Journal homepage http://revistas.unitru.edu.pe/index.php/SSMM

SELECCIONES MATEMATICAS
Universidad Nacional de Trujillo
ISSN: 2411-1783 (Online)

2021; Vol. 8(1): 66-74.

A new decomposition of open and closed sets in topological spaces

Carlos Granados®

®
Received, Jun. 05, 2020 Accepted, Feb. 16, 2021 E

How to cite this article:
Granados C. A new decomposition of open and closed sets in topological spaces. Selecciones Matematicas. 2021;8(1):66—
74. http://dx.doi.org/10.17268/sel.mat.2021.01.06

Abstract
In this paper, we show some properties on *b-open sets. Besides, we introduce the notions of generalized *b-
closed sets, locally *b-closed sets, regular generalized *b-closed sets and weakly *b-closed sets. Moreover,
we study some of their properties.

Keywords . *b-open sets, Generalized *b-closed sets, Locally *b-closed sets, Regular generalized *b-closed sets,
Weakly *b-closed sets.

1. Introduction and preliminaries. A topological space is well-known as follows (X, 7), where 7
is the topology on X. Mathematicials have developed an interested of studying open and closed sets in
topological spaces; in 2012 Indira and Rekha [9] introduced the concept of *b-open set as a generalization
for introducing the notion of **b-open set, but they did not show many results, for that reason, in this paper,
we took that idea and we extend this notion and show some new properties on *b-open sets. Nevertheless,
the results which were introduced by them and are necessary for the developing of this paper can be seen
in Definition 2.1 and Theorem 2.1, for more details see [9]. Additionally, we introduce and study some
characterization on *b-closed sets which are namely generalized of *b-closed sets, locally *b-closed sets,
regular generalized *b-closed, weakly *b-closed sets. Moreover, we show some of their properties and some
relations among them.

Otherwise, studying open an closed sets in general topology is increising in several fields on topology;
Hariwan [7], introduced the notion of Bc-open set in a topological spaces for extending the concept of b-
open set in which every b-open set is Bc-open. Taking into account mentioned above, in this paper section
two, we proved that every *b-open set is b-open, indeed every *b-open set is Bc-open.

On the other hand, the notions of open and closed sets which are introducing in this paper, it will help
to introduce others notions such that *b-open sets in bitopological or tritopological spaces, generalized by
using the notion of w-closed sets [8], generalized by using the notion of A-sets [14], *b-open sets in ideal
topological spaces [10], nano topological spaces [4], operator interior ¢ [5], convergence spaces [6] and so
on.

This paper is divided in six section, in the first one, we show preliminaries in which we show some
well-known notions which are useful for the developing this paper; in the second on, we study and extend
the notions of *b-open and *b-closed set; in the third until the sixth, we show some characterizations on
*b-closed sets.

Throughout this paper, (X, 7) is a topological spaces on which no separation axioms are assumed un-
less otherwise mentioned. Besides, we sometimes write X instead (X, 7). Now, we show some notions
which are useful for the developing of this paper.

Definition 1.1. Let A be a subset of a topological space X, then A is said to be semi-open [11] if
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A C Cl(Int(A)).
Definition 1.2. Let A be a subset of a topological space X, then A is said to be pre-open [13] if
A C Int(CIl(A)).
Definition 1.3. Let A be a subset of a topological space A, Then A is said to be b-open [2] if A C
Cl(Int(A)) U Int(CIl(A)).
Theorem 1.1. [2] Let A be a subset of a topological space X, then the following statements hold:
1. If A is a semi-open set, then A is a b-open set.
2. If A is pre-open set, then A is a b-open set.
Definition 1.4. The union of all semi-open and pre open sets of X contain in A is called semi-interior
and pre-interior of A and it is denoted by [11] sInt(A) and [13] pInt(A), respectively.
Definition 1.5. A subset A of a topological space X is said to be regular-open [15] if A = Int(CI(A)).

Definition 1.6. A subset A of a space X is called locally b-closed [1] if A= U NV, where U € T and
V is a b-closed set.

Definition 1.7. A generalized pre regular closed set simply gpr-closed [3] if pCl(A) C U whenever
A CUandU is a regular open in X.

Definition 1.8. A generalized pre regular closed set simply rgb-closed [12] if bC1(A) C U whenever
A CUandU is a regular open in X.

Definition 1.9. A subset A of (X, T) is called nowhere dense [16] if Int(CI(A)) = 0.

2. *b-open sets. In this section, we show some new properties on *b-open sets.

Definition 2.1. Ler (X, 7) be a topological space and A C X. Then, A is said to be *b-open [9] if
A C Cl(Int(A)) N Int(CI(A)). The complement of a *b-open set is called *b-closed set.

Remark 2.1. The collection of all *b-open sets and *b-closed sets are denoted by BSO(X, 1) and
BSO(X, 1), respectively.

Lemma 2.1. Every open set of X is a *b-open set of X.

Proof: Let A be a open set of X. Then, A C Cl(Int(A)) N Int(CI(A)), since A is an open set, then
Int(A) = Aand Cl(A) = X or Ci(A) = B where B is an closed set of X. Thus, A C CI(A) N Int(B).
Now, CI(A) = X or Cl(B) where B is an closed set of X and A C Int(B), therefore Int(B) = A or
Int(B) = C where A C C' C Int(B). In consequence, A C BN C,but A C Band A C C, this implies
that A C BN C. Hence A is a *b-open set of X. The following example shows that the converse of the
above Lemma, it is not always true.

Example 2.1. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b},{a,b,d}}. Then, {a,b,c} isa
*b-open set, but it is not an open set.

Theorem 2.1. Ler (X, 7) be a topological space. If {As : 6 € A} is a family of *b-open set, [9] then
U As is *b-open.

SEA

Corollary 2.1. Let (X, T) be a topological space. If {As : § € A} is a family of *b-closed set, then
n As is *b-closed. Proof: Tt follows from the Theorem 2.1.

SEA

Definition 2.2. Let (X, 7) be a topological space and A C X . An element © € A is said to be
*b-interior point of A if there exits a *b-open set U such that x € U C A. The set of all *b-interior points
of A is said to be *b-interior of A an it is denoted by *b-Int(A).

Lemma 2.2. If A is a subset of (X, T), then *b-Int(A) = sInt(A) N pInt(A).

Proof: The proof is followed by the Definitions 1.4 and 2.2.

Theorem 2.2. Let (X, 7) be a topological space and A C X. Then, *b-Int(A) = U{U|U is *b-open
and U C A}.

Proof: Let x €* b-Int(A). Then, there exits *b-open set U such that z € U C A. Hence, x € U{U U
is *b-open and U C A}. Then, y C Uy for some *b-open set Uy C A. Therefore, y €* b-Int(A). In
consequence, U{U|U is *b-open and U C A} C* b-Int(A).

Theorem 2.3. Let (X, 7) be a topological space and A C X. Then, A is *b-open if and only if
A =*b-Int(A).

Proof: Let A be a *b-open set. Then, A C A and this implies that A € {U|U is *b-open and U C A}.
Since union of this collection is in A. Therefore, A =* b-Int(A). Conversely, suppose that A =* b-Int(A).
Hence, A is *b-open.

Definition 2.3. Let A C X. Then x € X is *b-adherent to A if U N A # 0 for every *b-open set
U containing x. The set of all *b-adherent points of A is said to be *b-closure of A and it is denoted by
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*b-Cl(A).
Theorem 2.4. Let (X, T) be a topological space and A, B C X. Then, the following statements hold:
1. AC* b-Cl(A).
2. *b-Cl(A) is the smallest *b-closed set containing A, that is *b-Cl(A) = ﬂ{W|W is *b-closed
and A C W}.
A is *b-closed if and only if A =* b-CIl(A).
If A C B, then *b-Cl(A) C* b-CI(B).
*b-Cl(A) U* b-Cl(B) C* b-CI(AU B).
6. *b-Cl(AN B) C* b-CI(A) N* b-CI(B).
Proof:
1. Let z € A and supposes that z ¢* b-CI(A). Then, there exits *b-open set V' containing = such
that V'N A = 0 and this is a contradiction. Therefore, z €* b-Cl(A).
2. Let x €* b-CIl(A). Then, V N A # () for every *b-open set V containing x. Now, suppose the
contrary, that

Yok W

x ¢ ﬂ{W|W is *b-closed and A C W'}.
Then, ¢ W for some *b-closed set W, so x € X — W for some *b-open set X — W. So,
(X —W)NA = 0 for some *b-open set X — W containing z and this is a contradiction. Therefore,
x ¢ ﬂ{W|W is *b-closed and A C W}. Conversely, let y € x ¢ ﬂ{W|W is *b-closed and
A C W}. Then, y € W for all *b-closed set W containing A. Now, suppose that y ¢* b-CI(A).
Then, there exits *b-open set V' containing y such that V"N A = (). Therefore, X — V is *b-closed
set containing A and y ¢ X — V and this is a contradiction. Therefore, y €* b-CI(A).
The proof of (3) and (4) are followed directly from the Definition 2.3. (5) and (6) are followed by
applying part (4) of this Theorem.
Theorem 2.5. Let (X, 7) be a topological space and A C X. If A is a *b-open set, then A is a
semi-open set.
Proof: Let A be a *b-open set, then
A C Cl(Int(A)) N Int(CIl(A)),
A C Cl(Int(A)).
Therefore, A is a semi-open set.
The following example shows that the converse of the above Theorem, it is not always true.
Example 2.2. Let X = {a,b,c} and 7 = {0}, X, {a}, {b},{a,b}}. Then, {b,c} is a semi-open set, but
it is not a *b-open set.
Theorem 2.6. Let (X, 7) be a topological space and A C X. If A is a *b-open set, then A is a pre-open
set.
Proof: Let A be a *b-open set, then
A C Cl(Int(A)) N Int(CIl(A)),
A C Int(CIl(A)).
Therefore, A is a pre-open set.
Remark 2.2. The converse of the above Theorem is not always true when Cl(Int(A)) = 0 and
Int(CIl(A)) = B, where A C B.
Proposition 2.1. Every *b-open set is a b-open set.
Proof: The proof is followed by the Theorem 1.1, 2.5 and 2.6.
Theorem 2.7. The intersection of a b-open set and a *b-open set is a b-open set.
Proof: Let A be a *b-open set and B be a b-open set. Then

AN B ¢ [Cl(Int(A)) N Int(CL(A))] N [CL(Int(B)) U Int(Cl(B))]
= [CL(Int(A)) N Int(CI(A)) N CL(Int(B))] U [Int(CL(A) N Cl(Int(A)) N Int(CL(B))]
C [Int(CU(A)) N Cl(Int(AN B))] U [CIL(Int(A)) N Int(CI(AN B))].

By The Proposition 2.1, A N B is a b-open set and let AN B = C. Then
[Int(CI(A)) NCl(Int(C)] U [Cl(Int(A)) N Int(CL(C))].

Now, Int(Cl(A)) N Cli(Int(C)) = D, where D # @ and Cl(Int(A)) N Int(Cl(C)) = E, where
E # (), and so.

ANB C DUE,where DU F is a b-open set.

Definition 2.4. Let (X, 7) be a topological space and A C X. Then, A is said to be *b-set if A =
Cl(Int(A)) N Int(CIl(A)).

Remark 2.3. The collection of all *b-set is denoted by BES(X, 7). The following example shows
that the union of two *b-sets not need be a *b-set.
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Example 2.3. Let X = {a,b,c} and 7 = {0, X, {a},{b},{a,b}}. The collection of BES(X,T) =
{0, X,{a},{b}}. It can see that {a} U {b} = {a,b} ¢ BES(X,T).

Theorem 2.8. The intersection of two *b-sets is a *b-set.

Proof: Let A and B two *b-sets, then A = Cl(Int(A)) N Int(Cl(A)) and B = Cl(Int(B)) N
Int(Cl(B)). Now,

= [CI(Int(A)) N Int(CL(A))] N [Cl(Int(B)) N Int(Cl(B))]
= [CI(Int(A)) N CL(Int(B))] N [Int(CU(A)) N Int(Cl(B))]

C [CU(Int(A) N Int(B)) N Int(CL(A) N CI(B))

C [CU(Int(A N B)) N Int(CIU(AN B));

[Cl(Int(ANB))NInt(Cl(ANB)) C [Cl(Int(A))NCI(Int(B))]N[Int(CIL(A))NInt(Cl(B))] = ANB.

Therefore, A N B is a *b-set.

Theorem 2.9. If A is a *b-set, then A is a *b-open set.

Proof: Let A be a *b-set, then
A = Cl(Int(A)) N Int(CIl(A)),

A C Cl(Int(A)) N Int(CIl(A)).

Therefore, A is a *b-open set.

The following example shows that the converse of the above Theorem, it is not always true.

Example 2.4. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. Then, {a,b} is a *b-open set, but it
is not a *b-set.

Proposition 2.2. Ler (X, 7) be a topological space and A C X. Then, the following statements hold:

1. If Ais a *b-set, then A is a semi-open set.
2. If Ais a *b-set, then A is a pre-open set.
3. If A is a *b-set, then A is a b-open set.

Proof:

1. Let A be a *b-set, then A = Cl(Int(A)) N Int(Cl(A)) C Cl(Int(A)) N (Int(CI(A)) C
Cl(Int(A)). Therefore, A is semi-open.

2. Let A be a *b-set, then A = Cl(Int(A)) N Int(Cl(A)) C Cl(Int(A)) N (Int(Cl(A)) C
Int(CI(A)). Therefore, A is pre-open.

3. Let A be a *b-set, then A = Cl(Int(A)) N Int(CI(A)) C Cl(Int(A)) N (Int(Cl(A)) C
Cl(Int(A)) U Int(CI(A)). Therefore, A is b-open.

Theorem 2.10. Let (X, 7) be a topological space and A C X. If A is a *b-set and Cl(Int(A)) C
Int(CI(A)), then A is a regular-open set.

Proof: Let A be a*b-set, then A = Cl(Int(A))NInt(CIl(A)), since Cl(Int(A)) C Int(CIl(A)), then
A € Int(CI(A)). Therefore, A is a regular-open set.

The following diagram shows the relations proved in this section:

b-open sets <= semi-open sets <= *b-open sets = pre-open sets = b-open sets.

Now, in this part of the section, it introduces the concept of *b-compact space and it shows some
properties.

Definition 2.5. Let (X, 1) be a topological space and F be a filter base of X. Then F is said to be
*b-convergent to point x € X if fore every *b-open set U containing x, there exits a F € F such that
FcU.

Definition 2.6. Ler (X, 7) be a topological space and F be a filter base of X. Then, F is said to be
*b-accumulates to a point x € X if FNU # (), for every F-open set U containing in X and every F' € F.

Proposition 2.3. Let (X, 7) be a topological space, F be a filter base of X and A is any closed set
containing x. If there exits a F' € F such that F' C A. Then, F *b-converges to a point x € X.

Proof: Let U be any *b-open set containing x. Then, for each x € U, there exits a closed set A such
that x € A C U. By hypothesis, there exits a /' € F such that F C A C U which implies that ' C U.
Therefore, F *b-converges to a point x € X.

Proposition 2.4. Let (X, 7) be a topological space and F be a filter base and A is any closed set
containing x such that F N A # () for each F' € F, then F is *b-accumulation to point v € X.

Proof: The proof is similar to the Proposition 2.3.

Definition 2.7. Let (X, 7) be a topological space. Then, X is said to be *b-compact if fore every
*b-open cover {Vs : § € A} of X, there exits a finite subset Ao of A such that X = U{V5 10 € Ao}

Theorem 2.11. If every closed cover of a topological space (X, T) has a finite sub-cover, then X is
*b-compact.

Proof: Let {V5 : 6 € Ay} be any *b-open cover of X and x € X. Then, for each x € Vs(z),d € A,
there exists a closed set F5(z) such that © € Fs(x) C V(). Then, the family {F5(z) : + € X} isa
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cover of X by closed set. Now, by hypothesis, that family has a finite sub-cover such that X = {Fj(z;) :
j=12,...,n} C{Vs(z;):j=12,...,n} Hence, X = {V5(z;) : j = 1,2,...,n}. Therefore, X is
*b-compact.

3. Generalized of *b-closed sets. In this section, we use the notion of *b-closed sets to introduce the
notion of generalized of *b-closed sets.

Definition 3.1. Let (X, 7) be a topological space and A C X. Then, A is said to be a generalized
*b-closed set or simply g*b-closed set if *b-Cl(A) C U, whenever A C U and U is a open set. The
complement of a g*b-closed set is called generalized *b-open set or simply g*b-open set.

Remark 3.1. The collection of all g*b-closed sets and g*b-open sets are denoted by GBE(X, 1) and
GBE(X, ), respectively.

Proposition 3.1. Every *b-closed set is g*b-closed set.

Proof: The proof is followed by the Definition 3.1. The following example shows that the converse of
the above Proposition, it is not always true.

Example 3.1. Ler X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b},{a,b,d}}. Then, {a,d} is a
g*b-closed set, but it is not a *b-closed set.

Theorem 3.1. Let A be a g*b-closed subset of X. Then, *b-C1(A) — A does not contain any non-empty
closed sets.

Proof: Let F be a closed set of X such that FF C* b-Cl(A) — A. Since X — F is a open set, then
A C X — F and A is g*b-closed, it follows *b-Ci(A) C X — F, in consequence F' C X —* b-Cl(A). This
implies that F' C (X —* b-Cl(A)) N (*b-Cl(A) — A) = 0, therefore F' = {.

Corollary 3.1. Let A be a g*b-closed set. Then, A is *b-closed if and only if *b-Cl(A) — A is a closed
set.

Proof: Let A be g*b-closed set. If A is *b-closed, it has *b-Cl(A) — A = () which is a closed set.
Conversely, let *b-C1(A) — A be a closed set. Then, by the Theorem 3.1, *b-C1(A) — A does not contain
any non-empty closed set and *b-Cl(A) is a closed set of itself. Thus, *b-Ci(A) — A = 0. Therefore,
A =* b-CI(A), in consequence A is a *b-closed set.

Corollary 3.2. Let A be an open set and g*b-closed set. Then, AN J is g*b-closed set whenever *b-
closed set J of X. Proof: Since A is g*b-closed and open set, then *b-Cl(A) C A and so A is a *b-closed.
Therefore, A N J is *b-closed set of X and this implies that A N J is g*b-closed set of X.

Theorem 3.2. Let (X, 7) be a topological space and A, B C X. If A is a g*b-closed set and B is any
set such that A C B C* b-Cl(A), then B is a g*b-closed set of X.

Proof: Let B C V where V' is an open set of X. Since A is a g*b-closed set and A C V, then *b-
Cl(A) C V and so *b-Cl(A) =* b-Cl(B). Therefore, *b-Cl(B) C V and hence B is a g*b-closed set of
X.

Theorem 3.3. Let (X, 7) be a topological space and A C X. A is a g*b-open set if and only if
J C* b-Int(A) whenever J closed set and J C A.

Proof: Let A be a g*b-open set and let J C A where J is a closed set. Then, X — A is a g*b-closed
set contained in the open set X — .J. Therefore, *b-Cl1(X — A) C X — Jand X —* b-Int(A) C X — J.
In consequence, J C* b-Int(A).

Conversely, if A is a closed set with J C* b-Int(A) and J C A, then X —* b-Int(A) C X — J.
Therefore, *b-Cl(X — A) C X — J. Hence, X — A is a g*b-closed set and A is a g*b-open set of X.

4. Locally *b-closed sets. In this section, we use the notion of *b-closed sets to introduce the notion
of locally *b-closed sets.
Definition 4.1.
A subset A of a topological space (X, 1) is called locally *b-closed if A=U NV, whereU € TanV
is a *b-closed.
Remark 4.1.
The collection of all locally *b-closed sets is denoted by LCB(X, 7). The following example shows
that the notions of *b-open and locally *b-closed are independent.
Example 4.1. Let X = {a,b,c,d} and 7 = {0,{a},{b},{a,b},{a,b,d}}. Then, {a,b} is a *b-open
set, but it is not a locally *b-closed set and {a, d} is a locally *b-closed set, but it is not a *b-open set.
Theorem 4.1. The intersection of a locally b-closed set and a locally *b-closed set is a locally b-closed
set.
Proof: Let C, D C X. Then C and D are said to be separated if C N CI(D) = ) and D N CI(C) = 0.
Theorem 4.2. Let (X, 7) be a topological space and X is extremally disconnected space. For a subset
A of X, the following statements are equivalent:
1. Ais aopen set.
2. Ais *b-open and locally closed.
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Proof: (1) = (2) : Let A be a open set, then by the Lemma 2.1 A is a *b-open set, besides A C U and
A CV,where U € 7 and V is a closed set, therefore A =UNV.

(2) = (1) : If Ais a *b-open set and A is locally closed imply that A = UNV, where U € 7, therefore
A CU,andso Int(A) = Int(U). Moreover, A C* b-Int(A) = Int(A). In consequence A is a open set.

Definition 4.2. Let (X, 7) be a topological space and A C X. Then, A is said to be D(c,* b)-set
if Int(A) =* b-Int(A). The following example shows that the notions of *b-open and D(c,* b)-set are
independent.

Example 4.2. Let X = {a,b,c,d} and 7 = {0,{a},{b},{a,b},{a,b,d}}. Then, Int({a,b,c}) =
{a, b}, but *b-Int({a,b, c}) = {a, b, c}.

Theorem 4.3. For a subset A of a space (X, T), the following statements are equivalent.

1. Ais open.
2. Ais *b-open and D(c,* b)-set.

Proof:

(1) = (2) : If A is a open set, then A is a *b-open set and A = Int(A) =* b-Int(A) and so A is
D(c¢,* b)-set.

(2) = (1) : If A € BSO(X,7) and A € D(c,*b) imply that A =* b-Int(A) and Int(A) =* b-
Int(A), in consequence A is open.

Proposition 4.1. Let V' a subset of (X, 1), V is locally *b-closed if and only if there exits an open set
U C X such that V.=U N*b-Cl(V).

Proof: Since V is locally *b-closed, then V' = U N J, where U is an open set an J is a *b-closed set.
Thus, V CU and V C J,then U C* b-Cl(V) C* b-Cl(J) = J. Therefore, V C UN*b-Cl(V) CUN*b-
Cl(J) =UnJ = V. Inconsequence, V = U N* b-CI(V). Conversely, since *b-C1(V') is *b-closed and
V =U nN*b-Cl(V), then V is locally *b-closed.

Proposition 4.2. Let (X, 7) be a topological space and A C X. If A is locally *b-closed, then the
following statements hold:

1. *b-Cl(A) — A is *b-closed set.
2. [AU(X —*b-Cl(A))] is *b-open.
3. AC*b-Int(AU (X —* b-Cl(A)).
Proof:
1. If Aialocally *b-closed, then there exits a V' open set such that A = V N* b-CIl(A). Now,
*b-Cl(A) — A =*b-Cl(A) — [V n* b-Cl(A)]
=*b-Cl(A) N [X — (V N*b-Cl(A)]
=*b-Cl(A)N[(X = V)U (X —*b-Cl(A))]
= [*b-Cl(A) N (X = V)]U[*b-Cl(A) N (X =* b-Cl(A))]
=*b-Cl(A)N(X =V).
Which is a *b-closed set by the Corollary 2.1.
2. Since *b-Cl(A) — A is a *b-close set, then [X — (*b-Cl(A) — A)] is a *b-open set and [X — (*b-
Cl(A) = A =X — (("b-Cl(A) N (X = A)) =[AU(X =*b-Cli(A))].
3. Itis obvious that A C [AU (X —* b-Cl(A))] =* b-Int[AU [AU (X —* b-CI(A))].

Corollary 4.1. The intersection of a locally *b-closed set and locally set is locally *b-closed.

Proof: The proof is similar to the Theorem 4.1.

Theorem 4.4. Suppose that (X, T) is under finite union of *b-closed sets. Let A and B be locally
*b-closed. If A and B are separated, then A U B is locally *b-closed.

Proof: Since A and B are locally *b-closed, then A = Q N* b-CI(A) and B = W N* b-Cl(B), where
Q, W are open set of X. Now, put U = QN (X — Cl(B)) and V = W N (X — CI(4)). So, U N* b-
Cl(A) = (Q@N(X —=CI(B))) N*b-Ci(A) = AN (X — Cl(B)) = A, since A C X — CI(B). Similarly,
VN*p-Cl(B) =Band U N*b-Cl(B) CUNCI(B) =0and V N* b-Cl(A) CV NCI(A) = (. Since U
and V are open, it has

UnV)n*b-Cl(AUB) = (U UV)N (*b-Cl(A) U* b-Cl(B))

= (UN*b-Cl(A)) U (U N*b-Cl(B)) U (VN*b-Cl(A)) U (V N*b-Cl(B))

=AUB.

Therefore, A U B is locally *b-closed.

Theorem 4.5. Let (X, 7) be a topological space and A C X. Then, the following statements are
equivalent:

1. Ais *b-closed.
2. Ais g*b-closed and locally *b-closed.

Proof: Let A be *b-closed and so A = A N X, then A is locally *b-closed. If A C V, then *b-
Cl(A) = A C V and A is g*b-closed. Conversely, If A is locally *b-closed, then there exits an open
set V such that A = V N* b-CIl(A), since A C V and A is g*b-closed, then *b-Cl(A) C V. Therefore,
*b-Cl(A) CV n* b-Cl(A) = A. In consequence, A is *b-closed.
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Definition 4.3. Let (X, 7) be a topological space and A C X. Then A is said to be:
1. *b-t-set if Int(A) = Int(*b-CIl(A)).
2. *b-B-setif A=UNYV, where U € T and V is a *b-t-set
Proposition 4.3. Ler (X, 7) be a topological space and A, B C X. Then the following statements
hold:
1. If A is *b-closed, then A is *b-t-set.
2. If A and B are *b-t-sets, then AN B is a *b-t-set.
Proof:
1. Let A be a *b-closed set, then A =* b-Cl(A) and Int(A) = Int(*b-Cl(A)), therefore A is a
*b-t-set.
2. Let A and B be *b-t-sets. Then, it has
Int(AN B) C Int(*b-Cl(AN B))
C (Int(*b-Cl(A)) N (*b-Cl(B)))
= Int(*b-CIl(A) N Int(*b-Cl(B))
= Int(A) N Int(B)
= Int(AN B).
Therefore, Int(A N B) = Int(*b-Cl(A N B)), hence AN B is a *b-t-set.
The converse of the part (1) of the above proposition, it is not always true as the following example shows.
Example 4.3. Let X = {a,b,c,d} and 7 = {0, X, {a},{b},{a, b}, {a, b,d}}. Then, {a} is a *b-t-set,
but it is not a *b-closed set. 'The following example shows that the union of two *b-t-sets not need be a
*b-t-set.
Example 4.4. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b}, {a,b},{a,b,d}}. Then the collection
of all *b-t-sets = {0, X, {b,c,d}, {a,c.d},{c,d}, {c}. {d}, {a}, (b}, {b,c}. {a, c}, {a,d}, {bd}}. Now, i
can see that {a} U {b} = {a,b} is not a *b-t-set.
Lemma 4.1. Let (X, 1) be a topological space and A C X. If A is a *b-t-set, then A is a *b-B-set.
Proof: The proof is followed by the Definition 4.3.

The following diagram shows the relations proved in the sections three and four:
g*b-closed and locally *b-closed <= *b-closed sets => g*b-closed sets.

5. Regular generalized *b-closed set. In this section, we use the notion of *b-closed sets to introduce
the notion of regular generalized of *b-closed sets.

Definition 5.1. Let (X, 7) be a topological space and A C X. Then, A is said to be regular generalized
*b-closed or simply rg*b-closed set if *b-Cl(A) C U whenever A C U and U is a regular open set of X.
The complement of a rg*b-closed set is called r g*b-open set.

Remark 5.1. The collection of all rg*b-closed sets and rg*b-open sets are denoted by RGEC (X, T)
and RGEO(X, 1), respectively.

Lemma 5.1. Let A be a subset of a topological space (X, 7). Then, *b-Cl(A) C CI(A). Proof: The
proof is clear.

Theorem 5.1. Every closed set is rg*b-closed set.

Proof: Let B be any closed set of X such that B C V. where V is a regular open set. Since *b-
Cl(B) C Cl(B) = B. Therefore, *b-Cl(B) C V. In consequence, B is a rg*b-closed set. The following
example shows that the converse of the above Theorem need not be true.

Example 5.1. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b},{a,b,c}, {b,c}}. Then, {b,c}isa
rg*b-closed set, but it is not a closed set.

Theorem 5.2. Every *b-closed set is rg*b-closed set.

Proof: Let B be any *b-closed set of X such that V' is any regular open set containing B. Since B
is a *b-closed set, then *b-Cl(B) = B. Therefore, *b-Cl(B) C V. Hence, B is a rg*b-closed set. The
following example shows that the converse of the above theorem need not be true.

Example 5.2. Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a, b}, {a,b,c},{b,c}}. Then, {a,c}isa
rg*b-closed set, but it is not a *b-closed set.

Theorem 5.3. Every rg*b-closed set is gpr-closed set.

Proof: Let B be any closed set of X and V' be any regular open set containing B. Since every *b-open
set is pre-open set, then *b-Cl(A) C pCI(A) C V. Therefore, *b-Ci(B) C V. Hence, B is a gpr-closed
set. The following example shows that the converse of the above theorem need not be true.

Example 5.3. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. Then, {a,b} is a gpr-closed set,
but it is not a rg*b-closed set.

Theorem 5.4. Every rg*b-closed set is rgb-closed set.

Proof: Let B be any closed set of X and V' be any regular open set containing B. Since every *b-open
set is b-open set, then *b-Cl(A) C bCI(A) C V. Therefore, *b-Cl(B) C V. Hence, B is a rgb-closed set.



Granados C.- Selecciones Matematicas. 2021; Vol. 8(1): 66-74 73

The following example shows that the converse of the above Theorem need not be true.

Example 5.4. Let X = {a,b,c} and 7 = {0}, X, {a}, {b},{a,b}}. Then, {b,c} is a rgb-closed set, but
it is not a rg*b-closed set.

Theorem 5.5. Every rg*b-closed set is g*b-closed set.

Proof: Let B a rg*b-closed set of X such that V' is any regular open set containing B. Since every
regular open set is a open set, then *b-Cl(B) C V. Therefore, A is a g*b-closed set of X. The following
example shows that the converse of the above Theorem need not be true.

Example 5.5. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. Then, {a,b} is a g*b-closed set, but
it is not a rg*b-closed set.

Definition 5.2. Let (X, 7) be a topological space and A C X. Then, A is said to be generalized
a*b-closed set or simply ga*b-closed set if *b-Cl(A) C U whenever A C U and U is a a-open set of X.
The complement of a ga*b-closed set is a ga*b-open set.

Theorem 5.6. Every rg*b-closed set is ga*b-closed set.

Proof: Let B be a rg*b-closed set of X such that V' is any regular open set containing B. Since every
regular open is a-open, then *b-C1(A) C V and A C V, where U be «-open. Therefore, A is a ga*b-closed
set. The following example shows that the converse of the above Theorem need not be true.

Example 5.6. Let X = {a,b,c} and 7 = {0, X, {a}}. Then, {a,b} is a ga*b-closed set, but it is not a
rg*b-closed set.

Definition 5.3. Let (X, 7) be a topological space and A C X. Then, A is said to be semi generalized
*b-closed set or simply sg*b-closed set if *b-Cl(A) C U whenever A C U and U is a semi-open set of X.

Theorem 5.7. Every rg*b-closed set is sg*b-closed set.

Proof: Let B be a rg*b-closed set of X such that V' is any regular open set containing B. Since every
regular open is semi-open, then *b-Cl(A) C V and A C V, where U be semi-open. Therefore, A is a
sg*b-closed set. The following example shows that the converse of the above Theorem need not be true.

Example 5.7. Ler X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. Then, {a,c} is a sg*b-closed set,
but it is not a rg*b-closed set.

6. Weakly *b-closed set. In this section, we use the notion of *b-closed sets to introduce the notion of
weakly of *b-closed sets.

Definition 6.1. Ler (X, 7) be a topological space and A C X. Then, A is said to be weakly *b-closed
if Cl(Int(A)) C U whenever A C U and U is a *b-closed set of X. The complement of a weakly *b-closed
is called weakly *b-open set.

Proposition 6.1. For a topological spaces (X, 7) the following statements hold:

1. Every *b-closed set is weakly *b-closed set.

2. Every closed set is weakly *b-closed set.

3. Every nowhere dense set B of X is weakly *b-closed.

Proof:

1. Let B be a *b-closed set and let V' be a *b-open set containing B. Now, since B is *b-closed set,
it has that A = In(CI(A)) N Cl(Int(A)) C Cl(Int(A)) C V. Therefore, B is weakly *b-closed
set.

2. Let B be any closed set and let V' be a *b-open set containing B. Now, since B is a closed set, it
has that B = CI(B) C Cl(Int(B)) C V. Therefore, B is weakly *b-closed set.

3. Since Int(B) C Int(CI(B)) and B is nowhere dense. Now, by the Definition 1.9, Int(B) = 0,
therefore Cl(Int(B)) = 0. Hence, B is a weakly *b-closed set.

The following example shows that the converse of part (1) of the above Proposition, it is not always
true.

Example 6.1. Let V = [2,4] and B = {3}, Then, B C V and Cl(Int(B)) = 0 C V. Therefore, B is
weakly *b-closed set, but it is not a *b-closed set. The following example shows that the converse of part
(2) of the above Proposition, it is not always true.

Example 6.2. Let X = {a,b,c,d} and 7 = {0, X, {a},{b},{a,b}}. Then, {c} is a weakly *b-closed
set, but it is not a closed set.

Proposition 6.2. Let (X, 7) be a topological space and A C X. If B is both open and weakly *b-closed
set, then B is a closed set.

Proof: Sine B is both open and weakly *b-closed, then CI(B) = Cl(Int(B)) C B. Therefore, B is a
closed set.

Theorem 6.1. Let (X, 7) be a topological space and A C X. B is weakly *b-closed if and only if
Cl(Int(B)) — B contains non-empty *b-closed set in X.

Proof: Let B be a weakly *b-closed set of X and let V' be a *b-closed set such that V' C Cl(int(B)) —
B. Now, since X — V is a *b-open set and B C X — V, then Cl(Int(B)) C X — V and thatis V' C
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X — (Cl(Int(B))), this implies that V' C Cl(Int(B))N (X — (Cl(Int(B)))) = 0. Conversely, let BC V
where V' is a *b-open set of X. Now, if Cl(Int(B)) is not contained in V, then Cl(Int(B)) N (X — V) is
a non-empty *b-closed set of Cl(Int(B)) — B and this is a contradiction.

Theorem 6.2. If A is a weakly *b-closed set and A C B C Cl(Int(A)). Then, B is weakly *b-closed
set.

Proof: Since A C B, it has that Cl(int(B)) — B C Cli(int(A)) — A. Now, by the Theorem 6.1,
Cl(Int(A)) — A contains no non-empty *b-closed set. Thus, Cl(Int(B)) — B contains no non-empty
*b-closed set and so by the Theorem 6.1, B is a weakly *b-closed set.

Theorem 6.3. Let (X, 7) be a topological space and A C X. Then, B is weakly *b-open set if and
only if W C Int(Cl(B)) whenever W C B and W is weakly *b-closed set.

Proof: Let B be any weakly *b-open set of X. Then, X — B is a weakly *b-closed set. Now, let, V'
be a *b-closed set contained B. Then, X — B is a *b-open set of X containing X — B. Since X — B is
a weakly *b-closed, it has Cl(int(B)) C X — V. Therefore, V' C Int(Cl(B)). Conversely, suppose that
V C Int(Cl(B)) whenever V C B and V is a *b-closed set of X. Then, X —V is a *b-open set containing
X —Band X —V 2 Cl(Int(X — B)). Therefore, X — B is a weakly *b-closed set, hence B is a weakly
*b-open set.

7. Conclusion. In this article some generalizations of *b-closed sets were presented, from the results
obtained, we could observe some existing inclusion relationships between these notions, additionally, those
inclusions that are not satisfied, examples are presented.

With the results obtained in this article, new inclusion relationships can be extended and presented with
some existing sets in the literature.
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