for entire numbers r and s such
that 0 < r < s < n — 1) satisfy the linear condition a, H,4+; + -+ + a;Hgs41 = constant, for some
real numbers a,, ..., as. For simplicity, we have named these hypersurfaces as (r, s)-linear Weingarten.
It is not difficult to observe that geodesic spheres and Clifford torus of S** are examples of (r, s)-linear
Weingarten hypersurfaces in S 1. We also observe that (0, 1)-linear Weingarten hypersurfaces are simply
linear Weingarten hypersurfaces and (r, r)-linear Weingarten hypersurfaces with » € {0...,n — 1} are
just the hypersurfaces having constant (r 4+ 1)-th mean curvature H,, 1. In recent years, several papers
have been published showing the interest in understanding the geometry of the (r, s)-linear Weingarten
hypersurfaces (see [2, 3, 14, 15, 23]). For instance, we can highlight that the author jointly with H. de Lima
and A. de Sousa showed in [23, Section 3] that (7, s)-linear Weingarten closed hypersurfaces compact are
critical points of the variational problem of minimizing a suitable linear combination

B =a, A + -+ agAs

of the j-area functionals A; of a given compact oriented hypersurface ¥" & S"1, j € {r,..., s}, for
volume-preserving variations. Furthermore, they established that geodesic spheres of S™*! are the only
stable critical points of BB, ; for volume-preserving variations (cf. [23, Theorem 4.3]).

In this work, our objective is to obtain extensions of the results highlighted above in italics for the
context of strongly stable (7, s)-linear Weingarten closed hypersurfaces immersed into S***. Details about
the meaning of (r, s)-linear Weingarten hypersurfaces immersed into S"*! are given in detail in Section 2,
and all the details that lead us to establish strong stability notion for a (r, s)-linear Weingarten hypersurface
can be found in Section 3. Indeed, we were able to establish the uniqueness result (see Theorem 4.1):



Lazaro, M.- Selecciones Mateméticas. 2023; Vol. 10(2): 285-298 287

“Let v and s be entire numbers satisfying 0 < r < s < n — 2 and let a,,...,as be nonnegative
real numbers (with at least one non zero). When r = 0, assume in addition that s > r. The only
strongly stable (r, s)-linear Weingarten closed hypersurfaces immersed into the closure of the upper
domain enclosed by the geodesic sphere of Q"1 C S"*! of level 79 = /4, whose higher order mean
curvatures H, 1, ..., Hs 1 satisfy the relation a,b,H. 1 +---+asbsHs11 = constant and such that

> G+ DagbiHja > (j+ Dagb;H; >0,
j=r Jj=r

”

are the geodesic spheres, where b; = (n — j) (?) forje{r,... s}
and the nonexistence result (see Theorem 4.2):

“Let r and s be entire numbers satisfying the inequalities 0 < r < s < n — 2. When r = 0, assume
in addition that s > r. There do not exist strongly stable (r, s)-linear Weingarten closed hypersurfaces
immersed into the lower domain enclosed by the geodesic sphere of Q"1 C S"*! of level 79 = /4
whose higher order mean curvatures H, 11, . .., Hsy1 satisfy the relation a, by H, 11+ - -+asbsHep1 =
constant and such that

S

> G+ DagbiHipr > > (5 + azb;Hj > 0,

Jj=r Jj=r

where a., . .., as are some nonnegative real numbers (with at least one non zero) and b; = (j+1) (jZl)
forje{r,... s}.”

The proofs of the main results of this work are presented in Section 4. Finally, in Corollary 4.1 and
Corollary 4.2 we establish a version of our main results for the linear Weingarten case.

2. (r, s)-linear Weingarten hypersurfaces in S"*!. Unless stated otherwise, all manifold considered
on this work will be connected. Let S"*! be the (n + 1)-dimensional Euclidean sphere. We will consider
immersions 2 : ¥" & S"*1 of closed orientable hypersurfaces X" in S"*1, namely, isometric immersions
from a n-dimensional orientable Riemannian manifold X" into S**!. In this setting, we denote by d%
the volume element with respect to the metric induced by xz, C°°(X™) the ring of real functions of class
C* defined on ¥ and by X(X"™) the C'*°(X™)-module of vector fields of class C*° on ¥". Since X"
is orientable, one can choose a globally defined unit normal vector field N on ¥". The correspondence
N : X" — S™ will be called the Gauss map of x : ¥ 9» S"T1, Let

A XEY) o X(EN)
Y o AY) = —VyN.

2.1

denote the shape operator with respect to N, so that, at each ¢ € X", A restricts to a self-adjoint linear map
Ay Ty(E") — T,(X™). Thus, for fixed ¢ € X", the spectral theorem allows us to choose on T, (X") an
orthonormal basis {e1, ..., e, } of eigenvectors of A,, with corresponding eigenvalues Aq, ..., Ay, respec-
tively. Forr € {1,...,n}, if welet S,.(p) denote the r-th elementary symmetric function on the eigenvalues
of A, we get n smooth functions .S, : ¥ — R such that

n

det(t] — A) =Y (=1)FSpt" 7,

k=0
where Sy = 1 by definition, with corresponding eigenvalues Aq, . .., A,, one immediately sees that
Sr=0,(A1,--,An), 2.2)
where o, € R[ X1, ..., X,,]is the r-th elementary symmetric polynomial on the indeterminates X1, ..., X,,.
For r € {0,...,n}, one defines the higher order mean curvature (or the r-th mean curvature) H,. of
3" 4 SPH by
n
( )HT:S’T:ST()\l,...,)\n). (2.3)
r

In particular, Hy = 1 and for 7 = 1 we have that

1 n
Hi=—> \N=H
n
=1
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is the mean curvature of x : ¥™ & S"*!, which is the main extrinsic curvature of the hypersurface, and for
r=n,

Hn :)\1)\1)\71
is the Gauss-Kronecker curvature of  : ¥ & S™*1. On the order hand, the second mean curvature
Hy— — > D A
2 — n(n—l) o 17\J

defines a geometric quantity which is related to the (intrinsic) normalized scalar curvature R of x : ¥ ¢
S™+1. More precisely, it follows from the Gauss equation of 2 : " g S"*! that

R=1+ H,. (2.4)

We also define, for r € {0, ...,n}, the r-th Newton transformation P, : X(X") — X(X"™) associated
tox : ¥" ¢ S"T! by setting Py = I (the identity operator) and, for r € {1,...,n}, via the recurrence
relation

P.=5,1—-AP,_;. 2.5)
A trivial induction shows that
PT = (STI - Sr—lA + ST-_2A2 — 4 TAT),

so that Cayley-Hamilton Theorem gives P,, = 0. Moreover, since P, is a polynomial in A for every r, it is
also self-adjoint whose eigenvalues are 05,11 /0\; (where the A s are the eigenvalues of A) and commutes
with A. Therefore, all bases of T,(X") diagonalizing A at ¢ € ¥" also diagonalize all of the P, at g. Let

{€1,...,e,} be such a basis. Denoting by A; the restriction of A to {e;)- C T,(X"), it is easy to see that
n—1
det(t] — 4;) = Z(—l)ksk(Ai)tnflfky
k=0
where
Se(Ai) = > Ny (2.6)
141 <. <dm <n
JiseeJm#L

With the above notations, it is also immediate to check that
P.(e;) = Sp(A;)es, 2.7
and hence (cf. [8, Lemma 2.1])
tr(P) = (n—r)S, = b.Hy;
tr(AP,) = (r+1)S,41 = b-Hyy1; (2.8)

by
tr(A2P7,) = 51541 — (T + Q)Sr+2 = Tlr n 1HHT+1 — b1 Hypyo,

where b, = (r + 1) (TL) =mn-r").
Associated to each Newton Transformation P, r € {0, ..., n}, one has the second order linear differ-
ential operator
L, : C®XE") — C=(X")
f —  L.(f) =tr(P. oHess f).

2.9)

We remark that L is the Laplacian operator A and L; is the Cheng-Yau’s square operator (] defined
in [13].

At this point, we are in a position to define our geometric object of study.

Definition 2.1. Let r and s be any entire numbers satisfying the inequalities 0 < r < s <n — 1. We
say that x : ¥ & S"T1 is a (r, s)-linear Weingarten hypersurface if there exist nonnegative real numbers
Qr, ..., a5 (at least one of them nonzero) such that the following linear relation occurs on ™ :

arHy41+ -+ asHgq 1 = constant, (2.10)
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where H; is the j-th mean curvature of v : ¥™ & S, j € {r,... s}.

Remark 2.1. Taking into account the relation between Ho and the normalized scalar curvature R
given in (2.4), we observe from (2.10) that the (0, 1)-linear Weingarten hypersurfaces x : X" & S"** are
called simply linear Weingarten hypersurfaces, and there is a vast recent literature treating the problem
of characterizing these hypersurfaces (see, for instance, [5, 6, 7, 12, 16, 17, 18]). It is because of this
observation that the hypersurfaces described in Definition 2.1 are also called, in the current literature,
the generalized linear Weingarten hypersurfaces (see [2, 3, 14, 15, 23]). Furthermore, when r = s €
{0,...,n — 1} in our definition, then the hypersurface v : " 9 S"*1 has constant (r + 1)-th mean
curvature H,, 1. In particular, whenr = s =0, z : X" 3 S™*+ has constant mean curvature H and, in
turn, if r = s = 1 then x : X" & S"*L is a hypersurface with constant second mean curvature Ha, or with
constant normalized scalar curvature R in view of (2.4).

Example 2.1. Here we provide some examples of hypersurfaces in S*+! that meet our Definition 2.1.

(a) Let E™ be a geodesic sphere of S"*! and let « : E"* 9+ S"*! be its inclusion application. In

other words, ((E™) is isometric to an n-dimensional (totally umbilical) Euclidian sphere whose
principal curvatures are all equal to a certain nonzero constant \. From (2.3) we get immediately
that the higher order mean curvatures of v : E" & S™ are given by H; = N, j € {0,...,n}, and,
hence, all of them satisfy (2.10) for any real numbers a.., ..., as (at least one of them nonzero).
Therefore, for any entire numbers r and s satisfying the inequalities 0 < r < s < n — 1, all the
geodesic spheres in S"*1 are (r, s)-Linear Weingarten hypersurfaces.

Let T} 72 = ™ (p1) x §™(p2) & S" ! be a n-dimensional Clifford torus immersed into ",
with n1,ne € N satisfying n = ny + ng and p1, p2 € (0,400) such that p% + p% = 1. We have
that the shape operator A : X (']Tgl{’gj) — X (Tﬁl{ﬁf) of Tjrp2 & S*+L with respect to the
Gauss map

. ni,ng n
N Tﬂhpz - S

(,q) = N(»q)

is given by
L2y, 0
a=| m ,
o 2.
P2
where I,, : X(S™ (p1)) — X(S™ (p1)) and I,,, : X(S™2(p2)) — X(S"2(p2)) denote the identity
operators. Thus, the principal curvatures K1, ..., kn of T 11202 & S"*+1 are such that
P1 P1
M= =Ap, =5 A1 == Ay = —=.
! bop2 i P2
Hence, for j € {0,...,n}, we have that j-th elementary symmetric function S; and the j-th mean
curvature Hj of T\'0> &~ S*+1 are given by
_ n " k j—k
s 2 e ()6 () (G
0<k<j J = P1 P2
and

Hj = (]}L) O;Kj(—l)j—k (7;1> <]n2k) <Zj)k (Z;)j_k |

respectively. Since all higher order mean curvatures of T >} & S*+1 are constant, the condi-
tion (2.10) is satisfied for any real numbers a.., ..., as (at least one of them nonzero). Therefore,
for any entire numbers r and s satisfying 0 < r < s < n — 1, the Clifford hypersurfaces in
A S™*1 are (r, s)-linear Weingarten hypersurfaces.

If x : ¥ 9 S"! s an isoparametric hypersurface, namely, when its principal curvatures
A1, ..., A\p are constant, we obtain without difficulties from (2.3) and (2.10) that x : ¥" 9» S"*1
is a (r, s)-linear Weingarten hypersurface for all entire numbers r and s satisfying the inequalities

0<r<s<n-1



290 Lazaro, M.- Selecciones Mateméticas. 2023; Vol. 10(2): 285-298

3. (r, s)-linear Weingarten hypersurfaces as minimum points of a functional. Letz : ¥ ¢ S*+!
be a closed (that is, compact without boundary) hypersurface immersed into S™*! and let N be its Gauss
map.

Following the ideas of [9], we define a variation of x : ¥™ — S™*! as being the smooth mapping

X:(—ee)x ¥t — Stil
tp) = X(tp),

where € > 0, satisfying:
(i) forallt € (—¢, €), the map

X,: ¥ — Sntl
p = Xi(p) = X(t,p)

@3.1)

is a Riemannian immersion,;
In all that follows, d>; denotes the volume element of X" with respect to the metric induced by X;.
In this configuration, the variational field associated to X : (—e, €) x X" — S™*1 is the smooth vector
field

0X
K=
ot li=o’

and we say that the variation X is normal if K is parallel to N. Moreover, following [8], we define the r-th
area functional

A (—¢€¢) — R
Co A = [ FSI S0, Si0) dE
where S,.(t) = S,.(t,-) is the r-th elementary symmetric function of ¥" via the immersion (3.1) and F. is
recursively defined by setting Fy = 1, F; = S1(¢) and, for2 <r <mn —1,

(n—r+1)

F,_».
r—1 T2

We remark that when » = 0, the functional Ay is the classical area functional.
In order to relate (7, s)-linear Weingarten hypersurfaces of S**1 with the critical points of a variational

problem, according to [23, Section 3], we consider the functional

B.s: (—e€) — R

’ (3.2)
t = Brs(t) = apAn(t) + -+ asAg(t),
where r and s are entire numbers satisfying the inequalities 0 < r < s <n—1, a,, ..., a, are nonnegative
real numbers (with at least one non zero) and \A; is the j-th area functional, j € {r,...,s}. Itis also
necessary to consider the set
Q(E"):{feCOO(E") : / de:O} 3.3)

of all smooth functions defined on X" that admit an integral mean equal to zero. So, according to [9,
Lemma 2.2] and [23, Proposition 3.6], every smooth function f € G(X™) induces a normal variation
X : (—€,€) x 2" — S"*Hl of z : £ & S"F1 with variational normal field %X |;_o = fN, and with first
variation

d

6f an = %

Brs 1)

t=0

of the functional B, ; given by

5By =— /n { Y asbiHyi jfas, (3.4)

j=r



Lazaro, M.- Selecciones Matematicas. 2023; Vol. 10(2): 285-298 291

where H; is the j-th mean curvature of z : X" ¢+ S"*! with respect to N and b; = (j + 1) (jil), for any
jed{r,....s}

As a consequence of (3.4), any (r, s)-linear Weingarten closed hypersurface z : X" 9 S"*! with
higher order mean curvatures H, 1, ..., Hq4 satisfying the condition

a:bpHyyq + -+ asbsHgp1 = constant

is a critical point of B, ; restricted to functions f € G(X"). Geometrically, this condition means that
the variations under consideration preserve a certain volume function (for more details, see [23, Section
3]). At the moment, we observed that geodesic spheres, Clifford hypersurfaces and closed isoparametric
hypersurfaces of S**1 (all of which are described in Example 2.1) are critical points for the functional 3, .

For these critical points, [23, Proposition 3.9] asserts that the stability of the corresponding variational
problem of minimizing the functional B, s for all variations that preserve the volume is given by the second
variation

2
5f Bys = % B, s(t)

t=0

== /n {Er,s(f) + Z(] + 1)aj{tr(Pj) + tr(AQP])}f}de (35)

of B, s, where L, ; is the second order linear differential operator on " given by

Log: C®(Z) = C®(=M)
i 3.6
P L) = G+ L), G0

j=r

called the Jacobi operator associated with B, 5. Here, A is the shape operator of z : " ¢+ S"T1, P; is the
j-th Newton transformation of x : " & S"*!, given in (2.5), and L; is the differential operator on X"
defined in (2.9). This will motivate us to establish the following notion of stability.

Definition 3.1. Let r and s be entire numbers satisfying the inequalities 0 < r < s < n — 2, and let
x : X" & S be a (r, s)-linear Weingarten closed hypersurface whose higher order mean curvatures
H,yy,..., Hey satisfying the linear relation

arbyHyyq1 + -+ asbsHg 1 = constant,

for some nonnegative real numbers a,, ..., as (with at least one non zero), where b; = (n — j) (’;) for

j € {r,...,s}. Inaddition, we assume that s > r when r = 0. We say that x : ¥" & S"*! is strongly
stable iféf B.s >0, forall f € C>(X™), where B, s the functional defined in (3.2).

Remark 3.1. In this previous definition, the restriction s > r when r = 0 is due to the fact that there do
not exist strongly stable constant mean curvature closed hypersurfaces immersed into S" (cf. [1, Section
2]).

For entire numbers r and s satisfying the inequalities 0 < r < s < n — 2, with the restriction s > r if
r = 0, fron [23, Proposition 4.1] it is possible to obtain that the geodesic spheres of S"*! are stable (r, s)-
linear Weingarten hypersurface, that is, they are closed (7, s)-linear Weingarten hypersurfaces of S*** that
satisfy condition § f2 B.s > 0forall f € G(X™), where G(X™) is the set given in (3.3). We note that the
proof of this result can be used to affirm that the geodesic spheres of S™*! are also strongly stable. Here,
for completeness of content, we present a proof.

Proposition 3.1. Let r and s be entire numbers satisfying the inequalities 0 < r < s < n — 2.
We assume that s > r when r = 0. Then, the geodesic spheres of S**! are strongly stable (r, s)-linear
Weingarten closed hypersurfaces.

Proof: Let E" be a geodesic sphere in S"*! and let + : E® 9+ S"*! be its inclusion application into
RP". Asitem (a) of Example 2.1, we can conclude that ¢ : E™ & S"*! is a (r, s)-linear Weingarten closed

two-side hypersurface with higher order mean curvatures H,, 1, ..., Hs 1 satisfying the linear condition
arbpHyyq1 + -+ - + asbsHgp 1 = constant, for some nonnegative real numbers a.., . .., as (with at least
one non zero), where b; = (n — j) (;‘) for j € {r,..., s}, because we can always choose the Gauss map

N :E" — S" of ¢ : E® & S"*1 in such a way that the principal curvatures of ¢ : E* 9» S"*! are all equal
to a certain positive constant A, which in turn implies from (2.3) that its j-th mean curvature is given by

H; = N. (3.7)

Moreover, from (2.2) and (2.6) we also have

. —1 .
sj@w, SAA»(” j )AJ- -8
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Soifeq, ..., e, are principal directions of E”, from (2.7), (2.9) and (3.8) we get

n

L) = Yo titess lepes) = (") e pleae = (M)A,

i=1 i=1
forall f € C°°(E") and any j € {0,1,...,n}. Next, from (3.6),
s s 1 _
Lol = 30+ Vet (1) = 30+ Ve (" ) wai), 69)

Jj=r Jj=r

for all f € C*°(E™). Consequently, if dv denotes the volume element of ¢ : E* & RP", from (2.8), (3.5),
(3.7) and (3.9) we obtain

0By = —> (+ 1)aj/ {(”; 1))\jAf—|—ijjf+ (3.10)
j=r En

b.
+ (nj _i [ HHj+1 — bj+1Hj+2> f} fdv

Fem (5 s ()or-

NIRRT o

. n—1 -
> G+ 1)( , >ajAJ / [—fAf —n(1+A2)f?} dv,
— J En
j=r
forall f € C>(E").
Now, let 77; be the first eigenvalue of the Laplacian A of ¢ : E® &+ RIP", which admits the following
min-max characterization (cf. [11])

—/anfdv

/nf2dv

Since a; are nonnegative real numbers a and \ is a positive real number, from (3.10) and (3.11) we get

628 >3 (i +1) (n ; 1) am/ L —n(1+ 22) 2} do,
ETL

j=r

D fEC™E) ,f#0 . @3.11)

71 = min

for all f € C°°(E™). But, since ¢(E™) is isometric to an n-dimensional Euclidian sphere with constant
sectional curvature equal to A\? + 1, we have that ; = n(\? + 1). Hence, for every f € C*°(E") we get

. n—1 i
5J%BT)SZZ(j+1)( i )aj)\J/]E {m —n(1+X*)f*}dv=0.
j=r "
Therefore, according to Definition 3.1, ¢ : E™ & RP™ must be strongly stable. ]

4. Main results. In order to obtain our main concerning strongly stable (r, s)-linear Weingarten hy-
persurfaces immersed in S"*1, we need to describe a warped product that models a certain region of S"*+1.

Let P be the north pole of S*T1 and S™ be the equator orthogonal to P. From [19, Example 2], the
open region

Qntl.= s\ (P, -P} 4.1)
is isometric to the Riemannian warped product
(0,7) Xginr S, 7€ (0,7). 4.2)

At the moment, making P = (0,...,0,1) € S**! and identifying the point ¢ = (q1,...,qns+1) € S™
with ¢ = (q1,...,qn11,0) € S**1, we have that the correspondence

U1 (0,7) X ginr S® — QnFlcgrtl

(1,9) — U(r,q) = (sin7)qg+ (cosT)P,
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defines an isometry between (4.2) and (4.1). We denote by
®: Q" S (0,7) X ginr S”, 4.3)

as being the inverse of W.
If d72 and do? denote the metrics of (0,7) and S™, respectively, then

(,)=(m)" (dTQ) + (sin7)?(mgn)* (d02) ,

is the tensor metric of the Riemannian warped product (4.2), where 7y and 7s» denote the projections onto
the (0, 7) and S™, respectively. In this context, the vector field

(sinT) % € X((0,7) X ginr S™)

is a conformal and closed one (in the sense that its dual 1-form is closed), with conformal factor cos 7.
Moreover, from [19, Proposition 1], for each 79 € (0, ), the slice {79} x S™ of the foliation

(0,7) 37190 — {10} xS"

is a n-dimensional geodesic sphere of S"*1, parallel to the equator S™, with shape operator (see (2.1)) A,
given by

A o X{mo}xS") = X({m} xS")

~ 4.4
Y e AY) = Ty (o) = ) 44

Y
(siny)

with respect to the orientation given by —6%. Thus, from (2.2), (2.3) and (4.4), we get for r € {0,...,n}
that the r-th elementary symmetric function S, and the r-th mean curvature 7, of each slice {7o} x S™ &
Qntl c S*tare

S, = <7:> (cot )" and H, = (cotm)", 4.5)

respectively.

Remark 4.1.

(a) From (4.5) we get that S, and H, are constant on each slice {o} x S* & Qn+l c St
10 € (0,7). All of these slides correspond to the geodesic spheres of S*™! described in item
(a) of Example 2.1, that, according to Proposition 3.1, we already know that they are strongly
stable (r, s)-linear Weingarten closed hypersurfaces for any entire numbers v and s satisfying
0<r<s<n-—2 withs>rwhenr =N0.

(b) Inthe warped product (0,7) X sinS", when 1o € (0, T, from (4.5) we can observe that the higher
order mean curvatures H; = (coso/sintg)?, j € {0,...,n}, of a slice {To} x S" ¢ Q"+ C
S" L verify the inequalities

2 Hjp 2 Hj 2 Hjia > 2 He 2 Hy 2 1

Then, for any nonnegative real numbers a.., . .., as (with at least one non zero) we have that the
slices {1} x S™ & Q" C S™*L, with 7o € (0, Z], are strongly stable (r, s)-linear Weingarten
closed hypersurfaces that satisfy the condition

S

> G+ DagbiHip > > (j+ DagbH; >0,

j=r j=r

where b; = (n — ])(’;) forje{r,... s}

According to item (b) of Remark 4.1, we can see that the slice {5} x S" 4 Q"*! C §"*! divides the
open region Q"1 C S"*1 into two connected components, which motivates us to establish the following
notions of regions of S"*!, notions that will make it possible to write the statements of the main results in
a clearer way.

Definition 4.1. Fixed 79 € (0, ), the region

(b_l ((0»7—0) X sin T Sn) = {q S Sn+1 : (P(Q) S (077—0) X sin T Sn}»
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of St that corresponds to
(0,70) Xsinr S™ C (0,7) X ginr S",
will be called of upper domain enclosed by the geodesic sphere of Q"1 of level 7. Similarly, the region
1 ((70,7) X sinr S*) = {qg €S : B(q) € (10,7) X sin- S},
of St that corresponds to
(10, 7) Xsinr S” C (0,7) X gin+ S"
will be called of lower domain enclosed by the geodesic sphere of Q"+ of level 7. In turn, the regions
O ((0,70] Xginr S") ={qeS"™ : ®(q) € (0,70] X gins S"}
and
O ([10,7) Xgins S") ={q€S"™ : ®(q) € [10,7) X ginr "},
of S**1 that corresponds to
(0,70] X sins S™ C (0,7) X ginr S"
and
[T0,7) X sins S™ C (0,7) X ginr+ S”,

respectively, will be called of closure of the upper domain and closure of the lower domain enclosed by the
geodesic sphere of Q"+ of level 7, where ® is the isometry given in (4.3).

Following the ideas established in [4], we will consider that hypersurfaces = : ¥" 9 Q"1 c S*t+l
whose Gauss map [V satisfies

0

y o <0)
8T>¢umn

~1< (8.(N(@)

for all ¢ € X". In this setting, for such a hypersurface z : X" 9» Q"1 C §"*! we define the normal angle
0 as being the smooth function

— 6(g) ( <®(N())£i> ) o
= arccos | —( P, , .
q q D097/ s
Thus, on X" the normal angle 6 verifies
0
3 = — _ < . .
0 < cosf <<I>*(N),8T> <1 “4.7)

Moreover, since the orientation of the slice {7} x S™ is given by — 6%, the normal angle 6 of {7y} x S™
is such that cos 8 = 1.

We need the following result, which gives us an expression of Jacobi operator £, ; acting in an appro-
priate support function associated with a (r, s)-linear Weingarten hypersurface in unit Euclidean sphere.

Proposition 4.1. Let r and s be entire numbers satisfying the inequalities 0 < r < s < n — 2, and let
x: X" 9 QL © S" be a (r, s)-linear Weingarten hypersurface whose higher order mean curvatures
H,y1,...,Hgyq satisfying the relation a,b, Hy11 + -+ - + asbsHsy1 = constant, for some nonnegative
real numbers a, . .., as (with at least one non zero), where b; = (n — j) (?) forje{r,...;s} If

&: ¥ - R
(4.8)
qg — &(q) = —sinTcosb(q),

where 0 is the normal angle of © : " & Q"™*! defined in (4.6), then the Jacobi operator L, s defined
in (3.6) acting on £ is given by

S

Lrs(&)=— Z(J + 1)aj{tr(A2Pj)§ +bjHjq COST},

J=r
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where A and P; are the shape operator and the j-th Newton transformation of x : ¥™ & S" V1, respectively.
Here, for simplicity, we are adopting the notations H; 1 = H; 1 ox to® Lforallj e {r,..., s}, where
D is the isometry described in (4.3).

Proof: In fact, from [10, Theorem 2] we obtain

Li(§) = —tr(A?P))¢ —bjH;& —b;H; ®.(N)(cosT) — bjHj41cosT 4.9)
0 b; ,
— <87" V(ﬁHﬂ_l) > sin T,
forall j € {0,...,n — 2}. By noting that

VecosT = <§COST, £>§T = (COST)/% = *SiIlhT%,
from (4.6) we have that
= . 0 .
O, (N)(cosT) = (VcosT, D, (N)) = —sm7'<a—, <I>*(N)> =sin7cosf = €. (4.10)
T
Next, when we replace (4.10) into (4.9) we obtain
2 9 b ~

L;(€) = —tr(A2P))¢ — b H; 4y cosT — 5,v(mHj+1) sin 7, @.11)

forall j € {0,...,n — 2}. Therefore, from (3.6) and (4.11) we get

S

L&) =— Z(] + 1)a; {tr(A*P;)¢ + b;jHjyq cosT} — <887_, V(ZajijjH) >sin7’.
i=r

j=r

0
|

4.1. The region of S"*! that admits a class of (r, s)-linear Weingarten hypersurfaces. Now, we
are in a position to establish the following uniqueness result for strongly stable (r, s)-linear Weingarten
hypersurfaces immersed in S"*1.

Theorem 4.1. Let r and s be entire numbers satisfying 0 < r < s < n — 2 and let a,,...,as be
nonnegative real numbers (with at least one non zero). When r = 0, assume in addition that s > r. The
only strongly stable (v, s)-linear Weingarten closed hypersurfaces immersed into the closure of the upper
domain enclosed by the geodesic sphere of Q"1 C S"H1 of level 7o = 7 /4, whose higher order mean
curvatures H,., 1, ..., Hs 1 satisfy the relation

a-bpHyyq + -+ asbsHgy1 = constant 4.12)
and such that
> G+ DajbjHypr > > (5 + Dabi Hj > 0, (4.13)
Jj=r Jj=r

are the geodesic spheres, where b; = (n — j) (;’) forje{r, ... s}

Proof: Taking Remark 4.1 into account, we have that any geodesic sphere {7p} x S ¢ Q"+l C
S*+! with 5 € (0, 7] is a strongly stable (r, s)-linear Weingarten closed hypersurface that satisfy (4.12)
and (4.13).

Let x : ¥ 9» Q"1 € S"*! be a strongly stable (7, s)-linear Weingarten closed hypersurface whose
higher order mean curvatures satisfy (4.12) and (4.13). Let ® be the isometry given in (4.3). Since the
(r, s)-linear Weingarten closed hypersurface

™
n
*) X sinT S

@ox:Z"%(0,2

is strongly stable, from Definition 3.1 and (3.5) we get

0<67Brs(f) = _/p(,;(zn)) {ﬁm(f) + Z(j + 1a;{tr(P)) +tr(A2Pj)}f}fd<I>(E),
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forall f € C°°(X™), where L,  is the Jacobi operator defined in (3.6), d®(X) denotes the volume element
of ¥™ induced by ® o x and, for simplicity in notations, we identify H;q with H;41 o 2~ o ®~! for
any j € {r,...,s}. In particular, considering f to be the function { = —sin7cosf € C*°(X") defined
in (4.8), from Proposition 4.1 and (2.8) we obtain

0 < [b(rc(i]")){ —I-Zj—i—lajtr( P§+]z;j+1ajtz(H)€}§ B(%)
B _/I>(gc(2")) { Z(J +1)a;bjHji1cosT + Z j+1)a;bjH, g}gg@( )

j =r
S S

- [D( - { > G+ Dagb;HjprcosT — > (j+ 1)agb;H; 5}50@(2)

j=r j=r

= / {Z(j+1)ajijj+1(—COST)
o(x(3m))

+ Z(] + 1)ajb;H;(—sinT) cos 0} sin T cos 0dP(X)

j=r
s

/ { Z(] + D)a;bjHji1 + Z a;b;H; cos@} cos 7 sin 7 cos dP (L),
(z(2m))

j=r =

IN

where we use that cos 7 > — sin 7 on n(0, 7/2). Hence, from (4.13),

S

/ { Z(J + 1)abjHjy + Z j+1)a;b;H; cos@} cos 7 sin 7 cos dP (%)
o (z(Xn))

_] =T

o
IN

IA

[D(z(zn)) ( — 1+ cos 9) (zs:(] + 1)ajijj> cos 7 sin 7 cos dP(X).

j=r

Since the normal angle 6 is such that 0 < cosf < 1 (see (4.7)), Z;:T(j + 1)ajb; H; > 0 (see (4.13))
and the functions cos 7 and sin 7 are strictly positive on (0, 7/2), we get

0= /( (=) ( — 1+ cos 0) (;(] + 1)ajijj) cos T sin 7 cos 0d®(X) < 0.

Thus, cos@ = 1 on X" and, consequently, there exists 7o € (0,7/2) such that ®(x(2")) = {70} X
S™. But, since the inequalitie given in (4.13) are valid on X", we must restrict the values of 7y to the
interval (0, 7r/4] (see Remark 4.1). Therefore, we can conclude that 2(3™) is isometric to a geodesic sphere
contained in the closure of the upper domain enclosed by the geodesic sphere of Q! C S™*! of level
T0 = /4. O

Regarding the complement of the set where hypersurfaces are considered in Theorem 4.1, we can
establish the following nonexistence result.

Theorem 4.2. Let r and s be entire numbers satisfying the inequalities 0 < r < s < n — 2. When
r = 0, assume in addition that s > r. There do not exist strongly stable (r, s)-linear Weingarten closed
hypersurfaces immersed into the lower domain enclosed by the geodesic sphere of Q"1 C S"1 of level
To = /4 whose higher order mean curvatures H,1, ..., Hs 1 satisfy the relation

apbyHypyq + -+ asbsHs11 = constant

and such that
S0+ 1ajbiHj >Z]+1 a;bH; >0,

]:T j =T

where a,., ... ,as are some nonnegative real numbers (with at least one non zero) and b; = (j + 1)( +1)
forj e {r,...,s}.

Proof: By contradiction, let us suppose the existence of such a hypersurface z : X" 9» Qn+1 ¢ S*+!
immersed into into the lower domain enclosed by the geodesic sphere of Q"1 C S**+! of level 79 = 7/4.
Taking into account the arguments used at the end of the proof of Theorem 4.1, we get that x(X") is
isometric to a geodesic sphere contained in the closure of the upper domain enclosed by the geodesic
sphere of Q" +1 C S"*1 of level 79 = 7/4, which is absurd. O
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4.2. Some particular cases. In this last subsection we analyze the main results, given in Section 4,
for the case of some specific curvatures (extrinsic or intrinsic) associated with a hypersurface immersed into
Sntt,

For starters, knowing that the (0, 1)-linear Weingarten hypersurfaces are recorded in the literature as
the classical linear Weingarten hypersurfaces (see Remark 2.1), from Theorem 4.2 we have the following
uniqueness result.

Corollary 4.1. The only strongly stable linear Weingarten closed hypersurfaces immersed into the
closure of the upper domain enclosed by the geodesic sphere of Q"1 C S+ of level 79 = 7/4, whose
mean curvature H and normalized scalar curvature R satisfy the relation

nagH + n(n — 1)a; (R — 1) = constant

and such that R — 1 > H > 1, are the geodesic spheres, for some nonnegative real number ag and some
positive real number a;.

Proof: Initially, from (2.4) we get Ho = R — 1. Now, observing that from conditions Hy > H > 1,
ag > 0 and a; > 0 we obtain the inequality nao(H — 1) 4+ 2n(n — 1)ay (Hy — H) > 0, or even

nagH + 2n(n — 1)a; Hy > nag + 2n(n — 1)a; H > 0,

the result immediately follows from Theorem 4.1 making » = 0 and s = 1. ]
Thinking similarly as in the proof of Corollary 4.1, from Theorem 4.2 we have the following nonexis-
tent result.
Corollary 4.2. There do not exist strongly stable linear Weingarten closed hypersurfaces immersed
into the lower domain enclosed by the geodesic sphere of Q"1 C S"H1 of level Ty = /4, whose mean
curvature H and normalized scalar curvature R satisfy the relation

nagH + n(n — 1)a; (R — 1) = constant

and such that R — 1 > H > 1, for some nonnegative real number ay and some positive real number a;.

On the other hand, according to one of the established statements of Remark 2.1, when we consider
r=sé€{l,...,n—2} we have that a (r, 7)-linear Weingarten hypersurface immersed into S”** becomes a
hypersurface with constant (r+1)-th mean curvature H,.1 1. In this case, from Theorem 4.2 and Theorem 4.1
we have recovered [22, Theorem 1] and [22, Theorem 2], respectively.

Corollary 4.3. The only strongly stable closed hypersurfaces immersed into the closure of the upper
domain enclosed by the geodesic sphere of Q"+t C St of level 79 = /4, with constant (r + 1)-th
mean curvature H, .1, for r € {1,...,n — 2}, and such that H,1 > H, > 0, are the geodesic spheres.
In particular, the only strongly stable closed hypersurfaces immersed into the closure of the upper domain
enclosed by the geodesic sphere of Q™1 C St of level 7o = /4, with constant normalized scalar
curvature R and mean curvature H satisfying the condition R — 1 > H > 0, are the geodesic spheres.

Corollary 4.4. There do not exist strongly stable closed hypersurfaces immersed into the lower domain
enclosed by the geodesic sphere of Q"1 C S"*1 of level 79 = /4, with constant (r + 1)-th mean
curvature Hy.q, forr € {1,...,n — 2}, and such that H,1 > H, > 0. In particular, there do not exist
strongly stable closed hypersurfaces immersed into the lower domain enclosed by the geodesic sphere of
QL c S"* of level 7o = 7 /4, with constant normalized scalar curvature R and mean curvature H
satisfying the condition R —1 > H > 0.
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