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Abstract
In this work, we study biharmonic surfaces that are parameterized by biharmonic coordinate functions. We
study a class of biharmonic surfaces called graph-type biharmonic surfaces. Also, we define a class of
surfaces associated to two harmonic functions (FH2A-surfaces), these surfaces satisfy a relation between
the Gaussian curvature, the projection of the Gauss map on a fixed plane and two harmonic functions. We
show that a particular class of graph-type biharmonic surfaces are FH2A-surfaces. Finally, we classify the
FH2A-surfaces of rotation.
Keywords . Biharmonic surfaces, Harmonic surfaces, Gaussian curvature

Resumen
Neste artigo, estudamos superficies bi-harmonicas que sdo parametrizadas por func¢des coordenadas bi-
harménicas. Estudamos uma classe de superficies bi-harménicas, chamadas superficies bi-harmonicas de
tipo grdfico. Também, definimos uma classe de superficies associadas a duas fungcées harmoénicas (FH2A-
surfaces), essas superficies satisfazem uma relacdo entre a curvatura Gaussiana, a projecdo da aplicacdo
de Gauss sobre um plano fixo e duas funcées harmonicas. Mostramos que uma classe particular de su-
perficies bi-harmonicas de tipo grdfico sdo FH2A-surfaces. Finalmente, classificamos as FH2A-surfaces
de rotagdo.
Palabras clave. Superficies bi-harmonicas, Superficies harmonicas, Curvatura Gaussiana

1. Introduction. One special class of surfaces is the minimal surface, which has been widely studied
by several authors. We also know that harmonic immersions have as their particular case the minimal
surfaces. In [1], the author studies the geometric properties of harmonic immersions and in [2], the authors
present a study on the class of graph-type harmonic surfaces.

Let M C R3 be a regular surface with Gauss map N : M — S?, we say that M is a graph-type
surface if N(M)it is contained in an open spherical cap. Let ¢ € R? be a plane, we define the projection
application w, : R? — o as the orthogonal projection of p into o.

In [3], the authors motivated by the work on Laguerre minimal surfaces, introduce the class of Laguerre
type surface as being a graph-type surface M in the Euclidean space with Gauss map /N, mean curvature
H and Gaussian curvature K, such that there exists a plane ¢ passing through the origin, such that

hoeH
NER
where L is the metric in o induced by the application 7, |pr, V(M) is contained in an open spherical cap
determined by o and h, = 7, o N.
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Motivated by the work of Laguerre type surfaces [3], we introduce the class of surfaces associated
to two harmonic functions (FH2A-surfaces) defined in Euclidean space, with Gaussian curvature K and a
plane o C R3, such that

K 2 A
(d”)4:/1‘ —e,

where A\ =0, App = 0, L is the metric in o induced by the application 7, | M, N (M) is contained in
an open spherical cap determined by o and d, = 7, o N.

By analyzing the relationship between harmonic applications and holomorphic functions we can rep-
resent the harmonic surfaces using holomorphic functions, since harmonic surfaces are a subclass of bi-
harmonic surfaces, we will use this same method to represent biharmonic surfaces. Thus, we will use
holomorphic functions to characterize biharmonic surfaces.

In this work, we study biharmonic surfaces that are parameterized by biharmonic coordinate functions.
We study a class of biharmonic surfaces called graph-type biharmonic surfaces. Also, we define a class of
surfaces associated to two harmonic functions (FH2A-surfaces), these surfaces satisfy a relation between
the Gaussian curvature, the projection of the Gauss map on a fixed plane and two harmonic functions. We
show that a particular class of graph-type biharmonic surfaces are FH2A-surfaces. Finally, we classify
the FH2A-surfaces of rotation. We note that all figures in this paper were made with the Mathematica
software(version 7).

2. Preliminaries. In this section, we fix some notation on local classical differential geometry on
surfaces. Let X (z,y) be a regular parameterized surface defined in the open set U C R? = C, (z,y) € U.
Let N denote the unit normal vector field to X given by

X, A X, 0X 0X
= —— XCU = =, X = -,
| X A Xy oz’ Y 9y

where A stands the cross product of R3.
In each tangent plane, the induced metric (, ) determines the first fundamental form

I = (dX,dX) = Edz? + 2Fdxdy + Gdy?,
with differentiable coefficients
E=(X;,X.), F=(X;,Xy), G=(X,,X,).

The second fundamental form of X is given by

IT = —(dN,dX) = edx® + 2fdxdy + gdy?,
with

e = (N, Xua), f=(N,Xay), 9= (N, Xyy).
The mean curvature H and the Gauss curvature K of X have the classical expressions

eG—2fF +gFE - eg — f?

B==Ee—m)  ““ s

Definition 2.1. Let X (z,y) = (¢1(z,y), p2(x,y), v3(z,y)) be a regular parameterized surface de-
fined in U. X is harmonic if Ap; =0, fori = 1,2, 3.

Observation 2.1. In this paper we consider the inner product

(,): CxC — R
(u,v)  +— (u,v) = uv1 + uzva,
where u = w1 + iUz, v = v1 + tvs.

Now, let f, g : C — C, holomorphic functions given by f = f1 + if2, g = g1 + ig2, where f1, f2,91,92 :
C—R.

We define the differentiable function

(f(2),9(2)) = f1(2)91(2) + f2(2)g2(2)-
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In the computation we use the following properties:(see [2]) If f, g are holomorphic functions, z =
x + 1y € C then

@ (.02 = (7".0) + (.0,

22) (f.9)y = (if'.9) + (f.ig"),

(2.3) f= 1)+, f),

.4 (F.gh) = (f9. 1),

(2.5) f=Q 0 —ilif),

(2.6) F=(Lf) =i, f) = (1, ) +i(L,if),
) (1, ) 5) = 300 ).

In [2] was obtained the following result.

Theorem 2.1. Let M be a harmonic regular parameterized surface defined in U C C open and
simply-connected. Then M is locally reparameterized by

(28) X(Iay) = (<17 fl(xay»? <17 f2(xa y)>7 <1a f3(xa y)>)a

where f;, i = 1,2, 3, are holomorphic functions.

Definition 2.2. Let X be a harmonic surface defined in U C C open and simply-connected, given by

X(.T, y) = (<1a fl(xa y)>7 <17 f2(x?y)a <17 fg(l‘,y») Iff2 = _ifl then X(x’ y) = (fl(x7y)7
(1, f3(x,y))) and the surface X is called graph-type harmonic surface.

Definition 2.3. Let X (z,y) = (¢1(z,y), v2(x,y), p3(z,y)) be a regular parameterized surface. The
surface X is Biharmonic if A%2p; = 0, fori = 1,2, 3.

Observation 2.2. Let X be a biharmonic surface defined in U C C open and simply-connected given
by

(2.9) X(x,y) = (<1’ fl(l’,y» + <Z’gl>’ <l,f2(a:,y)> + <Za.92>a <17f3($,y)> + <Zag3>)7

where f; and g;, ¢ = 1, 2, 3 are holomorphic functions.

3. Main results. Let X be a regular parameterized surface given by X (z,y) = ((1, f1(z,y)),
(1, fa(x,y)) , h(x,y)), where f;, j = 1,2 are holomorphic functions and h : U — R a differentiable
function, U open set of R2. If fo = —if; then X can be write as X (z,y) = (f1(z,y), h(z,y)).

Theorem 3.1. Let X be a regular parameterized surface given by X (z,y) = (f1(x,y), h(x,y)) where
f1 is a holomorphic function and h : U C C — R, a differentiable function in U. Then the Gaussian
curvature K and the mean curvature H of X are given by

<(?§7)V’W> - H (?{)WH2 (AR = fll)
3.1 K = :

4
( IR + ||f{||2>

. [VA|? <2 <(f{'>,Vh> + Ah) + 20 A1 AR — (V)2 w)

7
1

(3.2)

b

3
4||f{( ||Vh2+|f{|2>

where w = hyy — hyy + 2ih,,.
Proof: Given the surface X (z,y) = (f1(x,y), h(x,y)), from (2.1) and (2.2) we get

(3.3) Xo = (i, ha),
Xy = (Zf{’ hu)
By (3.3) the coefficients of the first fundamental form are given by
2 2
E=IA1I7+ hall”
(34 F = hghy,
2 2
G =l + NIy l”
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Also, from (3.3) we obtain

(.5 Xu x Xy = ((is 1) hy = (6 i f1) has (Lif1) he — (1, f1) By, (1, f1) (5 f1) — (L f1) i, f1)) -
Using (2.5) and (2.6) the coordinates of N (x,y) are given by

(3.8) (L) Gify) — (Laf) G f) = 1A
Substituting (3.6), (3.7) and (3.8) in (3.5),
(3.9) X, x Xy = (= (F,vn), = (i, vn) 7))

Using (3.9) we obtain that the normal vector of X is given by

(3.10) N = EAVA AR
| ol

where [[v]] = [Lf{[l /[IVRI* + | £
From (2.1) and (2.2) we get
Xopw = ( {/7 hxm);
(3.11) Koy = (0f1 hay),
Xyy = (=1 hyy)-
Also, the coefficients of the second fundamental form are given by

" 1112 o Hf“|2 {/
- e =, ||{ (T8 9) I hee] = T [h‘<v’”‘>}

1

7112
= (X, V) = ”1” [ 117 + 1530 ) = ML [+ (B Vhﬂ

On the other hand,

B 1 S A A A I 1Y hyy + hooh
f - 2 70 + ) T yy+ walyy
ol ; 1 1
b " )
< / ,Vh +2 ; ,Vh h‘zy 7
it f /o ’ |
i |\ A : &

+ haahyy — b2, } -

Putting
(3.12) W = hgg — hyy + 2ihyy.

Utilizing (2.4), (3.12), (3.13) and the fact that EG — F? = Hv|| we have that the Gaussian curvature K is
given by

ow s UE(FYone)-[(8) o

+ haghyy — hiy} .




Riveros C. et al.- Selecciones Matematicas. 2020; Vol. 7(1): 97-107 101

Note that,
(3.14) |wl|* = h2, = 2hauhyy + W2, + 402, = (hew + hyy)? — 4(hashy, — h2,)

From (3.14) we have

1
(3.15) hachyy = b2y = 7 | (B0 = )]
Thus, using (3.15) in (3.13), we obtain (3.1).
Also,
1
(3.16) eG —2fF + gE = ”H {< Vh>( h§)+2<z‘1,,Vh>h h
1

A o+ Togy) + B + ygh2 = 2y hohy |

Since, (Vh)? = h2 — hZ + 2ih,h,, we getin (3.16)

a.17) ¢G — 2fF + gE — “ﬁ {<< )w (Vh)2>+||f{|2Ah

+ haahl + hyyhZ — 2hgyhahy } .

From (3.12) we have

(3.18) <(Vh)2 ,w> = B2 hye — 2Ry — 2Ry + 2Ry + dhyyhyhy,
= ||VA|> Al — 2 [W2hyy + h2hay — 2hayhahy) .

From (3.18) we obtain

(3.19) hawh? + hyyh2 — 2hyyhohy = [||Vh||2Ah7<(Vh)2,w>}.

l\D\H

Using (2.4), (3.17) and (3.19) we have

=2“]|cj]'|'|3{||w||2<<]§> >+f1|| Ah+ [P A - <<Vh>2’w>]}v

this equation is equivalent to (3.2). W

4. Graph-type biharmonic surfaces. In this section we define the graph-type biharmonic surfaces
and give some examples.
Definition 4.1. Let X be a biharmonic surface defined in U C C open and simply-connected, given by

X(z,y) = (L f1), (1, f2) , (1, fs) + (2,93)) . If fo = —ify then X(z,y) = (f1(z,y), (1, f3) + (2,93)) ,

where f;, g3, i = 1,2, 3 are holomorphic functions, z € C, is called graph-type biharmonic surface .
Theorem 4.1. Let X be a graph-type biharmonic surface given by X (z,y) = (f1(z,y), (1, f3) +
(z,93)). Then the Gaussian curvature K and the mean curvature H of X are given by

w o A@e @]

(Vier 157
el (<(ﬁ) 6> +2<ng>) AP L) — (€75 + 245

3
2171 ( lel® + f{||2>

2

2 N —
+4(1,93) 5 + 294

)

4.2) H =

)

where & = f5 + g3 + 2g5.
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Proof: Since the biharmonic surface X is given by X (z,y) = (f1(z,y), (1, f3) + (2, g3)), considering
h = (1, f3) + (2, g3), using (2.1) and (2.2) we obtain

43) he = (1, f3) + (1, 95) + (2, 95)
hy = (Lifs) + (i,93) + (2, ig5) -

Thus, from (2.4) and (2.6)

4.4) Vh= f,+ g3+ 295 =&

From (4.3) it follows

haw = (1, f3) +2(1,93) + (2,93) ,
4.5) hay = (Lify) + (2,1g5) ,

hyy = — (L, f35) +2(1,95) — (2,95) -
4.6) Ah=4(1,g.).

Using (2.6), (4.3) and (4.5) in (3.12) we get

@.7) w=2 (7] +247)

Substituting (4.4) and (4.7) in (3.1) and (3.2), we obtain (4.1) and (4.2), respectively. B

Example 1 Considering f1(z) = 22, f3(2) = =52 + 2 + i, g3(2) = 2? in Theorem 4.2, we get the
graph-type biharmonic surface (see Fig. 4.1)

X(x,y) = (¢ —y? 22y,2 — 5z + 2y’ + 2°).

Figure 4.1: Graph-type biharmonic surface. Source: self elaboration



Riveros C. et al.- Selecciones Matematicas. 2020; Vol. 7(1): 97-107 103

Example 2 Considering f;(z) = 22, f3(2) = z, g3(2) = €7 in Theorem 4.2, we get the graph-type
biharmonic surface (see Fig. 4.2)

X(z,y) = (2% — %, 22y, x + ze” cosy + ye” siny).

Figure 4.2: Graph-type biharmonic surface. Source: self elaboration

4.1. Special cases of graph-type biharmonic surfaces. In this subsection, we study special classes
of graph-type biharmonic surfaces.

Proposition 4.1. Let X be a graph-type biharmonic surface defined in U C C open and simply-
connected, given by X (z,y) = (z,(1, f3) + (2,93)), where f3 and g3 are holomorphic functions. Then
Gaussian curvature K and the mean curvature H of X are given by

41,65 || 77+ 20f
(4.8) - —5
()fg+gg+zggH +1>
I — 112 S N2 I
2(1,68) ([T o+t +2) = (B o+ +535) T +548)
(4.9) H =

fh+93+z295

(o +1)

Proof: The proof it follows from Theorem 4.2, considering f1(z) = z. B

Proposition 4.2. Let X be a graph-type biharmonic surface defined in U C C open and simply-
connected, given by X (x,y) = (z, (z, g3)) where g3 is a holomorphic function. Then Gaussian curvature
K and the mean curvature H of X are given by

1\2 7 2
4(1, g5) —Hzgg

2 2’
(Hgg + zggH + 1>

_ N2
2(1, g3) (”93 + 293 +2) - <(gs +zgé) ,zgé’>
; .
_n2
2< [ H)

Proof: The proof it follows from Theorem 4.2, considering f1(z) = z and f3(z) = 0. B

(4.10) K=

@.11) H=
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5. Surfaces associated to two harmonic functions. In this section, we introduce the surfaces associ-
ated to two harmonic functions (FH2A-surfaces) and give some examples.

Definition 5.1. Consider a plane o C R?, we define the projection application 7, : R> — o as being
the orthogonal projection of p € R? into o.

Definition 5.2. A regular parameterized surface X is called surface associated to two harmonic func-
tions (FH2A-surface), if the following relation is satisfied

K 2 A

where K is the Gaussian curvature of X, d, = 7, o N and the functions A, ¢ are harmonic. The following
result shows that a graph-type biharmonic surface with f; = z and f3 = 0 is a FH2A-surface.

Theorem 5.1. Let X be a graph-type biharmonic surface given by X (z,y) = (2,(z,9)). Then X is a
FH2A-surface.
Proof: Since, X (x,y) = (z, (2, g)), from (3.10) and (4.4) the normal vector to X is given by

(_(g + Z?)’ 1)

5.2) N = — .
A/ Hg + zg’H +1

Note that

(5.3) dy = !

Vg +27| +1

Now, define = 2 (1, ¢') and A = In||z¢”||* and replace 11, A, (5.4) in (4.10) to get (5.1).
To complete the proof, it remains to show that ;o and A are harmonics. From (2.1) and (2.2) we have

Ap=A (2 <17§]/>) = <1’g///> + <17 _g///> =0,

thus, p is harmonic.
Also, differentiating and using (2.1) and (2.2) we get

2 <g// + Zglll7zg//>
(29", 29")

2(i(9" +29"), z9")

A fr—
! (29", 29")

:)\y:

)

2 2 2
54 N = (229" + 29", 29") +2lg" + 29" |I") l|129"1|” — 4 (9" + 29", 29")
(5.4) v = TR ,
(29", 29")
2 2 . 2
(_2 <291// + Zgl///7zg//> + 2 ||g// + Zg///H ) Hzg//” _ 4 <7/(g// + Zg”),Zg”>

<Zg", Zg//>2

(5.5 Ay =

From (5.4) and (5.5) we obtain

2 2 2 . 2
4(||g”+zg’”|| HZQ/,” _ {<g//+zg///’zg//> + (z(g/’Jrzg”’),zg”) })

. AN =
(5 6) (zg”,zg”)2

We observe that

(g" +29" 29" + (ilg" + 29""). 29")" = (LG +29729")" + (i.9" + 29" zg")’
2
17 H

= 7+ 297"

///” //”2

2
= 9"+ 29" " | z9

Substituting this expression in (5.6), we have that AX\ = 0, therefore, A is harmonic. The proof is complete.
|

Example 3 Considering f1(z) = z, g(z) = ¢ in Theorem 5.3, we get the FH2A-surface (see Fig.
5.1)

X(z,y) = (z,y, et v’ (z cos(2zy) + ysin(2zy))).
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Figure 5.1: FH2A-surface. Source: self elabora-
tion

Example 4 Considering f1(z) = z, g(z) = tan z in Theorem 5.3, we get the FH2A-surface (see Fig.
5.2)

X(a,y) = (m y, £30(22) + ysinh(%))

cos(2x) + cosh(2y)

Figure 5.2: FH2A-surface. Source: self elaboration

Example 5 Considering f1(z) = 2, g(z) = 27 in Theorem 5.3, we get the FH2A-surface (see Fig. 5.3)

— ).

Figure 5.3: FH2A-surface. Source: self elaboration
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6. FH2A-surfaces of rotation. In the next we will classify the FH2A-surfaces of rotation.

Theorem 6.1. Ler X (z) = (e®, h(x)) be a parametrization of a rotation surface. Then X is a FH2A-
surface of rotation if, and only if, h is given by

T 2 1 2 22 2ecautcy
6.1) h(m):agi/ \/aleQU—cg—clcg(l—i—Qu)—cl( +2u+2u?) 2 du,

1 2 C3 — 2
where a1, as,¢1,Ca,03 # 2,¢4 € R,
or

v 2(1+2 2u?

62)  h(z)=ay+ / \/ale% S cren(1 4 2u) — AULE 2“+ Y _ guerwteidy

1
where a1, as,c1,Co,c4 € R,

Proof: Using (3.1) we obtain that the Gaussian curvature satisfy
K
6.3 —— =N — (W)
6.3) (@0 (h)
From (5.1), X is a FH2A-surface if, and only if,
(6.4) h/h// _ (h/)Z — (clx + 02)2 _ 603I+C4.
In fact, since, ;4 and A are harmonic functions and h only depend on = we have that
p?—et = (1 + cg)? — ecamTes,

The solutions of (6.4) for c¢s # 2 and for c3 = 2 are given by (6.1) and (6.2), respectively. H

Example 6 Considering a; = 2,a2 = 1,¢1 = ¢3 = 0,¢c0 = w,c4 = i in Theorem 6.1, we obtain

that h(x) = 14+ Vel/4 + e2@+2) — 72 — /72 — ¢1/4 arctan Velltperhs) —n? , thus, we get the FH2A-
2 o1/4 g

surface of rotation (see Fig. 6.1) given by

T/ L o2(212) _ 2
X(z,y) = (e"”cosy,e‘”siny,lJr\/61/4+62(2+“’)7r2\/7r261/4arctan l\/e +e il ]) )

12 — el/4

Figure 6.1: FH2A-surface of rotation. Source: self elaboration

Example 7 Considering a; = 1,a2 = 0,¢; = ¢ = 0,¢3 = 2,c4 = —1 in Theorem 6.1, we obtain that
e~ /e2e (1 — 22) (e¢/2 /7 + e"\/2e — 4z — e/%\/TExf [M)
h(z) = , thus, we get the FH2A-

V2e —4x

surface of rotation (see Fig. 6.2) given by

e~%y /e (1 — 22) (e/2\/7 + e"\/2e — da — e¢/%\/mErf [\/£ — z])
V2e —4x ’

X(x,y) = | e”cosy,e”siny,

where, Erf is the error function.
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Figure 6.2: FH2A-surface of rotation. Source: self elaboration

7. Conclusions. In this paper, using holomorphic functions we characterize a class of biharmonic
surfaces called graph-type biharmonic surfaces. We introduce a special class of surfaces that are associated
to two harmonic functions (FH2A-surfaces) and as a first step we classify the FH2A-surfaces of rotation.
In this sense, it would be important to study the FH2A-surfaces with certain properties and obtain their
classification.
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