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Abstract

In this paper we consider M a fixed hypersurface in Euclidean space and we introduce two types of spaces
relative to M, of type I and type II. We observe that when M is a hyperplane, the two geometries coin-
cides with the isotropic geometry. By applying the theory to a Dupin hypersurface M, we define a relative
Dupin hypersurface M of type I and type Il , we provide necessary and sufficient conditions for a relative
hypersurface M to be relative Dupin parametrized by relative lines of curvature, in both spaces. More-
over, we provides a relationship between the Dupin hypersurfaces locally associated to M by a Ribaucour
transformation and the type Il Dupin hypersurfaces relative M. We provide explicit examples of the Dupin
hypersurface relative to a hyperplane, torus, S* x R 1 and S% x R™2, in both spaces.

Keywords. Relative hypersurface, Relative Dupin hypersurface , Isotropic geometry, Ribaucour transformations.

Resumen

En este articulo consideramos M una hipersuperficie fija en el espacio euclidiano e introducimos dos tipos
de espacios relativos a M de tipo I y tipo Il. Observamos que cuando M es un hiperplano, las geometrias
coinciden con la geometria isotropica. Aplicando la teoria a una hipersuperficie de Dupin M, definimos
una hipersuperficie de Dupin relativa M de tipo 1y tipo II, proporcionamos condiciones necesarias y
suficientes para que una hipersuperficie relativa M sea Dupin relativo parametrizado por lineas relativas
de curvatura, en ambos espacios. Ademds, proporcionamos una relacion entre las hipersuperficies de Dupin
asociadas localmente a M mediante una transformacion de Ribaucour y las hipersuperficies de Dupin
relativas M de tipo II . Proporcionamos ejemplos explicitos de la hipersuperficie de Dupin relativa a un
hiperplano, toroide, S* x R"~1 y 5% x R"~2, en ambos espacios.

Palabras clave. Hipersuperficie relativa, Hipersuperficie de Dupin relativa, geometria isotrépica, Transformacién
de Ribaucour.

1. Introduction. The isotropic geometry introduced by Strubecker in [13], [14] and [15], and devel-
oped by several authors, study of the properties invariant by the action of the 6-parameter group Gg in
RS

2 =a + xcos¢p — ysing
y =b+ xsing + ycosd
Z=cH+ iz + oy + 2,
where a, b, ¢, c1, c2, @ € R.
In other word, Gg is the group of rigid motions. Notice that on the zy-plane this geometry looks exactly

like the plane Euclidean geometry R2. The projection of a vector u = (u1,u2,u3) on the xy-plane is the
top view of u and we shall denote it by @ = (u1, u2,0). The top view concet plays a fundamental role in
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the isotropic space I3, since the z-direction is preserved by the action of Gg. A line with this direction is
called an isotropic line and a plane that contained an isotropic line is said to be an isotropic plane. One may
introduce a isotropic inner product between two vectors u, v as

((u1, uz, ug), (v1, v2, v3))z = ULV1 + UgV2,

from which the isotropic distance is defined as

dg(A,B)=+/(A-—B, A—B)y.

The inner product and distance above are just the plane Euclidean counterparties of the top views u and
v. In addition, since the isotropic metric is degenerate, the distance from a point A = (aq, a2, as) to
v = (b1, be, b3) is zero if A = B. In this cases, one may define a codistance by

C'Clz(A7 B) = ‘b3 —a3|,

which is then preserved by Gg. To study the geometry of a surface in isotropic space, it is considered a
surface as a graph of a function, given by

X(uy, ug) = (u1, ug, h(ug, uz)).
The isotropic Gauss map, is given by
Nr=(-h,, —hs,1).
The coefficients of the first and second fundamental forms are defined by
gij = 0ij,  bij = (X5, Ni).

In this work motivated by isotropic geometry, we generalize the idea of isotropic distance. Let R™*!
be the Euclidean space with the usual metric (, ) and consider M a hypersurface fixed in R" !, with Gauss
map N. We introduce the space relative to M, as being

RiyfY = {p+tN|pe M, t €R, p1 + ;N # po + 12N, p1, p2 € M, p1 # pa, t1, t2 € R}.

We define the space relative to M of the type I, as being the space RT]‘V[“, with the distance defined by

dr, (p1 + t1N(p1), p2 + t2N(p2)) = d(p1, p2), (1.1)

where d(p1 , pg) is the distance between p; and po, considering M as a metric space.
On the other hand, let ¢ = p + tN(p) be a point in R™F!, we can consider TqR}cfl = T,R""!, and we
define the space relative to M of the type I, as being the space R”;, with the metric defined by

Vg, Woyr, = (V7L W), (1.2)

where VpT denotes the orthogonal projection of V;, on T}, M.
Let M be a hypersurface in R};}“l, locally, M can be parametrized by X : U C R" — R’]‘Vfl

X(u) = Y(u)+ h(u)N(u), uel, (1.3)

where h : U C R® — Risareal functionand Y : U — M is a local parameterization of the M. In this
case, the function h is called the height function.

Let V' be the Gauss map of the M. We define the relative Gauss map by

Ne(w) = TRy, NGy

(1.4)

Considering M to be a hypersurface in the relative space of the type I, the coefficients of the first and
second fundamental forms of the M relative to M are given by

gij(w) = (Y, V), by = (X, (u), Nr(u)). (1.5)

Moreover, we define the relative Weingartem matrix W of the M by W = —BG 1_1, where B is the matrix
of coefficients of the second fundamental form and (G is the matrix of coefficients of the first fundamental
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form.
Analogously, considering M to be a hypersurface in the relative space of the type II, the coefficients of the
first and second fundamental forms of the M relative to M are given by

g;(u) = (Y +hN,; , Y,; +hN,;), by = (X, (u), Nr(u)). (1.6)

We define the relative Weingartem matrix W of the M by W = —BG5 ! where B and G5 are, respectively,
the matrices of the coefficients of the first and second fundamental forms of the M relative to M.

We observe that in the two relative spaces, M has the same relative normal map and the same second
fundamental form, what are different are its first fundamental forms.

Ribaucour transformations for hypersurfaces, parametrized by lines of curvature, were classically stud-
ied by Bianchi [4]. They can be applied to obtain surfaces of constant Gaussian curvature and surfaces of
constant mean curvature, from a given such surface, respectively, with constant Gaussian curvature and con-
stant mean curvature. The first application of this method to minimal and cmc surfaces in R? was obtained
by Corro, Ferreira, and Tenenblat in [6]-[8].

Dupin’s surfaces in Euclidean space are classified. There are several equivalent definitions of Dupin
cyclides, for example, in Euclidean space, they can be defined as any inversion of a torus, cylinder or double
cone, i.e, Dupin cyclide is invariant under Mobius transformations. Classically the cyclides of Dupin were
characterized by the property that both sheets of the focal set are curves. Another equivalent definition says
that such surfaces can also be given as surfaces that are the envelope of two families at 1-parameter spheres
(including planes as degenerate spheres). For more on Dupin cyclides see [2] and [3].

We consider M a fixed hypersurface in Euclidean space and we introduce two types of spaces relative
to M, of type I and type II. We observe that when M is a hyperplane, the two geometries coincides with the
isotropic geometry. By applying the theory to a Dupin hypersurface M, we define a relative Dupin hyper-
surface M of type I and type II , we provide necessary and sufficient conditions for a relative hypersurface
M to be relative Dupin parametrized by relative lines of curvature, in both spaces. Moreover, we provides
a relationship between the Dupin hypersurfaces locally associated to M by a Ribaucour transformation and
the type II Dupin hypersurfaces relative M. We provide explicit examples of the Dupin hypersurface rela-
tive to a hyperplane, torus, S' x R"~! and $? x R™~2, in both spaces. This work is organized as follows. In
section 1, we provide the basic local theory of the Ribaucour transformation and Dupin hypersurface defini-
tion. In section 2, we provide a local characterization of the hypersurfaces relatives, to a fixed hypersurface
parametrized by lines of curvature, in both types. Moreover, we provide the relative Weingarten matrix and
a necessary and sufficient condition for a relative hypersurface M to be a relative Dupin parametrized by
lines of relative curvature, in both types. In section 3, we highlight the type I relative Dupin hypersurfaces
and we generate families of type I Dupin hypersurface relative to a hyperplane, a torus, S' x R"~! and
S? x R™2. In section 4, we highlight the type II relative Dupin hypersurfaces, we provides a relationship
between the Dupin hypersurfaces locally associated to M by a Ribaucour transformation and the type II
Dupin hypersurfaces relative to M. Moreover, we generate families of type II Dupin hypersurface relative
to a hyperplane, a torus, S* x R"~! and S? x R"2,

2. Preliminaries. This section contains definitions and basic concepts that will be used in later sec-
tions.

A sphere congruence is an n-parameter family of spheres whose centers lie on an n-dimensional man-
ifold My contained in R"*1. Locally, we may condider M, parametrized by X, : U C R® — R"*1,
For each u € U, we consider a sphere centered at X(u) with radius (u), where r is a differentiable
real funcition. Two hypersurfaces M and M are said to be associated by a sphere congruence if there is a
difeomorphism ¢ : M — M, such that at corresponding points p and ¥ (p) the manifolds are tangent to the
same sphere of tlgsphere congruence. A special case occurs when v preserves lines of curvature.

Let M and M be orientable hypersurfaces of R"*1, We denote by N and N their Gauss map. We
say that M and M are associated by a Ribaucour transformation, if and only if, there exists a differentiable
function h defined on M and a diffeomorphism ¢ : M — M

(a) forallp € M, p+ h(p)N(p) = ¥(p) + h(p)N(1b(p)), where N is the Gauss map of M.

(b) The subset p + h(p)N(p), p € M, is a n-dimensional submanifold.

(c) v preserves lines of curvature.

We say that M and M are locally associated by a Ribaucour transformation if, for all p € M, there exists
a neighborhood of p in M which is associated by a Ribaucour transformation to an open subset of M.
Similarly, one may consider the notion of parametrized hypersurfaces locally associated by a Ribaucour
transformation.

A hypersurface M C R"*! is a Dupin submanifold if its principal curvatures are constant along
the corresponding lines of curvature. Whenever, the principal curvatures are constant, M is a called an
isoparametric submanifold.
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Let M be an orientable hypersurface in R**!, N its Gauss map and suppose that M has an orthogonal
parameterization by lines of curvature Y : U C R™ — M, with principal curvatures —\;, 1 < ¢ < n. Then,

Nvi =AY, 1<i<mn, (22)
(N,N) =1, 2.3)

where (, ) denotes the Euclidean metric in R"*1,
Moreover for 1 < i # j < n, we have
Yy —T4 Y —TY, =0, 2.4)
(N — Ai)% = Xijs 2.5)

,

where T ; are the Christoffel symbols.
The Christoffel symbols in terms of the metric (2.1) are given by

, Lii s , Loi s
ri, =% 1l =_1t Lii i _ Liag 2.6
Y 2Ly’ gl Lj; Yo 2Ly (2.6)
where 1 < 7,5 < 2 are distinct.
From (2.1)-(2.3) and (2.6), we get
Y, =T5Y, Z F” I, —M\Li;N. 2.7)
J#i

3. Relative Weingarten matrix. In this section, we start with a local characterization of a relative
hypersurface of the type I and (or) type II to a fixed hypersurface in R®*!. We provide the relative Wein-
garten matrix and a necessary and sufficient condition for a relative hypersurface M has a parameterization
by lines of relative curvature.

Theorem 3.1. Let M be an orientable hypersurface in R"*', N its Gauss map and suppose that M
has an orthogonal parameterization by lines of curvature Y : U C R™ — M, with principal curvatures
—Xi, 1 <4 < n. Let M be a hypersurface in R”H of the type I or type II. Then M can be parabeterized
by

X =Y + hN, 3.D
with the relative normal Ng, given by
N
" " + N, 32
g (L+Ah) L, G2

where L., = (Y, , Y, ). Moreover, the type I (or type II) relative Weingarten matrix of X, V = (Vij) is
given by

1 N Y NN hAhy
Vi = 9ii {h’” Al[; Ay +6”L”/\Z] P P {Aj i Ai:| A ]’ G

where A; = 1+ hX;, I'[; 1 < i,5,r < n are given by (2.6) and g;; are the coefficients of the first

fundamental form of X given by (1.5), if type I and by (1.6), if type II.

Proof: Let M be a hypersurface in R}\ljl. Since that Y : U C R™ — M is a parameterization by lines of

curvature for M, we have that M can be parametrized by X =Y + i N, where N is a vector field normal

to Y. Differentiating X with respect to u; and u; 1 <4, j < n, we get

X7’U = haij N+ (1 + )\1}1) [ZFZJ 5ZJLZ’L>\ N:l + A ]hY;z +A h'v_] Y, +/\ ih; Y, R (3.5

where \;, 1 < ¢ < n are the principal curvatures of the M.
In order, we will consider AV the unit vector field normal to M given by

N=>bY, +b""N, (3.6)

r=1



Corro VA, Ferro ML.- Selecciones Matematicas. 2022; Vol. 9(2): 243-257 247
where
ixwfbw+®”ﬂ2:L
r=1
Since (X,; ,N) = 0, forall 1 < ¢ < n, using (3.4) we get
b'(1+ Aih)Li; + " h,; = 0.

Substituting in (3.6), we have

n+1
= ( §: L+A@L Y”+N>

r=1
Therefore the relative normal

N

Ne = 73~y

is given by (3.2).
Finally, let V = (V;-j) be the type I (or type II) relative Weingarten matrix of X. Thus
—(Nr, Xij)
9ji
where g;; are the coefficients of the first fundamental form of X given by (1.5), if type I and by (1.6), if
type II. Using (3.2) and (3.5), we have (3.3).

Vi =

a
Let M be an orientable hypersurface in R"** and consider M a hypersurface in R"+1 of the type I
(or type II). For each p € M there exists a type I (or type II) relative orthonormal basis {61 el et}

of T, M such that dNg(el*) = A\elf, 1 < i < n. The functions —\% are called the type I (or type 1)
relative principal curvatures at p and the corresponding directions, that is, e* are called type I (or type II)

relative principal directions at p. We say that a hypersurface M in Rﬁjl is parametrized by lines of relative

X,
curvature X of the type I (or type II), if for each p € M, el = = (p) ,
N V9ii(p)

principal directions.

Theorem 3.2. Let M be an orientable hypersurface in R"1, N its Gauss map and suppose that M
has an orthogonal parameterization by lines of curvature Y : U C R™ — M, with principal curvatures
=i, 1 <@ < n. Then (3.1) is an orthogonal parameterization by lines of relative curvature of the type I (or
type II) for a hypersurface M relative to M of the type I (or type Il), if and only if, there exists nonvanishing
functions Q, Q' and W, where h = % such that

are type I (or type II) relative

Oy =L for i,

i

Q,; = a; Y, (3.7)
W, = —a; '\,
witha; = \/(Y, , Y,;), and W(W + \;Q) # 0. Moreover X given by (3.1) becomes
Q
X=Y —N. 3.8
+ W (3.8)

Proof: From Theorem 1, the type I (or type II) relative Weingarten matrix of X, V = (Vij), is given by
(3.3). Therefore, if V is diagonal, then X is a parameterization by lines of relative curvature of the type I
(or type II). Thus, for V;; = 0,4 # j, we get

1+ Nih 1+ \h ( Aj Y

hi'*i i3 T T 1 F;Lh’az
D VY S D W 1+Mh+1+Ah

>mmﬂo 1<i+#j<n.(3.9)

From Proposition 2.3 of [6] h is a solution of (3.9), if and only if, there exists nonvanishing functions 2,
Q% and W, where h = 777> Which satisfy

=8 for i#j,
a;
Q,; = a; Y, (3.10)
VVn’ = —aiQi)\i,
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witha; = /(Y , Vi), T}, = LT and W (W + \Q2) 0.
a;
O
Remark 3.1. Let M be a hypersurface in Rﬁjl of the type I (or type II), parametrized by lines of
relative curvature of the type I (or type II), as in Theorem 2. Then the type I (or type II) relative Weingarten

matrix, V = (V;;) given by in the Theorem 1, can be rewritten as follows V;; = 0,1 < i # j < n and

W+ N0 =
Vi = W2gu' |:Q’” ;FiiQﬂ’ L’L’LA’LW:| . 3.11)
where W and € satisfies (3.10).

Remark 3.2. Let M be a hypersurface in R’le of the type I (or type II), parametrized by lines of
relative curvature of the type I (or type II). Then, the relative principal curvatures of M of the type I (or
type I1) A%, are given by AR = V;, 1 <i < n.

Definition 3.1. A hypersurface M C Rﬁl is a relative Dupin submanifold of the type I (or type II)
if its relative principal curvatures of type I ( or type II) are constant along the corresponding relative lines
of curvature of type I ( or type II). Whenever, the relative principal curvatures of type I ( or type II) are
constant, M is a called a relative isoparametric submanifold of type I ( or type II).

Using Remark 2 and Definition 1, we immediately get the corollary.

Corollary 3.1. Let M be a Dupin hypersurface in R" ™ and suppose that M has an orthogonal
parameterization by lines of curvature Y : U C R™ — M. Let M be a hypersurface in Rﬂl of the type
I (or type II), and consider the relative Weingarten matrix of the type I (or type Il), V = (Vij) given by
(3.11). Then M is a Dupin hypersurface in R’le of the type I (or type II) if, and only if, Vi; ; = 0.

Remark 3.3. If M is the hyperplane R, then the hypersurface M relative to M of the type I and type
II is an isotropic hypersurface.

4. Relative geometry of the type I. In this section, we highlight the relative Dupin hypersurfaces
type I. We start by providing a relationship between the Dupin hypersurfaces locally associated to R™ by a
Ribaucour transformation and the type I Dupin hypersurfaces relative to R™. We will generate families of
type I Dupin hypersurfaces relative to a hyperplane, a torus, S* x R”~! and §? x R"~2,

Let M be an orientable hypersurface in R**1, IV its Gauss map and suppose that M has an orthogonal
parameterization by lines of curvature Y : U C R™ — M, with principal curvatures —\;, 1 <7 < n. Let
M be a hypersurface in Ryfvfl of the type I. Then M can be parametrized by

X = Y +hN,

where h is a differentiable real function defined on M. Moreover, for (1.5), the coefficients of the first and
second fundamental forms of X are given by
955 =Y. , Yyj) = 6ijLis, b = (Nr, X,ij),

where the normal relative N is given by (3.2).

The first theorem provides a relationship between the Dupin hypersurfaces locally associated to R™ by
a Ribaucour transformation and the type I Dupin hypersurfaces relative to R™.

Theorem 4.1. Let R™ be a hyperplane parametrized by Y (uy, ..., uyn) = (u1, ..., Uy, 0). Consider
M the hypersurface locally associated to R™ by a Ribaucour transformation. Let M be a type I hyper-
surface relative to R™, then M is a type I Dupin hypersurface relative to R", if and only if, Misa Dupin
hypersurface.
Proof: From Corollary 1, M is a type I Dupin hypersurface relative to R™ if, and only if, V;; ; = 0, where

W+ X\ Q

Vii = WeL, [Qm - ZFZQ,T LiiAiW:| ,
r=1

with functions W and {2 satisfying (3.10).
On the other hand, from [9], M locally associated to R™ by a Ribaucour transformation, is a Dupin hyper-
surface, if and only if, T} ; = 0, where

n

2
Ti = f” |:Q7“ — ; F%Q,r _LiiAiW:| ’

with functions W and €2 satisfying (3.10).
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Since the principal curvatures of Y are \; = 0 and the metric L;; = d;;, for 1 < 4, j < n, it follows
from equation (3.10) that

Q= Zfz‘(%‘% W = c#0,
=1

where f;(u;) are differentiable functions. Therefore, V;; ; = 0, if and only if, T; ; = 0.
a

Remark 4.1. When M is the hyperplane R”, the geometry of R’Z\ljl coincides with the isotropic ge-
ometry. Then in the theorem 3, we show that the hypersurface M locally associated to R™ by a Ribaucour
transformation is a Dupin hypersurface, if and only if, the hypersurface M is an isotropic Dupin hypersur-
face. Moreover, M is the hypersurface of center of the Ribaucour transformation.

In the next results, we provide families of type I Dupin hypersurfaces relative to a hyperplane, a torus,
St x R*~!and S§? x R"~2,

Proposition 4.1. Consider the hyperplane in the Euclidean space R™" "L, parametrized by Y (uy, ..., uy,) =
(U1, ...y Un,0). Then M is a type I Dupin hypersurface relative to R, if and only if, M can be
parametrized by

X(ug,...,up) = (ulu Zlf(“)) 4.1)

where fi(u;) = ciau? + cirui + cio, 1 < i <m,and c # 0, ¢ia, i1, Cio € R
Proof: Since the principal curvatures of Y are A; = 0 and the metric L;; = 6;5, for 1 < ¢, j < n, it follows
from equation (3.10) that

Q= Zfi(ui), W =c#0,
=1

where f;(u;) are differentiable functions. In order, to obtain type I Dupin hypersurface relative to R"™, we
consider V;; given by (3.11),

1
— 2t

c

Vii

Q
From Corollary 1, M parametrized by X =Y + —e, 1, where e, 1 = (0,0,...,0,1) is a unit vector

field normal to R™, is a type I Dupin hypersurface relative to R™, if and only if, Vj; ; = 0. Therefore,
fz(uz> = Cigu? + ci1ui + cio, With ¢;2, ¢;1, ¢io € R and from (3.8), X is given by (5.2).

O
Proposition 4.2. Consider the torus in R3, parametrized by
Y (u1,uz) = ((a + 7 cos ug) cos uy, (a+ rcos uz)sin uy , rsin Ug).
Then M is a Type I Dupin hypersurface relative to torus, if and only if, M can be parametrized by
— cos u1 (—aBg sin ug+(—aBi+rB+A) cos ug)
cos ug(Agsin ui+A; cos u1)+Ba sin uz ’
X = —sin w1 (70,32 sin ug+(—aBi+rB+A) cos uz) (4 2)

cos uz(Agzsin ui+Aq cos ui)+Bg sin us ’
— sin ug ((ZA2 sin w1 +aA; cos uy—aB; +TB+A)
cos uz(Agsin u1+Aq cos ui)+Ba sin ug

where B;, A;, A and B are real constants.
Proof: The principal curvatures of the torus and coefficients of the metric of the torus are

COS Usg 1 2 2
A= —, Ao = —, L11=(G—|—T’COS Ug) s Log =17
a — T COS U2 T

Using (3.10), we obtain
Q= (a—H"COS ug)fl +rfo+ A, W = —cosus f1 — fo+ B,

where A, B are constants and f;, fo are differentiable functions of u; and wus, respectively.
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Consider V;; given by (3.11). Thus

w + Q>\1 " L3 ! .
s (a+7cos ug)W? { U =sinafy —cosua(B=p) | )
W + QMg
Va2 = g [ A B]' .

From Corollary 1, M parametrized by (3.8) is a type I Dupin hypersurface relative to torus, if and only if,
Viii=0forall 1 <¢ <2,
Since (W + X\iQ),; = 0 and (a + r cos uz),; = 0, we conclude that V; ; = 0, if and only if,

1
{VVQ( U+ f1 —sin ug f5 — cos up (B — fz))] =0, 4.5)

1

)

1
L (A Bﬂ =0. (4.6)
{WQ( 2 2 B

If f{ = 0, then we have V11,1 = 0. Then suppose f] # 0.
Since (4.6), we get

—2Wy

(8 + o= B)+ f 4 f3 =0,

This last equation can be rewritten as
2Wo (fy + fo— B) =W (f5" + [3). 4.7
Differentiating with respect to u1, we get
2Wao (f2 + fo—B) = Wa (£3" + f3).

As W,19 = sin(ug) f] and W,; = — cos(uz) f{, then if fY + fo — B # 0, we get f5 + fo — B = Aj cos® us.
Substituting in (4.7) and using that W5 = sinug f1 — f4, we obtain a contradiction. Therefore, we have
Y+ fo — B =0. Thus

fo = By cos us + By sin uy + B. 4.8)
Substituting (4.8) in (4.5), we obtain

1
1

)

Thus

—2W,
W

(S + fi+Bi) + fi" + fi = 0.
This last equation can be rewritten as
2Woa (ff 4+ fr+B1) =W (" + f1). (4.10)
Differentiating with respect to us, we get
2Woa (f + f1+B1) =Wa (fi" + f1).
As W19 = sin ua f and W,o = sinug f1 — f4, thenif f{" + f] # 0, we get f{’ + f1 + B1 # 0 and

2fi(fI + £+ B) 15
"+ f] sin ug

~ =

2fi(f + f1 + B1)

7+,
contradiction, since (4.10), W,; = —cos(uz)f; and W = —cos ug fi — fo + B. Therefore, we have

1" 4+ f1 = 0. Substituting in (4.10), we get f{’ + f1 + B1 = 0, since W,; # 0. Thus

Hence — fi = By, since (4.8). Thus f{' + f1 + B1 = c(f1 + B1)?, which is a

fi(u1) = Aj cos ug + Agsin ug — By. 4.11)
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Figure 4.1: On the surface above we have a type I Dupin surface relative to torus, witha =4, r =1, A =
3,B:—27 AQZBQZI, Blz—landAlzB:—Z.

Finally, considering the unit vector field normal to Y
N = (cos U1 COS Ug , SiN U1 COS Uz, Sin ug),

and substituting f1, fo, Qand Win X =Y + %N we obtain (5.3).

Proposition 4.3. Consider the submanifold S*> x R"~2 in R"*!, parametrized by
Y(ug,.yty) = (sin U1 COS Usg , SIN Uy SIn Uy, COS Uy , U3, Ug , ..., un)

Then M is a type I Dupin hypersurface relative to Y, if and only if, M can be parametrized by

Q
X=Y+_—=N
+W,

where

N(ug,.yuy) = (sin U1 COS Usg , sin wq sin us , cos uy, 0, ..., 0),

Q:sinulfg—&—Zfi, W = —sin uy fo — f1 + C, fi(uy) = Ay cos uy + C,
72
fg(’U,Q) = By cos us + Bssin us fj(’dj) = ngu? + leuj + Cjo, 3 <75 <n,

with C, A;, By, Cja, Cj1 and Cjo are real constants.
Proof: The principal curvatures and coefficients of the metric of the of the S? x R"~2 are

M=X=1 X\=0 3<j<n, Ly=1 1<i#£2<n, Ly =sin’u.

Using (3.10), we obtain

n
) = sin U1f2+Zfi7 W = —sinuifo — f1 +C,
i#£2

where C'is constant and f; are differentiable functions of u;, 1 <17 < n.
Consider V;; given by (3.11). Thus

W+ Q
Vi = W‘Z[ {’+f1—c}, (4.12)

W +Q
Voo = +2[ 5+ fa +cos uyf] +sin ug f1 — C'sin vy |, (4.13)
sin uy W

1
_f

V=i, 3<j<n. (4.14)

W b — —

From Corollary 1, M parametrized by (3.8) is a type I Dupin hypersurface relative to S? x R"~2, if and
only if, Vj; ; = Oforall 1 <¢ < n.

Proceeding similarly to the proof of Proposition 2, we obtain that V;; ; = 0, 1 < 4 < 2, if and only if, f;
and f, are given by

fi(ur) = Ay cos ug + Agsin ug + C,  fa(ug) = By cos ug + Basin ug — As. (4.15)
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Figure 4.2: On the surface above we have a type I Dupin surface relative to S?, with By, = 0, B; = 2, A; =
—land C' =1.

Without loss of generality, can be considered A2 = 0. In fact, substituting f; and f5 given above into the
expressions of W and €2, we have that W and €2 do not depend on As.
Moreover, since that (4.14) and W,; = 0, we conclude that f;, 3 < j < n are given by

fi(uj) = CjZU? + Cj1u; + Cjo. (4.16)

Proposition 4.4. Consider the submanifold S' x R™~! in R"*!, parametrized by
Y(ug,.ytin) = (cos Uy, sin uy , us, Uz, ..., un)

Then M is an isotropic Dupin hypersurface relative to' Y, if and only if, M can be parametrized by

Q
X=Y+_—=N
+W,

where

N(up,..;un) = (cos ui, sinuy, 0, ..., 0),

QZme W=—fi+C, fi(uj) = Cjauj + Cjruj + Cjo, 2<j<n,
i=1
and fi satisfies f' + f1 — C — C1(f1 — C)? = 0, with C, C}, Cja, Cj1 and Cjq are real constants.
Proof: The principal curvatures and coefficients of the metric of the of the S* x R™~! are
)\1:1, )\jZO,QSan, Lii:17 1§z§n
Using (3.10), we obtain
QZth W:_f1+c7
i£1

where C'is constant and f; are differentiable functions of u;, 1 <1i < n.
Consider V;; given by (3.11). Thus

W +Q

Vi = WQ[ U4+ - C}, (4.17)
I

V“:WJ’ 2<j<n. (4.18)

From Corollary 1, M parametrized by (3.8) is a type I Dupin hypersurface relative to S' x R"~!, if and
only if, Vj; ; = 0forall 1 <i <n.
Since (W + Q) a=0and W = C — f;, we conclude from V}; ; = O that the functions f; are given by

filus) = Cj2U§ +Cjiuj +Ci0 2<j<n,

and f satisfies f' + f1 — C — C1(f1 — C)? = 0. where C}, Cj2, Cj1 and C are real constants.
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Figure 4.3: On the surface above we have a type I Dupin surface relative to cylinder S' x R, with Cy; =
0, 022:—1, 020:1, C:Cl zlandf1 = 2.

5. Relative geometry of the type II. In this section, we highlight the relative Dupin hypersurfaces
of the type II. We start by providing a relationship between the Dupin hypersurfaces locally associated to
a fixed Dupin hypersurface M by a Ribaucour transformation and the type II Dupin hypersurfaces relative
M. We will generate families of type II Dupin hypersurfaces relative to a hyperplane, a torus, S' x R"~!
and S? x R"~2,

Let M be an orientable hypersurface in R, IV its Gauss map and suppose that M has an orthogonal
parameterization by lines of curvature Y : U C R™ — M, with principal curvatures —\;, 1 < ¢ < n. Let
M be a hypersurface in Rﬁjl of the type II. Then M can be parametrized by

X = Y +hN,

where h is a differentiable real function defined on M. From (1.6), the coefficients of the first and second
fundamental forms of X are given by

2
95 = (L+hX) 6L, b5 = (Nr, X,i5),

where 0;;L;; = Yy, Y,j> and the normal relative Np is given by (3.2). Moreover, since that X is a
parameterization by lines of relative curvature, then the relative Weingarten matrix of X, V = (Vi ) is

givenby V;; = 0,1 <i# j <4, and
‘/i-:

1 n
GV%umahm—Xﬁ%M—%MW} (.1)
1 1 r=1

where €2 and W satisfies (3.10).

Theorem 5.1. Let M be a Dupin hypersurface and suppose that it has a parameterization by lines of
curvature Y : U C R™ — M, with principal curvatures —\;, 1 < i < n. Consider M the hypersurface
locally associated to M by a Ribaucour transformation. Let M be a type II hypersurface relative to M,
then M is a type Il Dupin hypersurface relative to M, if and only if, M is a Dupin hypersurface.

Proof: From Corollary 1, M is a type II Dupin hypersurface relative to M if, and only if, V;; ; = 0, where

1 [ S
e [ Qi — > TR, _Lii/\iW:| ;
(W + ALy =

with functions W and (2 satisfying (3.10).
On the other hand, from [9], M locally associated to M by a Ribaucour transformation, is a Dupin hyper-
surface, if and only if, T} ; = 0, where

Vi =

2 .
ﬂ—hﬁm ;R@TLwW}

with functions W and 2 satisfying (3.10).

Since M is a Dupin hypersurface, we have (W + \;{2),; = 0. Therefore, V;;; = 0, if and only if,
T;; = 0.

O

In the next results, we provides families of type II Dupin hypersurfaces relative to a hyperplane, a torus,
St x R*~1 and S% x R"~2,

Proposition 5.1. Consider the hyperplane in the Euclidean space R™ ", parametrized by Y (uy, ..., u,) =
(U1, ..., Un,0). Then M is a type Il Dupin hypersurface relative to R" ', if and only if, M can be
parametrized by

c

X(ug,...,upn) = (ul,...,un, Z—lf(“)) (5.2)
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where f;(u;) = ciqu? + cau; + cio, 1 <i < n,andc#0, ¢;2, ci1, cio € R.
Proof: Since the principal curvatures of Y are A; = 0 and the metric L;; = d;;, for 1 <4, j < n, it follows
from equation (3.10) that

Q= ifi(ui)a W =c#0,
i=1

where f;(u;) are differentiable functions. In order, to obtain type I Dupin hypersurface relative to R"+1,
we consider V;; given by (5.1),

1
— Ji

c

Vii

Q
From Corollary 1, M parametrized by X =Y + W6n+1, where e,+1 = (0,0,...,0,1) is a unit vector

field normal to R, is a type II Dupin hypersurface relative to R”, if and only if, V;; ; = 0. Therefore,
fi (ul) = Cigu% + ci1u; + ¢io, With ¢;2, ¢i1, ¢io € R and from (3.8), X is given by (5.2).
a
Remark 5.1. In Proposition 5, one observes that the type II Dupin hypersurface X relative to R” is an
isotropic Dupin hypersurface.
Proposition 5.2. Consider the torus in R, parametrized by

Y(up,ug) = ((a + 7 cos ug) cos uy , (@+ rcos ug)sin ug , rsin 'U/Q)‘
Then M is a type Il Dupin hypersurface relative to Y, if and only if, M can be parametrized by

— cos u1 (—aB2 sin ug+(—aBi1+rB+A) cos u2+aB—aB3)
cos us(Aq cos u1+Assin u1+Az+B1)+ B2 sin us+Bs—B
X = —sin uy (—aBg sin ug+(—aBi+rB+A) cos u2+aB—aBg) ) (53)
cos us (A1 cos u1+Assin u1+Az+B1)+ B2 sin us+Bs—B
— sin ug (aA1 cos u1+aAssin uy+aAs+rB+A
cos ugz (A cos ur+Agzsin ui+Asz+B1)+Bgsin us+Bs—B

where B;, A;, A and B are real constants.
Proof: The principal curvatures of the torus and coefficients of the metric of the torus are

COs Ug 1 2 9
A= —"—, Ay = —, Lu:(a—l—rcosuQ) , Loo =1~
a — T COS Usg r

Using (3.10), we obtain
Q= (a+rcos ug)fl +rfo+ A, W = —cosus f1 — fo+ B,

where A, B are constants and f;, fo are differentiable functions of u; and s, respectively.
Consider V;; given by (5.1). Thus

1

Vin = (a+rcos uz) (W+Q)\1)

[ U4 f1 — sin ua f5 — cos uz (B — fa) |, (5.4

Vao §+h—B} (5.5)

B 1
(W + Qo)
From Corollary 1, M parametrized by (3.8) is a type II Dupin hypersurface relative to torus, if and only if,
Viii=0forall 1 <¢ <2,
Since (W + X\;Q2),; = 0, we conclude from V;; ; = 0 that the functions f; are given by

fl(ul) = A cos u; + Ao sin ug + Ag, fg = By cos us + By sin us + Bs.

Finally, considering the unit vector field normal to Y
N = (cos U1 COS Ug , SiN Up COS Usg , Sin ug),

and substituting f1, fo, Qand Win X =Y + %N we obtain (5.3).
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Figure 5.1: On the surfaces above we have a type II Dupin surface relative to torus, witha =4, r =1, A =
10, B:—3, AQZBQZO, Bl =B3:1, A1 :—1andA3:—2.

Proposition 5.3. Consider the submanifold S*> x R"~2 in R"+!, parametrized by
Y(up,.yn) = (sin U1 COS Usg , SIN uq Sin us , COS Uy , U3, Ug, ..., un).

Then M is a type Il Dupin hypersurface relative to Y, if and only if, M can be parametrized by

Q
where
N(ug,.yuy) = (sin U7 COS Uo , SIN U7 Sin us , cos u1, 0, ..., 0),

and Q) = sin U1f2+2?¢2 fo W=—sinuifo—f1+C, fi(u1) = A;jcos u;+ B;sin u; +C;, 1 < i < 2
and fj(u;) = Cjou? + Cjru; + Cjo, 3 < j < m, with C, A;, By, Cy, Cja, Cj1 and Cjg are real constants.
Proof: The principal curvatures and coefficients of the metric of the of the S? x R"~2 are

M=X=1 X\=0, 3<j<n, Ly=1 1<i#2<n, Ly =sin’u.
Using (3.10), we obtain
2 = sin U1f2+Zfi7 W = —sinuyfo — f1+C,
i#£2

where C'is constant and f; are differentiable functions of u;, 1 < i < n.
Consider V;; given by (5.1). Thus

- 1 ”
VH_W+Q[1+f1 C} (5.6)
1
VQZ:Sinul(VV—i—Q)[ Y+ fo+cos ug fi +sin ug fi — C'sin vy |, 5.7
I
VJ:WJ, 3<j<n. (5.8)

From Corollary 1, M parametrized by (3.8) is a type II Dupin hypersurface relative to S x R"2, if and
only if, Vi; ; = Oforall 1 <¢ < n.

Since (W +),;=0,1 < j < 2and W,, = 0,3 < r < n we conclude from V;; ; = 0 that the functions
fi are given by

filu;) = Ajcos wj + Bisinu; +C;, 1<i<2,  fi(u;) = ngu? + Cjiu; + Cjo 3<j<n,
where A;, B;, C;, Cj2, Cj1 and Cjg are real constants.
Proposition 5.4. Consider the submanifold S' x R*~! in R"*1, parametrized by
Y (U1, .o tty) = (€OS up, sin uy, ug, Us, ..o\ Up).

Then M is a type Il Dupin hypersurface relative to Y, if and only if, M can be parametrized by

Q
X=Y+_—=N
+W,

where

N(ug,.ytty) = (cos,u1 ,sinuy, 0, ..., 0),
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Figure 5.2: On the surfaces above we have a type Il Dupin surface relative to S?, with Ay = By = 0, By =
2,A3=4A,=-1,B3=—-2and C = 1.

and Q) = Z?:l fi; W = 7f1 + C, f1 (ul) = Al cos uy + Bl sin u1 + Cl and fj (’U,]) = CjQU? + Cj1Uj +
Cjo, 2 < j <n, with C, Ay, By, Cy, Cjo, Cj1 and Cjjg are real constants.
Proof: The principal curvatures and coefficients of the metric of the of the S* x R"~! are

)\1:1, )\j=0,2§j§n, Ln‘zl, 1§Z§’I’L

Using (3.10), we obtain

Q:Zfia W:_f1+07
i#£1
where C'is constant and f; are differentiable functions of u;, 1 < i < n.
Consider V;; given by (5.1). Thus

_ 1 " N
V11W+Q|:1+f1 C}, (5.9
o
ij:WJ, 2<j<n. (5.10)

From Corollary 1, M parametrized by (3.8) is a type II Dupin hypersurface relative to S' x R”~!, if and
only if, Vj; ; = Oforall 1 <¢ < n.

Since (W + Q),1 =0and W,, =0, 2 < r < n we conclude from V;; ; = 0 that the functions f; are given
by

f1(u1) = Ay cos uy + By sin uy + Cf, fiug) = Cjoul + Cjiu; + Cjo 2 < j <n,

where A1, By, C1, Cj2, Cj1 and Cjg are real constants.

Figure 5.3: On the surface above we have a type II Dupin surface relative to cylinder S! x R, with Cy; =
Bl ZO, Cl :3, Al = —2, 022 = —1, 020 =2and C = 1.

6. Conclusions. From the results obtained in this work we can make the following conclusions:
For each fixed hypersurface M in Euclidean space and we introduce two types of spaces relative to M, of
type I and type II. We observe that when M is a hyperplane, the two geometries coincides with the isotropic
geometry.
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