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Resumen
En este articulo simulamos la dindmica del transporte de CO4y en los sacos alveolares pulmonares. Usando el
método Euleriano-Lagrangiano Arbitrario, se pudo controlar el movimiento del dominio para una respiracion
normal y forzada. El fluido de gas de ambiente inhalado y las concentraciones de COz fueron aproximadas por
las ecuaciones de Navier-stokes y la ecuaciOn de conveccion difusion, el stress paras diferentes maniobras fueron
calculadas en tiempos iguales. La expansion para la maniobra normal y forzadas fueron representadas como el 9
Y 90 % de la geometria inicial. Las diferencias de la cantidad de CO5 fue 73x10~3 ml entre la respiracion normal
y forzada. El stress en la pared del saco alveolar cambio siguiendo el patron del flujo inhalado a diferencia del
stress para una maniobra forzada. Concluimos, que la cantidad de CO5 en el saco alveolar, depende del niimero
de capilares en saco alveolar, ademds no se ve afectada por las maniobras forzadas.
Palabras clave. Dindmica del gas Alveolar, Arbitrary Lagrangian-Eulerian, Navier-Stokes equation.
Abstract
We simulated the dynamics of CO transport in the alveolar sacs of the human lung. Using Arbitrary Lagrangian
Eulerian (ALE) framework, we control the movement domain for a normal and fast maneuver. The fluid of room
air inspired and COs concentrations were approximated by Navier-Stokes and convection diffusion equations; the
stress-stretch in the wall for different volumes were quantified in equal time of respiration. The expansion for a
normal and forced maneuver were represented as 9 and 90 % to the initial geometry. The difference of the CO-
was 73x10~3 ml between a normal and forced maneuver; the stress in the wall changed following the sinusoidal
pattern as a flow in the normal inspiration. In conclusion, the amount of COs in the alveolar sacs, depends upon
the number of capillaries in the wall and it is not affected by the expiratory fast maneuver.
Keywords. Alveolar gas dynamic, Arbitrary Lagrangian-Eulerian, Navier-Stokes equation.

1. Introduction. Caucha et al. (2010) [1] showed that the alveolar dilution of CO, becomes more evident

with the forced expiration and reveals the effect of CO- diffusion from Residual Volume (RV) to Expiratory Reser-
ve Volume (ERV) in the expired forced maneuver. We are interested in simulate the changes of CO5 concentration
in the alveolar sacs, when it is filling with room air in a respiration.
The dynamic of the gas in the human lung was studied using one-dimensional mathematical model [2], this model
used a geometry like a trumpet proposed by Weibel [3], with 23 bifurcations (generations) of the bronchial tree,
starting from trachea (0™ ) to terminal bronchioles (23" ); this model was followed by Engel and Paiva [4, 5] consi-
dering the ideal gas condition in the alveolar zone, such as instantaneous homogeneity for the gas concentration in
each respiration [6, 7]. After that, Swan et al. [8], and Federspiel et al. [9], analyzed the dispersion in the alveolar
ducts, using the Navier-Stokes equation and convection-diffusion equation for the gas transport, those researches
were made in the rigid domain, but the geometry of sacs move according to inspiration or expiration process.
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In this article, we made an analysis of the gas exchange and transport in the alveolar sac for a moving do-

main when it is submmited to Stress and stretch as a consequence of forced respiratory maneuver. The principal
assumptions considered for this analysis were that sac has smooth alveolar deformation. As the geometry of the
sac is small, we had especially cared to define the behavior in the boundary by the irregularity in the gas exchan-
ge and oscillation in the boundary. The fluid flow and CO4 concentration in the alveolar sac is governed by the
Navier-Stoke equation and transport equation on the moving domain, and transformed to the Arbitrary Lagrangian-
Eulerian coordinate [10, 11].
The article was structured by: in the section 2, we showed the equations for the fluid and gas transport, with their
initial and boundary conditions. In section 3, we present the weak system equations in Arbitrary Lagrangian-
Eulerian coordinates. In sections 4 we made the estimates in order to show the convergence of weak solution of
the system; and 5, we present the numeric simulation and conclusion in the section 6.

2. Mathematical Model. The respiration consist in two process, inhalation and exhalation. The subject in-
haled a mix of gases, could be room air or different mix as in Flores and Cruz (1999) [12], Sikand(1962) [13]
and Milic-Emili(1966) [14], but always there are the fluid flow and gas tracer (gas of interest ). For describing this
dynamic we consider an equations system for the fluid flow (inhaled and exhaled process ) and the gas transport
equation for gas tracer (gas of interest), such as carbon dioxide (CO3) in this study.

The fluids considered for this analysis have a partial pressure outside (room air) and inside of the lung is
practically constant (for example the Nitrogen), and moreover the temperature in the lung is constant. We simulated
as an incompressible fluid as

poru+ p(u - Viu—dive =0 , en Q(t),
div(u) =0 , en Q(t),
u = Ydom ,en Ty Uy,
on=0 , enTy,,

2.1)

where: () is the domain representing the alveolar sac geometry, this domain changes as a function of time, V4™
(velocity of moving domain).

The boundary has three different parts such that: I'y; is the part for gas exchange between alveolar gas and the
blood flow; I, is the wall there is not exchange and I';, is the boundary where the inflow and outflow take place
as a consequence of inhalation and exhalation.

For the incompressible fluid, the Cauchy tensor was

2.2) o = pvVu—pl;

This is used in the system 2.1, where p is the fluid density, u velocity and p pressure.

In the model, we considered outside of the alveolar sac as approximate value Caucha et al. [15] and the boundary
I';, such that do-nothing condition [16]. We considered the inflow and outflow velocity is known for I';, (by
experiment), such that the moving domain was considered as a variable.

2.1. Transport equation. For the CO, transport, we have the convection-diffusion equation, such as:

HhC+u-VC—DAC =0 , enQ(t)
(2.3) 8770 - ab(Cb — C) =0 , EN Fbl
0,C=0 ,enly.

In the boundary I';,, we have the conditions for inflow and outflow

2.4

{ C=Cx ,stv-n<0 en Ty,

0,C=0 ,siv-7>0
where, C'is the gas concentration in the alveolar sac, C.,; initial condition in the boundary I';,, C} gas concentra-
tion in the pulmonary blood flow and w fluid velocity, «, constant of the gas solubility in the blood.

The Dirichlet condition, we include weakly in the variation formulation using Nitsche’s method [17] such that

(2.5) 9yC —yh*H(v - n)(Cexe — C) =0, en Tyy,

where -y is a parameter (dimensionless), moreover h — 0 and H is the unit step function defined as:
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2.6) H(r) = { (1) ’ iig

The initial condition for the velocity and concentration were u(.,0) = v,, and C(.,0) = C,.

3. Model in ALE coordinates . Considering Q(¢) as the domain that represent the Eulerian movement of the
fluid as a consequence of inflation and deflation of the alveolar sac by the respiratory cycle, and Q, the reference
system that represent the rest (Functional residual capacity or residual volume of the lung).

To Control the moving domain, we add an arbitrary fixed domain W, and could take W = €, without considering
some physical meaning. As W is fixed in the time, there is exist an invertible map Tow (t): W — Q(t) with
gradient E, = VT, and Jacobian J, = det(F ), which F,, and .J,, have the properties of deformation of
Lagrangian gradient , the Lagrangian particle & € o, the Eulerian path 2(i,t) € Q(t) and &, € W with
Tw(a?w, t)y=xa= ’f’(a?, t); we must consider the difference between the velocity 0T ( velocity of movement of
the reference system) and the physic velocity V [18, 19, 20].

The weak form of Equation system 2.1 and 2.3 are transformed to ALE coordinate [18], such that the variables
of interest are 0, p and C.

The weak form of the problem in ALE coordinates is giving by : Find & € V(Q), p € £(£2) and C' € # such that

3.1)
(J(2.C + (F~(0 - 8,T) - V)C), ) + (DIF-TVE, V) — (aley — C), %)
)

where the domain € is fixed and the test spaces are defined as

. ————llll2 ———lIllm

) S (=
(3.2) Vo = (C(QLOM:, p ) 0 La=0C(Q) T, X =C(Q)

and Hilbert Space, respectively.
The Cauchy tensor in the reference domain is

(3.3) 6= =PI+ pv(VoE™Y).

4. Estimates for the weak solution of the fluid velocity and gas concentrations . For this section we
following the classical idea to prove the existence and uniqueness of weak solution for the Navier-Stokes equations
described by Temam [21] but in ALE coordinates.

4.1. Estimates for the fluid velocity . Taking a Navier-Stokes equations in ALE coordinates (3.1), we have
the following definition.
DEFINITION 1. We say that 1 is a weak solution of the system (3.1), if satisfy the following formulation

p(J (it + (F~ (i — 0, T) - V)i, §) po ) + (JpU(VAF ™), V) sy =0, VeV
in sense of distribution in (0,T); such that

T T
0 0
Utilizing the condition of the function of free divergence [22], the ALE system (3.1) is equivalent to

4.1) p(J(Byis + (F~ (i — 0,T) - V)i, ¢) + (Jpr(VaF 1), Ve) =0, VYoe.

As H} () < £2(Q) is dense and continuous, we considered a base of £2(2) formed by elements of £} ()
and use the Galerkin’s method, such that, we take

4.2) i =Y (1)1
j=1

as lineal combination of elements w; € H{, where «;(t) are the scalar function and depend of the time ¢.

For m > 1, replacing 4 in the equation (4.1) by ,,, we have a system of ordinary differential equations, that
applying Peano’s theorem [23], exist T = T;,, and an unique solution in [0, T},]; this show a local existence of
solution of Galerkin’s approximation.
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4.1.1. Energy equation. In this section, we show the convergence of the weak solution and the terms that
control the energy dissipation for the fluid.
Considering ¢,, = 1, and replacing in the equation (4.1), we have

4.3) p(J (Opttan + (B~ (g — OT) - V)i, i) + (v (Vi F7Y), Vi) = 0.

This equation calling energy equation gives a priori estimates, showing a candidate to be a weak solution.
The next lemma shows the convergence of the weak solution
LEMMA 1. Given the energy equation (4.3) then we have the convergence for the Galerkin’s approximation

4.4 G = 1 in £2(0,T; £2()),

(4.5) G — @ in L2(0,T; HE ().
Proof Skipping technical steps here, we have the inequality for the energy equation, such as

Ol gy + CMWAE i + 12 [ V@D o ) i [y < 0.

applying the Gronwall’s lemma, we have that
4.6) ||ﬂm||%2(g) < ||ﬁm(0)||%2(§z)exp( - (2)‘V||F_1HL°° + ||F_1||L°°||div(8tT)H£°Q(Q))t)'

From (4.6) follow the Galerkin approximation ,, exist globally in the time; that is 7;, = oco. Additionally, we
observe that the dissipation of the initial energy is a function of the viscosity and domain deformation. Furthermore,
we have that

(4.7) {um} isboundedin L>(0,T;L%()).

Integrating from O to 7" the equation (4.6), we have

T
R 1

l 2 — 2» N

(4.8) /0 |Vum||£2(Q) ds < 21 ||um(0)||£2(9)

and we have that
(4.9) {am} isboundedin L£2(0,T; H}(Q)),

Now, from (4.7), (4.9) and diagonalization argument, exist @, such that i, — @ in L (0, T L2 (Q)

and @, — u in  £2(0,T;HE(Q)), respectively. As a consequence of nonlinearity, the weak convergences are

not sufficient to take the limit to the approximate formulation. Then, we need a strong convergence of {iy,};

for this process, we used the Fréchet-Kolmogorov theorem [24], and conclude that {4, } is pre-compact in

£2(0,T; £2(2)), as a consequence there is a subsequence @i, — @ in £2(0,T’; £2(€2)) strongly.

We can propose the theorem of existence for the weak solution of the fluid equation in ALE coordinates.
THEOREM 2. Given the system (3.1) that describe the conservation and mass for the fluid, then, exist a weak

solution, in sense of (1), in the spaces

@ e L£2(0,T; £2(Q) N L2(0,T; H () N £2(0,T; £2()).

Proof Now, we pass to limit to the weak form (4.3), for that, taking w = w; where w; € Span{w, w2, , Wm}
and multiplying the equation by ¢ € C3°(0,T) and integrating from 0 to 7. And utilizing the Stokes’s theorem
[23], we have that

I d T . .
(4.10) — 5/ (am,wj)dif dt + 1// (Vi F'71 V) dt + int (7 (@ — 0T - V)i, )¢ dt = 0
0 0
then, using the lemmas (1), and strong convergence, we have that {4,,} converge in time to 4 defined in the
theorem (2).

4.1.2. Uniqueness for the velocity. Given 1, 4, weak solutions of the equation (4.1), then we define & =
Uy — Qg € V(£2). Then, w is a weak solution and using the equation (4.6), we have that 4, = s for t — oco.
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4.2. Estimates for the weak solution of the gas concentrations. For the system (3.1), we made an analysis
in the same way that analysis of fluid velocity, considering the result given by theorem 2.

DEFINITION 2. We say that C is a weak solution for the system (3.1) if it satisfy the next weak formulation

(j(até + (F_l(f} - atT) : @)0)71[}) + (Djﬁ_T@CAZ 6"[}) - (Oé( A) ’([})Fbl

(ph™*H(v - n)(Cegs — C), ) =0, Vipe X,
in the sense of distribution in (0,T), such that
T . A A T
/ (J(0:C + (F‘l(f) —0:T)-V)C), ) dt + / (DJF_TVC7 Vi) dt—
0 0
T o T o
| @t = st [ (oh M0 )(Coas — C)ih0dt =0, Vo€ CFO.TIE)
0 0
From the equation in the ALE coordinates, we have

(4.11) . . . o A
(J(O,C+(FH(8-0,T)-V)C), ) +(DIF TV, V) = (aley—C), )ry, +(ph*H (v - 0) (Cei—C), ) = 05

given the Faedo-Galerkin’s approximation

m

(4.12) Co =Y iy, Cm € X
j=1
for the equation (4.11) with spaces V,,, = span{iy, wa, - - , W}, Wi € H'(Q) and Xy, C L2, and a;j(t) scalar

functions depending on the time.
Evaluating (4.12) in the elements of the base wy, we have a system of ordinary differential equation in ¢; then with
Peano’s theorem [23], exist T' = T,,, and an unique solution [0, T7].

4.2.1. Energy equation for the gas concentration. Using the approximation C,,, we have

J(0:Crm, Cr) + (DIFTNCo, VC) + J(F7H (0 = OT) - V)Clpy o) —
(4.13) (@

b(co Cm) C )2 1/2(Ty;) + (yh~ 27—[((]6“ - C’m)7ém>yfl/2(rio) =0;

with this equation, we be able to make the estimates; those give us a weak solution defined in (2).
The lemma gives us the spaces of convergence for the weak solution for the gas concentration
LEMMA 3. From the equation (4.13), we have the next convergences for the Faedo-Galerkin’s approximation

Con 2 C in £2(0,T; £2()),
Cw = C in L2(0,T; H' ().

Proof We skip the technical details and show the principal results.
Defining the terms a: = (|D|J||[F~ o — (ap + [y 72 H]))
and b: = (Claw, ) + |vh *Heewr]), 0 = (— AL+ 1E =Y poe |div(8;T)|| p ) and h = 2=, we have

Oel|Cnll? + 011 Crnl % <
using the Gronwall’s inequality [21], we have

Gl < (ICon0) + 2 l)eap(~01).
We see that C,,, is uniform limited in £°°(0, T; £2(€2)), as it is not depend of 7 and ¢, then we say that
(4.14) Cn = C in L2(0,T; £2(0)).
Now, integrating the inequality from O to 7', we have

T 2 [- » s b
<S5 o+ =T
/ IVCon|7 dt < | NCmOllz: + 55
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FIGURA 5.1. Geometry of alveolar Sac

then, C,, is limited in £2(0, T; #'()) , for each T, then
(4.15) Con = C in L2(0,T; HY()).

Using the Fréchet-Kolmogorov theorem [24], we have that C,,, is pre-compact in £2(0, T; £2(Q2)).
Now, we have the theorem for the existence of the concentrations.

THEOREM 4. Given the system (3.1) in which we have the gas transport equation, then exist and a weak
solution defined by (2) in the spaces:

C e £L20,T; £2(Q) N L2(0,T; 1 () N £2(0,T; £2()).

5. Simulation. Considering the differences from the apex and base of the lung (see Millic-Emili [14]), we
are interesting in simulated the dynamic in the base of the lung, because is the place that has more ventilation and
perfusion in a normal breath [1].

5.1. Parameters for simulations. We studied alveolar sacs in the base region for two different genera-
tions in the Weibel’s generations [3] of the lung. We considered the density constant for all generation p =
1,21210~%gr/mm? [25],

Generation  kinematic viscosity Reynolds number
19 3.0813 0.08
23 85.88 7x1073

Those values were taken from Sznitman [26].
Using Finite Element Method, we have the results for a normal and fast maneuvers. The parameters for finite
element methods were : Number of iterations 50 for each global refine, 5 global refine and step of time ¢t = 0,1;
also the extreme deformation was v = 0,9 and, the tolerance for linear system and nonlinear system was 1.e — 8;
those approximations were made using Gascoing3D [27].
The initial CO5 concentration in the alveolar sac was considered constant 0.04302 [1]. We have considered the
alveolar sac deformation as a sinusoidal function.

5.1.1. Numerical results. The figure 5.1, shows the alveolar sac with five sources of CO4 gas.

The figure ( 5.2) shows the two different flow in the alveolar sac when the wall 02 is moving, for a normal
and forced maneuver. This movement makes that the pressure changed and as a consequence permit that the gas
flow enter.

The distribution for inflow in the alveolar sac for the fast maneuver is showed in figure ( 5.3), in the left side
shows the flow in the middle of time for inspiration and the figure of right side shows the maximal inflations for
the alveolar sac.
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FIGURA 5.2. Gas flow simulation for a normal and forced maneuver

v Magnitude
171

AR
a
o

—
[N}

o
o

04

FIGURA 5.3. Inflow in the alveolar Sac 2D

Those curves in the figure ( 5.4) were taken in line straight down the middle in the alveolar sac, showing the
fluid velocity in the alveolar sac.
The figure ( 5.5) show the gas transportation from the blood to the alveolar sac, in the right side we can see the

1.8
~ L6 ~ 0.2
2 2
B 14 &
) B
5 124 3 0.15 |
] o
i ~
51 2
o o
2 08| 3
[SEE o 0.1

0.6

T T T T T T T T T T
0.4 0.6 0.8 1 1.2 0.4 0.6 0.8 1 1.2
length (mm) length (mm)

FIGURA 5.4. Inflow in the alveolar sac

dilution of carbon dioxide as a consequence of the gas inhaled.

Making the curve in line straight down the middle in the alveolar sac for the CO2 concentration, we can see
the carbon dioxide stratification. That curve changes depending of the maneuver like in the figure on right side
(see figure ( 5.6)). Those values increase as a consequence of the gas exchange with blood CO2 concentration from
0.065 ;

The oscillation for the stress in the wall OS2 of the alveolar sac is showed in figure ( ??fig:6)). When the
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FIGURA 5.5. CO2 concentration in the alveolar sac
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FIGURA 5.6. Stratification of the CO2

alveolar sac is submitted to fast and strong maneuver, we could see the differences from a normal maneuver very
smooth.
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FIGURA 5.7. Stress for normal breath

Those figures for the CO- showed that the gas is diluted or concentrated according the maneuver that the
subject done (normal or fast respiratory maneuver) and the carbon dioxide was not affected with the stress in the
wall of the alveolar sac for a normal maneuver. The stress changed following the pattern of respiration like a
sinusoidal curve, but in a forced maneuver the stress did not follow the same pattern.
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6. Conclusion. The model of the dynamics of gases in Arbitrary Lagrangian-Eulerian coordinates help to
control a moving domain; this analysis showed that the dissipation of energy for the fluid and gas transport depend
of fluid properties and the velocity of domain deformation of the alveolar sac. Furthermore, the dissipation for the
concentration of carbon dioxide, it does not depend on fluid velocity as a consequence of incompressible fluid and
the amount of COs, in the alveolar sacs, depends upon the number of capillaries in the wall and it is not affected by
the expired force maneuver, but the stratification of gas concentration is affected by the gas flow is coming to the
alveolar sac.

The analysis shows the relation between the value of domain deformation and viscosity of fluid.

2V E ™ goo 4 I1E ™ g iV (T e > 0

The analysis showed that the functional spaces for the existence of weak solution for the fluid and CO; concentra-
tion are

@e £2°00,T; £2() N L20, T; HE () N L2(0,T; £2(0Q)).

C e £L20,T; £2(Q) N L0, T; 1Y () N L2(0,T; £2())

Future work: Analysis of dynamics of gases considering fluid-structure interaction, and analysis of dynamics
in the lung pathology.

Acknowledgement: This research has economical support by Programa Nacional de Innovacién para la com-
petitividad y productividad (PNICP), con nimero de proyecto 361 — PNICP — PIBA — 2014.

Referencias

[1] L.J. Caucha, J. C. Cruz, L. A. Rueda, Modeling a cog expirogram obtained with a forced expiratory maneuver., FASEB J. 24 (2010)
1063.5.
[2] P. W. Scherer, L. H. Shendalman, N. M. Green, Simultaneous diffusion and convection in single breath lung washout, Bull. Math
Biophys. 34 (1972) 393-412.
[3] E.R. Weibel, Morphometry of the human lung, Berlin:Springer, 1963.
[4] L. Engel, Gas mixing within the acinus of the lung., J. Appl. Physiol. 54 (1983) 609-618.
[5] M. Paiva, L. Engel, Model analysis of intra-acinar gas exchange., Respiration Physiology 62 (1985) 257-272.
[6] D. A. Scrimshire, P. J. Tomlin, R. A. Ethridge, Computer simulation of gas exchange in human lungs, J. Appl. Physiol. 34(5) (1973)
687-696.
[7] M. Felici, M. Filoche, B. Sapoval, Diffusional screening in the human pulmonary acinus, J. Appl. Physiol. 94 (2003) 2010-2016.
[8] A.J. Swan, M. H. Tawhai, Evidence for minimal oxygen heterogeneity in the healthy human pulmonary acinus, J. Appl. Physiol. 110
(2011) 528-537.
[9] W.IJ.Federspiel, J. J. Fredberg, Axial dispersion in respiratory bronchioles and alveolar ducts, J. Appl. Physiol. 64(6) (1988) 2614-2621.
[10] J.Donéa, P. Fasoli-Stella, S. Giuliani, Lagrangian and eulerian finite element techniques for transient fluid-structure interaction problems,
in: Structural mechanics in reactor technology, 1977.
[11] T.Hughes, W. Liu, T. Zimmermann, Lagrangian-Eulerian finite element formulation for incompressible viscous flows, Comput. Methods
Appl. Mech. Engrg. 29 (1981) 329-349.
[12] X. Flores, J. Cruz, Single-breath, room-air method for measuring closing volume (phase iv) in the normal human lung., Chest 102 (1992)
438-443.
[13] R. Sikand, P. Cerretelli, L. E. Farhi, Effects of va and va/q distribution and of time on the alveolar plateau, J. Appl. Physiol. 21 (1966)
1331-1337.
[14] J. Milic-Emili, J. A. M. Henderson, M. B. Dolovich, D. Trop, K. Kaneko, Regional distribution of inspired gas in the lung., J. Appl.
Physiol. 21 (3) (1966) 749-759.
[15] L.J. Caucha, J. C. Cruz, J. M. Melendrez, Modeling exhaled gases after a tidal breath of air to remark the difference between the inhaled
oxygen and the exhaled carbon dioxide., Am. J. Respir. Crit. Care Med. 183 (2011) A5180.
[16] M. Braack, P. B. Mucha, Directional do-nothing condition for the navier-stokes equations., Journal of Computational Mathematics 35(5)
(2014) 507-521.
[17] R. Becker, Mesh adaptation for dirichlet flow control via nitsche’s method., Commun. Numer. Meth. Engng. 18 (2002) 669-680.
[18] G. P. Galdi, R. Rannacher, Fundamental Trends in Fluid Structure Interaction, World Scientific Publishing Co., 2010.
[19] R. Dziri, J. P. Zolesio, Eulerian derivative fof non-cylindrical functionals., Shape optimization and optimal design 216 (2001) 87-108.
[20] C. Grandmont, Existence for a three-dimensional steady state fluid-structure interaction problem, J. Math. fluid mech. 4 (2002) 76-94.
[21] R. Temam, Navier-stokes equation and nonlinear functional analysis., CBMS-NSF Regional Conference Series in Applied Mathematics
66 SIAM, Philadelphia.
[22] Q. Du, M. D. Gunzburger, L. S. Hou, J. Lee, Analysis of a linear fluid-structure interaction problem., Discrete and continuous dynamical
systems. 9(3) (2003) 633-650.
[23] R.S. Adams, Sobolev Space, Academic Press, New York, 1975.
[24] H. Brezis, Funtional Analysis, Sobolev Space and Partial Differential Equations, Springer New York, London, Rutgers University, 2010.
[25] P. A. Kvale, J. Davis, R. Schrotter, Effect of gas density and ventilatory pattern on steady-state co uptake by the lung, Respiration
Physiology 24 (1975) 385-398.



Luis J. Caucha et. al.- Selecciones Matematicas. 04(02) 220-229 (2017) 229

[26] J. Sznitman, Effect of gas density and ventilatory patter on steady-state co uptake by the lung, Journal of Biomechanics 46 (2013)
284-298.

[27] R. Becker, M. Braack, D. Meidner, T. Richter, B. Vexler, The finite element toolkit GASCOIGNE 3D, HTTP://WWW.GASCOIGNE.UNI-
HD.DE.



