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Abstract
In this paper, a modified Leslie-Gower type predator-prey model introducing in prey population growth
a delayed strong Allee effect is studied. The Leslie-Gower model with Allee effect has none, one or two
positive equilibrium points but the incorporation of a time delay in the growth rate destabilizes the system,
breaking the stability when the delay cross a critical point. The existence of a Hopf bifurcation is studied
in detail and the numerical simulations confirm the theoretical results showing the different scenarios. We
present biological interpretations for species prey-predator type.
Keywords . Allee effect, Leslie-Gower predator-prey model, delay parameter, stability, Hopf bifurcation.

Resumen

En este trabajo se estudia un modelo depredador-presa del tipo Leslie-Gower modificado que introduce
en el crecimiento de la poblacion de presas un fuerte efecto Allee retardado. El modelo Leslie-Gower con
efecto Allee no tiene ninguno, uno o dos puntos de equilibrio positivos, pero la incorporacion de un retardo
temporal en la tasa de crecimiento desestabiliza el sistema, rompiendo la estabilidad cuando el retardo
cruza un punto critico. Se estudia en detalle la existencia de una bifurcacion de Hopf'y las simulaciones
numéricas confirman los resultados teoricos mostrando los diferentes escenarios. Presentamos interpreta-
ciones bioldgicas para especies de tipo presa-predador.

Palabras clave. Efecto Allee, modelo depredador-presa tipo Leslie Gower, parametro de retardo, estabilidad,
bifurcacién de Hopf.

1. Introduction. The Leslie-Gower predator-prey model is characterized by the following aspects:
i) the functional response or predator consumption rate is linear [22, 28], and

ii) the equation for predator is a logistic-type growth function [22, 28].
In the last characteristic, the conventional environmental carrying capacity for predators K, is expressed
by a function of the available prey quantity [28], particularly is assumed proportional to prey abundance
x = z (t), that is, K, = K(x) = nz. Denoting by y = y (¢) the predator population size in the logistic
predator model, the quotient - is called the Leslie-Gower term. It measures the loss in the predator
population due to rarity (per capita £) of its favorite food [1]. So, the model is expressed the following
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autonomous bidimensional differential equation system of Kolmogorov type [9]

X,

W= ) w)e
t K)o
@ . (1 oy ) , , (1.1
dt nw
where = z(t) and y = y(t) represent the prey and predators population size, respectively, with p =

(r,K,q,s,n) € Ri and the parameters having different biological meanings [12]. It is well known that

Kr Krn
r+Knq’ r+Kngq

positive equilibrium point (equilibrium at the interior of the first quadrant) is globally asymptotically stable
[22, 28]. In this work, we introduce two modifications to the prey growth function in the Leslie-Gower
model considering
i) the prey is affected by the Allee effect phenomenon, and
ii) a time lag appearing in the intraspecific interaction of prey, representing a delayed prey growth
effect [13, 20].

Any mechanism leading to a positive relationship between a component of individual fitness and the
number or density of conspecifics can be named as a Allee effect [26, 27]; it describes a scenario in which
populations at low population sizes, are affected by a positive relationship between population growth rate
and density, increasing their likelihood of extinction [6, 7]; it has been denominated in different ways in
Population Dynamics [15] and depensation in Fisheries Sciences [5, 15]. The main characterization of Allee
effect is that the per capita growth rate is positive for low population sizes. This is a common phenomenon
in some animal populations and populations may exhibit Allee effect dynamics due to a wide range of
biological phenomena (Table 1 in [3] or Table 2.1 in [7]). Recent ecological research suggests that two or
more Allee effects can lead to these mechanisms acting simultaneously on a single population (Table 2 in
[3]); the combined influence of some of these phenomena is known as multiple (double) Allee effect [3].

This phenomenon has become crucial for population dynamics since in fact it has a surprising number
of ramifications towards different branches of ecology [7] and the knowledge of this effect on simple models
is essential to understand more complicated ones, specially when the weak Allee effect is considered. In this
work we employ the simplest form to express the growth rate of a population affected by the Allee effect,
which is described by the cubic polynomial differential equation [2, 17]. On the other hand, delay can be
incorporated to different aspect of the autonomous models [18, 25]. Here, we consider a single discrete
delay 7 modifying also the logistic prey growth. In the work by Celik [4] the prey growth is malthusian and
the delay effect is considered in the prey population that is available to be consumed by predators. Similarly
Nindjin et al [23] consider an alternative food for predators in a modified Leslie-Gower model, assuming
moreover, the logistic growth for prey. Meanwhile, Li and Li [14] consider the same delay affecting the
intraspecific interaction of prey and the available to be consumed by predators. In our knowledge, very little
Leslie-Gower models with delay and Allee effect have been studied [8].

Time delays are very important for ecology populations dynamics due to they use to model realistic
delay in predator prey interactions [10, 19]. In the other hand, time delays produce changes in the number
of critical points or their stability (bifurcations) [21, 24]. In a predator-prey relationship, a common delay
is taken in account by gestation of newborn predators as consequence of predation, [29].

system (1) is not defined for z = 0 and the equilibrium points are (K, 0) and ( ) . The unique

2. The delayed mathematical model and main results. We consider the modified Leslie-Gower
predator-prey model with strong Allee effect and a discrete delay appearing on the prey equation:

B () e )
.. ’ .1

dy s(1-2)y

dt nw
with the initial conditions: = (6) = ¢ (#) > 0,0 € [—7,0], ¢ € C ([—7,0],R), 2 (0) > 0, y (0) > 0, where
x = z(t) and y = y(t) represent the prey and predators population sizes for ¢ > 0, respectively, (measured
]as nuI[nber of individuals, biomass or density by area or volume unity), and u = (r, K, g, s,n,m) € Ri X
0, K.

The parameters having different biological meanings, [11] 7 indicates the time lag. The model without
Allee effect is analized by Ho et al. [13]; we intent to determine the new dynamics that can appear when
the Allee effect with a discrete delay is include. The equilibrium points of system (2) are (m,0), (X, 0)
and (z.,y.), withz, = A > 0 and y. = nA, under the assumption that there exists a positive root A of the
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quadratic equation: x? + bx + ¢ = 0, where b = m + K (1 — gn) and ¢ = —km. The model without delay
is analyzed partially in the book’s Kot [17] amd the uniqueness of the limit cycle of this model is given in
[11,12].

Using the change of variables

r=Ku, y=—u,

the time rescaling given by ¢t = LKT and the delay parameter rescaling 7 = LKT; then we construct the
T r

function

e OxR— QxR

such that

rK u u

T.7)=|Ku,—v,—=Y,—T)| = t
P, 1T) = (Ko, o T T = ()

with
detDo(u, v, 1,t) > 0.

Then, ¢ is a diffeomorphism preserving time orientation: it means that we get a topologically equiva-
lent system Z,, = ¢*x,, with

0] 0
Zn(uav) = P(ua U)% + Q(U,U)%,

obtaining the four parameter polynomial differential equations system of delayed Kolgomorov-type predator-
prey model given by

d
= = 1=t =) = M) - yla?
X, : , (2.2)
dy
= Blax — )y

Wherea:@,M:mandﬂ:
T K

q
x(0)=¢(0)>0,0€[-7,0],¢6€C(-7,0],R),z(0) >0,y (0) >0. ~
The vector field X, is a continuous extension of system (2.1) and it is defined at Q = {(z,y) € R?,z >
0,y > 0}.

S . . . . .
are the dimensionless parameters, with the following conditions:
n

2.1. Existence of equilibrium points. Without conditions over the parameters, the delayed model
(2.2) has a minimum of three equilibrium points

e Py =(0,0),
° Plz(l,O),
e P, =(M,0).

Letbe A=a—1— M and W2 = A% — 4M.
Lemma 2.1. Existence of positive equilibrium points
1) Suppose —A > 0 and M > 0 in equation (2.2), then we have
a) If W2 > 0, then it has two singularities in the interior of the first quadrant given by
(xf, ax?).
b) IfW?2 =0, then the system has a unique positive equilibrium point, given by (\/M, av/M).
c) IfW?2 < 0, then the system has no singularities at the interior of the first quadrant.
2) If —A < 0, the system has no singularities at the interior of the first quadrant.
3) When M = 0 a particular case of the weak Allee effect, the system has a unique positive equilib-
rium point.
Proof: The coexisting (positive equilibrium) point(s) is given by
Py =(z},y7),i=12,

with
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The number of coexisting points depend on the linear coefficient A = o — 1 — M and W2 = A? —4M.0

and y; = ax].

In consequence, the delayed model has a minimum of three equilibrium points and a maximum of five.

Lemma 2.2. Every solution of system with the indicated initial conditions exist in the interval [0, co[
and is positive for all t > 0.
Proof: Letbe

Fl(t7x,y77—) = [(1 - (E(t - ’T))(fE - M) - y]l’2,

FQ(tvxava) = ﬁ(CVSU - y)yv
and

Fl(t707y77—) = 07

FQ(t,$7O,7—) =0.

By Theorem 3.4 [25], we have that solution (x(t), y(t)) of the system satisfy z(¢) > 0 and y(¢) > 0 for al
t > s where it is defined. g

3. Local stability. In this section, we analyze the local stability of the predator-free equilibrium point.
Theorem 3.1. For the equilibrium point P; = (1,0).
1) iftr=0, Py is
a) an unstable focus if 3 +1— M > 0,
b) alocal stable focus if B +1— M < 0.
2) ift #0and 2a+ 1 — M, Py is a locally unstable focus.
Proof: The characteristic equation of system (2.2) at P, = (1,0) is

POAT) =M 4+ B X+ D+ (AN +C)e > =0,

where
A = 1-M
B =
h 3.1
C = B1-M)
D = 2B«
HIfr=0

the polynomial
M+ (B+AN+D+C=0,

then
- If8+1— M <0, P, is alocally stable focus,
- If8+1— M >0, P, is alocally unstable focus,
2) If 7 #0
the characteristic equation

PA\T) =M 4+ BA+ D+ (AN +C)e 7,
as
P0,7)=D+C=p52a+1—-M) <0,

and P(\, 7) — 400 when A — +o0, then for every 7 > 0 there exists at leasta A = Ay € R such
that P(\,7) = 0.
In consequence, the equilibrium point P; = (1, 0) remains a locally unstable focus. ]
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4. Stability and Hopf Bifurcation. The characteristic equation of system (2.2) is

A2 — (a1 + az2) A — ciide ™ + (ar1a22 — az1a12) + agicie N =0, 4.1)
where
a;; = x*[(1—2")(3z* —2M) — 2ax*]
aiz = —z*?
asy = Pax* . 4.2)
azy = —Baz*
cin = —(a* — M)ax*?

4.1. Stability with absence of delay. The characteristic equation of system (2.2), with absence of
delay is

M+ (A+B)A+C+ D=0,

where A = —(a11 + a2), B = —c11, C = ar1a22 — a21012, D = azi¢11.
If A4+ B > 0and

C+ D = —B(z*)*[(1 — 2%)(32* — 2M) + az*(z* — M — 3)],

we get the following results.

Lemma 4.1. If 2* < min{l1, 277”} and A + B > 0 then, the roots of the characteristic equation must
have negative real parts; then we know that the positive equilibrium P(x*,y*) of system (2.1) is locally
stable in the absence of delay. and

Lemma 4.2. If max{1,22} < 2* < M + 3 and A+ B > 0 then, the roots of the characteristic
equation must have negative real parts; in consequence the positive equilibrium P(x*,y*) of system (2.1)
is locally stable in the absence of delay.

4.2. Stability in the Model with delay. For 7 > 0, let A\, (7) = « + iwy, be the root of the charac-
teristic equation near the 7 = 73, satisfying a, = 0, wp = wp, £k =1,2,3,....

Let A1 = —(a11 + a22), B1 = az21¢11, C1 = —c11 and D1 = aq1a22 — a21012,
Multiplying by e*™ on both sides of (4.1), we obtain

(A2 + A\ + Dy)er + (By + C1\) = 0. (4.3)
Let denote
A1 = (Diwo — W) cos(woTg) — (Arwd) sin(woTo)
Ay = (Diwo —wy)sin(woto) + (A1wg) cos(woTo) 44)
As = —(2wgcos(wotp) + Az sin(woTo)
Ay = C1+ Ajcos(woTo)

Theorem 4.1. Under the assumption
AsAy + AsAy # 0,

we have

dReAi(T)

>0,k=0,1,2,...
dr

and the transversality condition holds.
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Thus system (2.1) undergoes Hopf bifurcations at positive equilibrium P* = (x*,y*) for 7 = 1., k =
0,1,2,...
Proof: Let us assume a purely imaginary solution of (4.3) in the form A = iw, w > 0,then we have

((iw)2 —+ Al(ZW) + Dl)eiw —+ (Bl —+ Cl (lw)) = 0,
(—w? + (A1w)i + D) (cos(wT) + isin(wr)) + (By + (Ciw)i) = 0.

Separating real and imaginary parts, we get

—w? cos(wr) — Ajwsin(wr) + Dy cos(wr) + By = 0,

Ajwcos(wT) — w? sin(wt) + Dy sin(wr) + Ciw = 0.

(Dy — w?) cos(wt) — Aywsin(wr) = —By, “5)
(D1 — w?)sin(wr) + Ajweos(wr) = —Ciw. .
Solving the above equations, we get
. ( ) —(Dl —w2)01w+A1B1w
sin(wr) =
(D1 —w?)? + A2w2
( ) (OJ2 — Dl)Bl — A1C1w2
cos(wt) =
(D1 —w?)2 + A%wQ
Eliminating trigonometric functions in (4.5), we get the following eight degree equation
w8 + e3wb + eawt +ejw? +eg =0, 4.6)
where
€3 = —012 + 2A% - 4D1,
ey = 7312 + 2D1(Cl2 — QA%) — A12C’12 + A14 + 6D12,
e = 2D1B12 - A12312 - D12(012 - 2A12) - 4D137
ey = 7D12312 + D14.
Let v = w?, then (4.6) becomes
4 3 2 _
v: +esv’ 4+ eav” + e +eg =0. .7

The equation (4.7) has at least one positive real root v if 243 < C? + 4D; polyroots. Without loss of
generality, we assume that (4.7) has four real positive roots, which are called by vy, v, V3, v4 respectively.
Then (4.6)has four positive roots wy = /vg, k = 1,2,3,4.

Therefore,

, 4.8)

Wk

) — 1 arccos (Bi = AiCy)wi — D1 By 2jm
* (D1 —w)? + A3u? wr
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where k = 1,2,3,4and j = 0,1,2,.... Then £iw are a pair of imaginary roots of (4.8) with 7 = T,Ej).
Define

To = 7',50) = min{ﬂ,ﬁj)}7 4.9)

where wg = wgo and k = 1,2, 3, 4. Then, we get

Tj = — arccos
wo

<(Bl — A0 g — DlBl) LY (4.10)

(D1 — wd)? + A3w wo

Differentiating the two sides of the characteristic equation (4.3) with respect to 7, we get

(21 + Al)e“@ + (A2 4+ A )+ Dy)e A +A)+ 01@ =0,
dr dr dr
then
@ . —/\(>\2—|—A1)\+D1)€/\T
dT o (2)\ + Al)e/\T + ’7'()\2 + Al)\ =+ Dl)e/\T ’
and
ATV @ A +a T
dr|  AMAZ+ AN+ Dy)ed N
Thus
dA17Y AgAy + AgAy
Re | — - 212 ’
dr ATA3
where
A1 = (Diwo — wi) cos(woTg) — (A1wd) sin(woTo),
Ay = (Dyiwo — wp)sin(womo) + (A1wd) cos(woTo),
As = —(2wp cos(woTp) + A1 sin(woo),
Ay = C1+ Ajcos(womp).

Noting that

-1
sign Re {CM(TO)] = sign {d}%w] .
T dr

By the hypothesis
AsAy + AsAy #0

and the corollary (2.1), we conclude that the transversality condition is satisfied, in consequence the system
(2.1) undergoes a Hopf bifurcation around P* = (z*,y*) for T = 79 O
We can suummarize the above results in the following theorem on stability and Hopf bifurcation.

Theorem 4.2. For system (2.1)
(i) If T € [0, 70), then the equilibrium P* is assymptotically stable.
(ii) If T > 79, then the equilibrium P* is unstable.
(iii) It has a branch of periodic solution bifurcation from zero solution near T = 1¢. It means that the
system undergoes a Hopf bifurcation around P* for 7 = 1.
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Delayed Leslie-Gower Model with Allee Effect

51 Prey Population
=== Predator Population

I

6 2‘0 4‘0 60 8‘0 160

Figure 5.1: Behavior of the system (2.2) without delay i.e. 7 = 0.

Delayed Leslie-Gower Model with Allee Effect

1.8 4

1.6

1.4 1

1.2 4

1.0

0.8

0.6

0.4 1

Figure 5.2: Behavior of the system (2.2) with delay 7 = 1.5 (green), 7 = 1.3070 (red), 7 = 1.1 (blue).

5. Numerical simulations. In order to reinforced our results, here we show some simulations.

The following parameters values are taken for all the graphics:

r=.2K=1,m=0.1;¢g=0.3;s = 1;n = 0.166.

The positive equilibrium point is always stable in the absence of delay, see Figure 5.1. The delay 7, intended
as a bifurcation parameter keeping fixed the values of the other parameters and initial conditions. The
positive equilibrium point is asymptotically stable when delay is less than critical value, i.e. when 7 < 1, 3,
see Figure 5.3. When delay cross the critical value, i.e. when 7 < 1, 3, the positive equilibrium point losses
stability and exhibits complex dynamics in the form of a Hopf bifurcation (= = 1.3070, 7 = 1.5), see
Figure 5.4 and Figure 5.5.
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Delayed Leslie-Gower Model with Allee Effect Delayed Leslie-Gower Model with Allee Effect

6 Prey Population
= Predator Population

Figure 5.3: Behavior of the system (2.2) with delay 7 = 1.1

Delayed Leslie-Gower Model with Allee Effect Delayed Leslie-Gower Model with Allee Effect

Prey Population
= Predator Population

Figure 5.4: Behavior of the system (2.2) with delay 7 = 1.3

Delayed Leslie-Gower Model with Allee Effect Delayed Leslie-Gower Model with Allee Effect

Prey Population
14 { === Predator Population

Figure 5.5: Behavior of the system (2.2) with delay 7 = 1.5

6. Conclusions. We have studied a simple Leslie-Gower model introducing a strong Allee effect in
the prey population and a delayed prey growth effect. Our main results show the delay parameter as a bifur-
cation parameter. The main biological approaches due to our model is that the time delays the finding mates
action at low populations in prey population influence on the stability of the predator-prey populations, such
as stability switches, bifurcation and so on.
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