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Abstract
In this paper, we present a method for obtaining solutions to the Calapso and Zoomeron equations using
Ribaucour transformations. We provide explicit formulas for the solutions of these equations. By applying
this method to the generalized cylinder, we provide new solutions of these equations, which are determined
by a free function and by two other functions, each one defined in a given variable. As a consequence, we
provide new solutions for the Davey-Stewartson III equation.

Keywords . Isothermic surfaces, Ribaucour transformations, Calapso equation, Zoomeron equation, Davey-
Stewartson III equation.

Resumen
En este artı́culo, presentamos un método para obtener soluciones para las ecuaciones de Calapso y Zoo-
meron utilizando transformaciones de Ribaucour. Proporcionamos fórmulas explı́citas para las soluciones
de estas ecuaciones. Aplicando este método al cilindro generalizado, proporcionamos nuevas soluciones
de estas ecuaciones, que están determinadas por una función libre y por otras dos funciones, cada una
definida en una variable dada. Como consecuencia, ofrecemos nuevas soluciones para la ecuación de
Davey-Stewartson III.

Palabras clave. Superficies isotérmicas, transformaciones de Ribaucour, ecuación de Calapso, ecuación de Zoo-
meron, ecuación de Davey-Stewartson III.

1. Introduction. The Ribaucour transformations for hypersurfaces parametrized by lines of curvature
were classically studied by Bianchi [1]. They can be applied to obtain surfaces of constant Gaussian curva-
ture and surfaces of constant mean curvature, from a given surface, with constant Gaussian curvature and
constant mean curvature, respectively. The first application of this method to minimal and cmc surfaces in
R3 was obtained by Corro, Ferreira, and Tenenblat in [5]-[6]. For more applications of this method, see
[4]-[7], [13], [17], [15] and [18].

A regular surfaceM is isothermic if, locally, near to each non umbilical point of M, it admits isothermic
parameters, whose coordinate curves are curvature lines. Particular classes of isothermic surfaces are the
constant mean curvature surfaces, quadrics surfaces, and surfaces whose lines of curvature have constant
geodesic curvature, in particular, the cyclides of Dupin. Isothermic surfaces are preserved by isometries,
dilations and inversions. The classification of isothermic surfaces is an open problem.
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Partial differential equations arise naturally in problems of mathematical physics, physics, engineering
and geometry. For instance, they are foundational in the modern scientific understanding of sound, heat,
diffusion, electrostatics, electrodynamics, fluid dynamics, elasticity, general relativity, and quantum me-
chanics. They also arise from many purely mathematical considerations, such as differential geometry and
the calculus of variations; among other notable applications, they are the fundamental tool in the proof of
the Poincaré conjecture from geometric topology.

In [2], the author establishes an equation with fourth order partial derivatives from which the problem of
obtaining isothermic surfaces apparently becomes much simpler. Such equation ( called Calapso equation
) defined in [2] given by

∆

(
ϕ,12
ϕ

)
+
(
ϕ2

)
,12 = 0,

describes isothermic surfaces in R3, where ϕ,12 denotes the derivative of ϕ with respect to u1 and u2. The
Calapso equation is very difficult to solve and is strongly connected to the Painleve ODEs, some authors
have found solutions of this equation associated with constant mean curvature surfaces.

It is noted that the transition u2 → iu2 takes the Calapso equation to the Zoomeron equation

∆−1

(
ϕ,12
ϕ

)
+
(
ϕ2

)
,12 = 0,

where ∆−1 =
∂2

∂u21
− ∂2

∂u22
. Another equation that also very difficult to solve. The solitons of this equation

are referred to as Zoomerons, where they possess the properties of Trappon solitons because they are like
particles trapped in a potential well, changing direction indefinitely.

In [12], the authors introduced the Davey-Stewartson (DS) equation. This equation describe the evolu-
tion of a three-dimensional wave-packet on water of finite depth in the fluid dynamics.

In [16] (pag. 196), the authors shows that for each ϕ(u1, u2) solution of the Zoomeron equation,
associates a two-parameter family of the solutions u(u1, u2, t) given by

u = ei(νu1+µu2+µνt)ϕ(u1 + µt, u2 + νt), ρ =
|u|,u1u2

u
,

to the Davey-Stewartson III equation

iut = uu1u2
− ρu, ∆ϵρ+

(
|u|2

)
u1u2

= 0.

Recently, a study on the fully PT-symmetric nonlocal Davey-Stewartson III equation was reported in
[14] and in [3], the authors investigated the reverse-time nonlocal of this equation.

In [8], the authors introduce the class of radial inverse mean curvature surfaces ( RIMC - surfaces
), which are isothermic surfaces. In addition, they show that for each isothermic surface there is another
solution to the Calapso equation which depends on the metric and on the skew curvature of the surface.
This solution is different from the one presented in [2].

In [9], the authors used Ribaucour transformations to obtain new isothermic surfaces in R3 from the
cylinder. Moreover, the authors obtained new solutions to the Calapso and Zoomeron equation. In [10], the
same authors obtained new isothermic surfaces in S3, as well as new solutions for the Calapso, Zoomeron,
and Davey-Stewartson III equations.

In [11], the authors defined the Pseudo-Calapso equation, where, in particular, we have the Calapso
and Zoomeron equations. Additionally, the authors provided solutions for the Calapso, Zoomeron, and
Davey-Stewartson III equations.

In this paper, motivated by [9] and [10] we use the Ribaucour transformations to obtain solutions of the
Calapso, Zoomeron and Davey-Stewartson III equations. Such solutions are determined by a free function
and by two other functions, each one defined in a given variable. For each choice of the free function,
we obtain new solutions for the Calapso, Zoomeron and Davey-Stewartson III equations globally defined
or defined in some interval of the real line. This work is organized as follows.In Section 1, we provide a
brief description of Ribaucour transformations and highlight three equations that are notoriously difficult
to solve. In Section 2, we study Ribaucour transformations for isothermic surfaces and we provide explicit
formulas for solutions of the Calapso, Zoomeron and Davey-Stewartson III equations. In Section 3, by
applying the theory to the generalized cylinder, we provide new solutions of these three equations that
depend on a free function. We also provide explicit examples of such solutions.



Corro A, Ferro ML.- Selecciones Matemáticas. 2023; Vol. 10(2): 299-309 301

2. Preliminary. In this section, we first recall the theory of Ribaucour transformation for surfaces (
see [1] and [4] for more details ). Subsequently, we introduce the well-known Calapso equation and the
results obtained in [2] and [8], which provide solutions to this equation. Following that, we also introduce
the well-known Zoomeron and Davey-Stewartson III equations.

Let M be an orientable surface of R3 without umbilic points, whose Gauss map we denote by N . We
say that M̃ is associated to M by a Ribaucour transformation, if and only if, there exists a differentiable
distance function h, defined on M and a diffeomorphism ψ :M → M̃

(a) for all p ∈M , p+ h(p)N(p) = ψ(p) + h(p)Ñ(ψ(p)), where Ñ is the Gauss map of M̃ .
(b) The subset p+ h(p)N(p), p ∈M , is a two-dimensional submanifold.
(c) ψ preserves lines of curvature.
We say that M̃ is locally associated to M by a Ribaucour transformation if, for all p̃ ∈ M̃ , there exists

a neighborhood of p̃ in M̃ which is associated by a Ribaucour transformation to an open subset of M .
We observe that, whenever the surface M is parametrized by orthogonal lines of curvature X(u1, u2)

we get that the distance function h satisfies ( see [4] )

h,12 −
1 + hλ1
1 + hλ2

Γ2
12h,2 −

1 + hλ2
1 + hλ1

Γ1
12h,1 −

(
λ2

1 + hλ2
+

λ1
1 + hλ1

)
h,1 h,2 = 0. (2.1)

For each nonvanishing function h, which is a solution of this equation, there is a differentiable function
Ω ( see Proposition 2.2 in [4]) such that, we define

Ωi =
Ω,i
ai
, ai =

√
< X,i , X,i>, 1 ≤ i ≤ 2, W =

Ω

h
,

then the nonlinear equation (2.1) becomes a system of linear differential equations as presented in the
following theorem, the proof of which can be found in [4] and [5].

Theorem 2.1. Let M be an orientable surface of R3 parametrized by X : U ⊆ R2 → M , without
umbilic points. Assume ei = X,i

ai
, 1 ≤ i ≤ 2 where ai =

√
gii are orthogonal principal directions,

−λi the corresponding principal curvatures, and N is a unit vector field normal to M . A surface M̃
is locally associated to M by a Ribaucour transformation if and only if there is differentiable functions
W,Ω,Ωi : V ⊆ U → R which satisfy

Ωi,j = Ωj
aj,i
aj

, for i ̸= j,

Ω,i = aiΩi, (2.2)
W,i = −aiΩiλi.

W (W + λiΩ) ̸= 0 and X̃ : V ⊆ U → M̃ , is a parametrization of M̃ given by

X̃ = X − 2Ω

S

( 2∑
i=1

Ωiei −WN

)
, (2.3)

where

S =

2∑
i=1

(
Ωi

)2
+W 2. (2.4)

Moreover, the normal map of X̃ is given by

Ñ = N +
2W

S

( 2∑
i=1

Ωiei −WN

)
, (2.5)

and the principal curvatures and coefficients of the first fundamental form of X̃ , are given by

λ̃i =
WTi + λiS

S − ΩTi
, g̃ii =

(
S − ΩTi

S

)2

gii (2.6)

where Ωi, Ω and W satisfy (2.2), S is given by (2.4), gii, 1 ≤ i ≤ 2 are coefficients of the first fundamental
form of X , and

T1 =
2

a1

(
Ω1,1 +

a1,2
a2

Ω2 −Wλ1a1

)
, T2 =

2

a2

(
Ω2,2 +

a2,1
a1

Ω1 −Wλ2a2

)
. (2.7)
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Definition 2.1. A surface of R3 is called isothermic if near each non umbilic point it admits isothermic
parameters, whose coordinate curves are curvature lines.

In [2], the author define the Calapso equation by(
ϕ,u1u2

w

)
,u1u1

+

(
ϕ,u1u2

w

)
,u2u2

+
(
ω2

)
,u1u2

= 0. (2.8)

Such equation describes isothermic surfaces in R3, where ϕ,12 denotes the derivative of ϕ with respect
to u1 and u2. The Calapso equation is very difficult to solve and is strongly connected to the Painleve ODEs,
some authors have found solutions of this equation associated with constant mean curvature surfaces.

The following result provides solutions of the Calapso equation. ( see [2] and [8] for a proof and more
details).

Theorem 2.2. Let X(u1, u2) be an isothermic surface with the first fundamental form given by

I = e2φ
(
du21 + du22

)
.

Then, the functions ω =
√
2eφH and Ω =

√
2eφH ′ are solutions of the Calapso equation, where H is

the mean curvature of X and H ′ is the skew curvature of M .

Remark 2.1. The transition u2 → iu2 transforms the Calapso equation (2.8) into the Zoomeron
equation, (

ω,u1u2

w

)
, u1u1

−
(
ω,u1u2

w

)
, u2u2

+
(
ω2

)
, u1u2

= 0. (2.9)

Another equation that poses significant challenges when it comes to solving. The solitons of this
equation are referred to as Zoomerons, where they possess the properties of Trappon solitons because
they are like particles trapped in a potential well, changing direction indefinitely. For further details about
Zoomeron equation, refer to the book [16].

In [16], the authors showed that for each ϕ(u1, u2) solution of the Zoomeron equation, associates a
two-parameter family of the solutions u(u1, u2, t) given by

u = ei(νu1+µu2+µνt)ϕ(u1 + µt, u2 + νt), ρ =

∣∣∣u∣∣∣ ,u1u2

u
, (2.10)

to the Davey-Stewartson III equation

iu,t = u,u1u2
− ρu, ρ, u1u1

− ρ, u2u2
+

( ∣∣∣u∣∣∣2 ),u1u2
= 0. (2.11)

This equation was introduced in [12]. It describes the evolution of a three-dimensional wave-packet on
water of finite depth in fluid dynamics.

For each solution of the Calapso equation, upon making the transition u2 → iu2, we obtain a solution
for the Zoomeron equation (2.9). We also obtain solutions for the Davey-Stewartson III equation (2.11)
given by (2.10).

Definition 2.2. Consider the flat curve parameterized by the arc length α : [0,+∞) → R3, i.e.
|α′(s)| = 1. We define the generalized cylinder in R3, X : I × R → R3 by

X(t, s) = α(s) + te3, where e3 = (0, 0, 1). (2.12)

The first fundamental form and principal curvatures of the X are given by I = ds2 + dt2 and λ1 = 0,
λ2 = −k, where k is the curvature of the curve α given by k2 =< α′′(s), α′′(s) >. Besides that, the

normal map of X is given by N =
1

k
α′′(s).

3. Ribaucour Transformation for Isothermic Surface and Solutions for the Calapso Equation.
In this section, we first establish a sufficient condition for a Ribaucour transformation to transform one
isothermic surface into another. Furthermore, we provide three new solutions for the Calapso equation,
each corresponding to an isothermic surface

Theorem 3.1. Let M be a surface of R3 parametrized by X : U ⊆ R2 → M , without umbilic points
and let M̃ be associated to M by a Ribaucour transformation, such that the normal lines intersect at a
distance function h. Assume that h = Ω

W is not constant along the lines of curvature and consider S and
Ti, 1 ≤ i ≤ 2, given by (2.4) and (2.7). In this case, we have
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(i) If T1 + T2 =
2S

Ω
or T1 − T2 = 0, then M̃ is a isothermic surface, if and only if M is isothermic

surface.

(ii) For each isothermic surface M , whose first fundamental form is given by I = e2φ
(
du21 + du22

)
, if

T1 + T2 =
2S

Ω
, then the functions

ϕ1 =
ϵ
√
2eφ

(
2W (S − ΩT1) + SΩ(λ2 − λ1)

)
2ΩS

, (3.1)

Φ1 =
−ϵ

√
2eφ

(
2W +Ω(λ2 + λ1)

)
2Ω

, (3.2)

are solutions of the Calapso equation. Moreover, if T1 − T2 = 0, then the function

ϕ2 =
ϵ
√
2eφ

(
− 2WT1 − S(λ1 + λ2)

)
2S

, (3.3)

is also a solution to the Calapso equation, where ϵ2 = 1 and −λi 1 ≤ i ≤ 2 are the principal
curvatures of the M .

Proof:
(i) Suppose that M̃ is a isothermic surface, then the coefficients of the first fundamental form of X̃

satisfy, g̃11 = g̃22. So, using (2.6), we have(
S − ΩT1

S

)2

g11 =

(
S − ΩT2

S

)2

g22, (3.4)

where gii, 1 ≤ i ≤ 2 are the coefficients of the first fundamental form of X .
If T1 + T2 = 2S

Ω , then isolating T1 and substituting in (3.4), we get g11 = g22.
On the other hand, if T1 − T2 = 0, then we have from (3.4) that g11 = g22. Therefore, M is a
isothermic surface.
Conversely, suppose thatM is a isothermic surface, then using that T1 + T2 =

2S

Ω
or T1−T2 = 0,

immediately from (2.6), we obtain that M̃ is a isothermic surface.
(ii) For each isothermic surface M , whose first fundamental form is given by I = e2φ

(
du21 + du22

)
,

let M̃ be the isothermic surface associated to M by a Ribaucour transformation.

If T1 + T2 =
2S

Ω
, then using (2.6) we have that the first fundamental form of X̃ is given by Ĩ =

ψ2
(
du21 + du22

)
, where ψ =

|S − ΩT2|eφ

S
. Additionally, isolating T1, we have

T1 =
2S − ΩT2

Ω
. (3.5)

Using (2.6), we obtain that the mean and skew curvatures of X̃ are given by

H̃ =
1

2Ω(S − ΩT2)

(
2W (S − ΩT2) + SΩ(λ2 − λ1)

)
,

H̃ ′ =
S

2Ω(S − ΩT2)

(
2W +Ω(λ2 + λ1)

)
. (3.6)

Therefore, by Theorem 2.2, the functions given by (3.1) and (3.2) are solutions of the Calapso
equation.
Proceeding in a similar way, if T1 − T2 = 0, then using using (2.6), we obtain that the mean and
skew curvatures of X̃ are given by

H̃ =
2WT2 + S(λ1 + λ2)

2(S − ΩT2)
,

H̃ ′ =
S(λ2 − λ1)

2(S − ΩT2)
, (3.7)

Using the Theorem 2.2, we conclude the proof.
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□
Next, we make two remarks that will be useful in the subsequent section.
Remark 3.1. Let X : U ⊆ R2 → M be a parameterization for the isothermic surface M . Thus, the

first fundamental form of X is given by I = e2φ
(
du21 + du22

)
. Therefore, the additional relations given by

T1 + T2 =
2S

Ω
and T1 − T2 = 0 are, respectively, equivalent to

∆Ω− e2φ(λ1 + λ2)W =
Se2φ

Ω
(3.8)

Ω,11 −Ω,22 −2φ,1 Ω,1 +2φ,2 Ω,2 −e2φ(λ1 − λ2)W = 0 (3.9)

In fact, under these conditions using (2.2), Ti 1 ≤ i ≤ 2 given by (2.7), can be rewritten as

T1 =
2

e2φ

(
Ω,11 −φ,1 Ω,1 +φ,2 Ω,2 −Wλ1e

2φ

)
,

T2 =
2

e2φ

(
Ω,22 −φ,2 Ω,2 +φ,1 Ω,1 −Wλ2e

2φ

)
. (3.10)

Therefore, T1 + T2 = 2
e2φ

(
∆Ω − e2φW (λ1 + λ2)

)
and the additional relation T1 + T2 = 2S

Ω is
equivalent to (3.8). Finally, by substituting (3.10) in T1 − T2 = 0, we obtain (3.9).

Remark 3.2. Let X be as in the previous remark. Then, the parameterization X̃ of M̃ , locally associ-
ated to X by a Ribaucour transformation, given by (2.3), is defined on

V = {(u1, u2) ∈ U ; ΩT2 − S ̸= 0}.

4. Solution of the Calapso, Zoomeron and Davey-Stewartson III Equations. In the section, by
applying the Theorem 3.1 tho the generalized cylinder, we provide new explicit solutions of the Calapso,
Zoomeron and Davey-Stewartson III Equations (2.8), (2.9) and (2.11).

Theorem 4.1. For all function f2 = f2(u2) and constants c ̸= 0, A1 > 0, b ∈ R, such that f ′2 ̸= 0 and
c2A2

1 − (cf2 − b)2 − c(f ′2)
2

c
> 0, the functions

ϕ(u1, u2) =
ϵ
√
2
[
2cf ′2g2 + g′2

(
2b+ c(f1 − f2)

)]
2f ′2(2b+ c(f1 − f2)

) , (4.1)

Φ(u1, u2) =
ϵ
√
2
(
2g2f

′
2 − g′2(f1 + f2)

)
2f ′2(f1 + f2)

, (4.2)

are solutions of the Calapso equation (2.8), where ϵ2 = 1 and the functions f1 and g2 are given by

f1 =

 A1 cosh(
√
c u1)− b

c , if c > 0

A1 sin(
√
−c u1)− b

c , if c < 0
(4.3)

g2 = ϵ1

√
c2A2

1 − (cf2 − b)2 − c(f ′2)
2

c
, ϵ21 = 1. (4.4)

Moreover,
(i) ϕ̃(u1, u2) = ϕ(u1, iu2) and Φ̃(u1, u2) = Φ(u1, iu2) are solutions of the Zoomeron equation (2.9).

(ii) u(u1, u2, t) = ei(νu1+µu2+µνt)ϕ̃(u1 + µt, u2 + νt), ρ =
|u|,u1u2

u
and

v(u1, u2, t) = ei(νu1+µu2+µνt)Φ̃(u1 + µt, u2 + νt), ρ =
|v|,u1u2

v
are solution for the Davey-Stewartson III equation (2.11).

Proof: Let k = k(u2) > 0 be an arbitrary smooth function. By the fundamental theorem of flat curves,
there is α : [0,+∞) → R2, a curve such that, |α′(u2)| = 1 and k = |α′′(u2)|.

Consider the generalized cylinder in R3, X : R× [0,+∞) → R3 given by

X(u1, u2) = α(u2) + u1e3, where e3 = (0, 0, 1). (4.5)
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The first fundamental form of the X is given by ds2 = du21 + du22 and the principal curvatures λ1 = 0,
λ2 = −k. Using (2.2), to obtain the Ribaucour transformations, we need to solve the following of equations

Ωi,j = 0, Ω,i = Ωi, W,i = −Ωiλi, 1 ≤ i ̸= j ≤ 2.

Since Ω,12 = 0, it follows that Ω = f1(u1) + f2(u2). Therefore Ω1 = f ′1 and Ω2 = f ′2. Moreover,
W = g2, where g′2 = kf ′2. Thus, from (2.4), S = (f ′1)

2 + (f ′2)
2 + (g2)

2.
Using (3.8), the associated surface will be isothermic when ∆Ω+ kW = S

Ω . Therefore, we obtain that
the functions f1, f2 and g2 satisfy

f ′′1 + f ′′2 + kg2 =
(f ′1)

2 + (f ′2)
2 + (g2)

2

f1 + f2
. (4.6)

Differentiating this last equation with respect to x1 and x2, we get

f ′′′1 = f ′1

(
f ′′1 − g′′2 − kg2

f1 + f2

)
, f ′′′2 +

(
kg2

)′
= −f ′2

(
f ′′1 − g′′2 − kg2

f1 + f2

)
. (4.7)

Therefore

f ′′1 − f ′′2 − kg2
f1 + f2

= c,

where c is a real constant. Thus, we have that f1, f2 and g2 satisfy

f ′′1 − cf1 = b, g′2 = kf ′2 and f ′′2 + cf2 + kg2 = b, (4.8)

where real constant c ̸= 0, because if c = 0, then X̃ is degenerate. Moreover, using (4.6) we get(
f ′1
)2 − cf21 − 2bf1 +

(
f ′2
)2

+ cf22 − 2bf2 + g22 = 0. (4.9)

Therefore, using (4.6), we have that S = (2b+c(f1−f2))(f1+f2), W = g2 and Ω = f1+f2. Hence,
substituting this function in (3.1)-(3.2) and using (3.10), we have from Theorem 3.1 that (4.1) and (4.2) are
solution of the Calapso equation. Moreover, by Theorem 2.1 the isothermic surface X̃ associated to X by
a Ribaucour transformation is given by

X̃ = X − 2

2b+ c
(
f1 − f2

)(f ′1e3 + f ′2α
′(u2)−

g2
k
α′′(u2)

)
. (4.10)

Now, if c > 0, then from (4.8) and (4.9), we get

f1 = a1 cosh(
√
c u1) + b1 sinh(

√
c u1)−

b

c
,

cg22 + (cf2 − b)2 + c
(
f ′2
)2

= c2(a21 − b21).

Hence, a21 > b21 and we obtain that f1 can be rewritten as

f1 = A1 cosh(
√
c u1 +B1)−

b

c
,

where A1 =
√
a21 − b21. The constant B1, without loss of generality, my be considered to be zero. One can

verify that the surfaces with different values of B1 are congruent by rigid motions of R3. In fact, using the
notation X̃B1

for the surface X̃ with fixed constant B1, we have

X̃B1
= X̃0 ◦ h+ T−B1√

c

,

where h(u1, u2) =
(
u1 +

B1√
c
, u2

)
and Tδ is the translation Tδ(x, y, z) = (x, y, z + δ).

With an analogous argument, if c < 0, from (4.8) and (4.9), we get

f1 = A1 sin(
√
−c u1)−

b

c
,

cg22 + (cf2 − b)2 + c
(
f ′2
)2

= c2A2
1.

Therefore, f1 and g2 are given by (4.3) and (4.4).
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Finally, using the Remark 2.1, we obtain (i) and (ii). □

Theorem 4.2. For all function f2 = f2(u2) and constants b, c1 ∈ R, such that f ′2 ̸= 0 and c1+2bf2−
(f ′2)

2 > 0, the function

ϕ =
2ϵ bg2

√
2

b2u21 + c1 + 2bf2
− ϵ g′2

√
2

2f ′2
, (4.11)

is solution of the Calapso equation (2.8), where ϵ2 = 1 and the function g2 is given by

g2 = ϵ1

√
c1 − (f ′2)

2 + 2bf2, ϵ21 = 1. (4.12)

Moreover,
(i) ϕ̃(u1, u2) = ϕ(u1, iu2) and Φ̃(u1, u2) = Φ(u1, iu2) are solutions of the Zoomeron equation (2.9).

(ii) u(u1, u2, t) = ei(νu1+µu2+µνt)ϕ̃(u1 + µt, u2 + νt), ρ =
|u|,u1u2

u
and

v(u1, u2, t) = ei(νu1+µu2+µνt)Φ̃(u1 + µt, u2 + νt), ρ =
|v|,u1u2

v
are solution for the Davey-Stewartson III equation (2.11).

Proof: Let k = k(u2) > 0 be an arbitrary smooth function. By the fundamental theorem of flat curves,
there is α : [0,+∞) → R2, a curve such that, |α′(u2)| = 1 and k = |α′′(u2)|.

Consider the generalized cylinder in R3, X : R× [0,+∞) → R3 given by

X(u1, u2) = α(u2) + u1e3, where e3 = (0, 0, 1). (4.13)

The first fundamental form of the generalized cylinder ds2 = du21 + du22 and the principal curvatures
λ1 = 0, λ2 = −k. Using (2.2), to obtain the Ribaucour transformations, we need to solve the following of
equations

Ωi,j = 0, Ω,i = Ωi, W,i = −Ωiλi, 1 ≤ i ̸= j ≤ 2.

Since Ω,12 = 0, it follows that Ω = f1(u1) + f2(u2). Therefore Ω1 = f ′1 and Ω2 = f ′2. Moreover,
W = g2, where g′2 = kf ′2. Thus, from (2.4), S = (f ′1)

2 + (f ′2)
2 + (g2)

2.
Using (3.9), the associated surface will be isothermic when Ω,11 − Ω,22 − kW = 0. Therefore, we

obtain that the functions f1, f2 and g2 satisfy

f ′′1 − f ′′2 − kg2 = 0.

From this last equation, we get

f ′′1 = f ′′2 + kg2 = b.

Therefore, as in the proof of Theorem 4.1, we obtain that f1 is given by

f1 =
bu21
2

+ a1, (4.14)

and f2 and g2 satisfy

f ′′2 + kg2 = b and g′2 = kf ′2. (4.15)

Using (4.15), we get
(
f ′2
)2

+g22−2bf2 = c1, therefore g2 is given by (4.12) and S = b2u21+c1+2bf2,

W = g2 and Ω = f2 +
bu2

1

2 + a1. Hence, substituting in (3.3), and using (3.10), by Theorem 2.2, we obtain
that (4.11) is solution of the Calapso equation. Finally, using the Remark 2.1, we conclude the proof. □

By using the Theorem 4.1 and 4.2, we get the following examples of the solutions of the Calapso,
Zoomeron and Davey-Stewartson III Equations.

Example 4.1. For all A1 >
√
2 and c > 0 we consider f2 = b

c + e−
√
c u2 , where using (4.4), we have

that g2 = ϵ1

√
c(A2

1 − 2e−2
√
c u2) is defined in (0,∞), ϵ21 = 1. By Theorem 4.1 we obtain two solutions of

the Calapso equation. Such solutions are given by

ϕ =
ϵc
√
2
[
A2

1 − e−
√
c u2(A1 cosh(

√
c u1) + e−

√
c u2

]√
c(A2

1 − 2e−2
√
c u2)

(
A1 cosh(

√
c u1 − e−

√
c u2

) , (4.16)

Φ =
ϵc
√
2
[
A2

1 + e−
√
c u2(A1 cosh(

√
c u1)− e−

√
c u2)

]√
c(A2

1 − 2e−2
√
c u2)

(
A1 cosh(

√
c u1) + e−

√
c u2

) . (4.17)
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Figure 4.1: Solutions of the Calapso equation given by Example 4.1 with b = 1, A1 = 3 and c = 4.

Example 4.2. LetA1, b and c > 0 be real constants, such that 2c21A
2
1 ≥ (b+c)2. Consider the function

f2 =

√
2c21A

2
1 − (b+ c)2

2c
sin(

√
2c u2) +

b− c

2c
, where using (4.4) we obtain that g2 = ϵ1

√
c(f2 + 1) is

defined in R, ϵ21 = 1. By Theorem 4.1 we have two solutions of the Calapso equation. Such solutions are
given by

ϕ =
ϵ
√
2c
[√

2c21A
2
1 − (b+ c)2 sin(

√
2c u2) + 2cA1 cosh(

√
c u1) + 3b+ 3c

]
2b+ 2c+ 4cA1 cosh(

√
c u1)− 2

√
2c21A

2
1 − (b+ c)2 sin(

√
2c u2)

, (4.18)

Φ =
ϵ
√
2c
[√

2c21A
2
1 − (b+ c)2 sin(

√
2c u2)− 2cA1 cosh(

√
c u1) + 3b+ 3c

]
−2b− 2c+ 4cA1 cosh(

√
c u1) + 2

√
2c21A

2
1 − (b+ c)2 sin(

√
2c u2)

. (4.19)

Note that the isothermic surface associated with this solution of the Calapso equation is a cylinder.

Figure 4.2: Solutions of the Calapso equation given by Example 4.2 with c = b = 1 and A1 = 2.

Example 4.3. Let A1, b be real constants and c < 0. Consider

f2 =
1

2c

(
−
√
8c2A2

1 + 2b2 cosh

(√
−2c

2
u2

)
+ b

)
, where using (4.4) we obtain that

g2 =
−ϵ1

√
−2c

4c

(
− 2cf2 + 3b

)
is defined in R, ϵ21 = 1. By Theorem 4.1 we have two solutions of the

Calapso equation. Such solutions are given by

ϕ =
ϵ
√
−c

[√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

)
+ 3b− 2cA1 sin(

√
−c u1)

]
2b+ 4cA1 sin(

√
−c x1) + 2

√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

) , (4.20)

Φ =
ϵ
√
−c

[√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

)
+ 3b2cA1 sin(

√
−c u1)

]
−2b+ 4cA1 sin(

√
−c x1)− 2

√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

) . (4.21)

Example 4.4. Consider the solutions of the Calapso equation (4.20) and (4.21). Then, the functions

ϕ̃ =
ϵ
√
−c

[√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

)
+ 3b− 2cA1 sin(

√
−c u1)

]
2b+ 4cA1 sin(

√
−c x1) + 2

√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

) , (4.22)

Φ̃ =
ϵ
√
−c

[√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

)
+ 3b2cA1 sin(

√
−c u1)

]
−2b+ 4cA1 sin(

√
−c x1)− 2

√
8c2A2

1 + 2b2 cosh
(√

−2c
2 u2

) , (4.23)
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are solutions of the Zoomeron equation (2.9). Moreover, the functions

u = ei(νx+µy+µνt)ϕ̃(u1 + µt, u2 + νt), ρ =
|u|,xy
u

, (4.24)

u = ei(νx+µy+µνt)Φ̃(u1 + µt, u2 + νt), ρ =
|u|,xy
u

, (4.25)

are solutions of the Davey-Stewartson III equation.

Figure 4.3: Solutions of the Zoomeron equation given by (4.22) in Example 4.4, with c = −1, b = 4 and
A1 = 3

2 . The curves presented represent the singularities of this solution.

Example 4.5. Let b, b1, and b2 be real constants and consider the function

f2 =
u2
4

(
2(b1 + b2) cos

(
ln(u2)

)
+ 2(b2 − b1) sin

(
ln(u2)

)
+ bu2 +

b1b2
b

)
+
b1b2
b
. (4.26)

We define c1 = (b2 − b1)
2, then using (4.12), we obtain that the

g2 = ϵ1

(
b2 sin

(
ln(u2)

)
+ b1 cos

(
ln(u2)

)
+
bu2
2

)
,

is defined in (0,∞), ϵ21 = 1. By Theorem 4.2 we have a solution of the Calapso equation. Such solution is
given by

ϕ =
ϵ 2

√
2 b

(
2b1 sin

(
ln(u2)

)
+ 2b2 cos

(
ln(u2)

)
+ bu2

)
2b2u21 + 2b21 + 2b22 + bu2

(
2(b1 + b2) cos

(
ln(u2)

)
+ 2(b2 − b1) sin

(
ln(u2)

)
+ bu2

) − ϵ
√
2

2u2
.

Figure 4.4: Solution of the Calapso equation given by in Example 4.5, where b1 = 3, b2 = 5 and b = 4 in
the first one and b = −4 in the second one.

5. Conclusions. From the results obtained in this work we can make the following conclusions:
For each isothermic surface, using Ribaucour Transformations, we obtain three new solutions for the
Calapso equation. For each solution of the Calapso equation, we associate a new solution for the Zoomeron
equation and subsequently a new solution for the Davey-Stewartson III equation.
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