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Resumen

En este articulo, se plantea un algoritmo para aproximar la distancia Geodésica entre los
puntos p y q de la esfera, mediante la solucién numérica de un problema de valor inicial
asociado al sistema de ecuaciones diferenciales ordinarias de las geodésicas; para lo cual se
determina una direccion apropiada.
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Abstract

In this paper, we proposes an algorithm to approximate the Geodesic distance between points
p and q of sphere, through the numerical solution of initial value problem associated with the
system of ordinary differential equations of the geodesics; for this an appropriate direction is

obtained.
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1. Introduction

The problem of finding the distance between two points on a regular surface S (connected and
complete), in general it is not easy; since it requires to find the minimal geodesic that joins these
points. An algorithm called Leap-Frog (Kanya, Noakes, 1997-1998) was developed to

approximate geodesics; and Noakes in 1998 developed a global algorithm for this purpose.

In the case of a sphere, without loss of generality, we can consider the unit sphere centered on
the origin of coordinates, the distance between two points, is found using the maximum
circumference that passes through these points; since in a sphere the maximum circumferences
are the geodesics. This distance in the sphere is known as the geodesic distance or the shortest

arc distance between points (Wesolowsky, 1982).

In this paper, we obtain a numerical approximation to the geodesic distance, solving a problem
of initial value associated to the system of ordinary differential equations of the geodesics;
based on the method developed by Rubio (2015). For this, we obtain a vector that will give the
direction that will solve the problem of initial value respective. An algorithm is also provided for

this purpose.

2. Regular Surfaces.

In this section we enunciate some results on Differential Geometry, which were taken of the
book of Do Carmo (1976).

Definition 2.1. A subset S c R? is a Regular Surface if, for each p € S, there exists a
neighborhood V in R%® and a map X:U c R? - V n S of an open set U c R? onto
V NS c R3 such that:

1. X € C*(U).

2. X is a homeomorphism.

3. For each q € U, the differential dX,: R> - R* is one-to-one.

The mapping X is called a parametrization of S; and in coordinates it is given for
X(u,v) = (x(u,v),y(w,v),z(w,v)), ¥ (u,v) € U.

Definition 2.2. A nonconstant, parametrized curve a:I ¢ R — S is called parametrized Geodesic
if:

%(Z—f(t))zo,wel, (1)

where % denotes the Covariant Derivative.

Now, let’s consider a parametrization X:U c R? - S, which that X(U) n a(I) # @. Also, the

parametrization induce a base {X,,(q),X,(q)} in the tangent space T,,S, to S at p = X(q).
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Now, let W (t) be a vectorial field tangent along a curve differentiable parametrized a:/ c R — S.
The expressions of field W (t) in the parametrization is:

W(t) = a(©)X, (w(®),v®) + b(®)X, (u(®), v(t)) (2

The expressions of covariant derivative of field W (t), by (2), is:

D
EW(t) = (a’' + Thau + Thav' + ThLbu' +ThLbv' )X, +

+ (b’ + THau' + TEav' + TEbu' +TAbv')X, (3)

where the Fi’;, Vi, j, k = 1,2 ,are called the Christoffel symbols which are given by:

GE, — 2FF, + FE, 2EF, — EE, — FE,

1 _ 2 _
Fia = 2(EG — F?) ’ I = 2(EG — F?)
1 _ GEy—FGy 2 _ EG,—FE,
12 7 2(EG-F?) ’ Iz = 2(EG—F?) (4)
o 2GE, — GG, — FG, 2 EG, — 2FF, + FG,
22 2(EG — F?) ’ 22 2(EG — F?)

Also, the coefficients of the First Fundamental Form of S in the parameterization X, are given
by:

E(u,v) = X, (w,v), Xyu(w,v)), Flu,v) =X, wv), X,w ), Guwv)=Xwv), X)) (5)

If a:1 c R — S is parametrized geodesic, its expressions in the parametrization is given by:
a(t) = X(u(t),v(t).
Therefore, the tangent vector is given by:

() = X' (D) + X0 (D).
Using (1) and (3) for W (t) = Z—f(t); its have:
u” +THW)? + 2u'v'T, + T5,(w)2 =0
(6)
v+ TH W)+ 2uv'TE + TAW)? =

that is a system of ordinary differential equations of second order.
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3. Geodesic on §?
Consider the unit sphere:
2={(x,y,2) ER3/ x> +y?2+2z2=1}

The upper hemisphere or northern hemisphere is given by:

— () €W/ 2= T =77, 5 4y < 1)

which is the graph of the differentiable function f: U c R? - R defined by

fle,y)=yJ1—x2—y2, dondeU = {(x,y) ER?: x2+y2<1}.

A parametrization for (8) is given by X: U c R? —» S2 defined by:

X(u,v) = (u, v, V1 —u? —172),

The coefficients of the first fundamental form (5) are:

u? uv v?
E=1+ F=———— G=1+
1-u2-p2’ 1-u2-p2’ 1-u2-p2
Its derivatives:
2
( 2u—-2uv? — 2u“v
| Bu=menr B =Gy
v-v3+uv u-u3+uv?
4| E, = (1-u2-v2)2’ F, = (1-u2-v2)2
2uv? 2v—2u?v
k Gy = (1-u?2-v2)2”’ Gy = (1-u?2-v2)2

Using (10) and (11), the Christoffel symbols T, U, Vi, j,k =1,2. are obtained.

Therefore, the initial value problem associated with the geodesics is:

(v +TH@W)? + 2u'v'Thav' + T,(w)2 =0
v +TH W) + 2u'v'Thav + TH(W)? =0

| u(©0) = uo , v(0) = vy
k w0 =1, v'0)=r1,

where t = (1,,7,) € R2.

52

(7)

®)

(9)

(10)

(11)

(12)
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4. Distance on S?

Since the Gaussian Curvature of 2 is K =1 # 0, the formula for find the Euclidean distance in
the plane does not apply in this case; for that reason, the distance between two points in §2, is
calculated through the Intrinsic distance dg of the connected regular surface S; which is defined
by:

ds(p,q) = inf{l(a) = flla’®)lldt / a € Cpq} (13)
where:

Cpq ={a:[01] =S / a(0)=p, a(l) =q} (14)

In the case of S2, the geodesics are maximum circumferences; therefore, the shortest distance
between any two points of S? is measured along a maximum circle passing through them.

According to (Wesolowsky, 1982), this distance is known as shorter arc distance.

Mangalica (2005), and Wesolowski (1982), consider the spherical coordinates (@, 8), a point
p € S? is defined by its latitude @ and longitude @, and is denoted by p = X (9, 8), where

—§<(z)<§, 0<6<2m.

Thus, when considering two points p; = X(@4,0,), p, = X(0,,8,) on S?, the shortest length arc
a = arc(py, p2), Satisfies:

I(a) = cos™[cosD,cosB, cos(8; — 0,) + sin®,sind,] (15)
l(@) =cos™'[<p,  p2>]

which is called (Donnay, 1945) geodesic distance, denoted by d,(py, p,), between the points
p; and p,.

5. The Geodesic Direction

In this paper we will approximate the distance dg or geodesic distance, solving a problem of
initial value associated to the system of ordinary differential equations of geodesics (12).

Definition 5.1. The vector t = (1, ,7,) € R? given by (12), which allows to determine the
geodesic distance, is called Minimal Geodesic Direction.

Theorem 5.2. Letpy, p, € S%, py # p;- Atangent vector T to S2 in p,, in the direction of p,,
is given by:

a) =pox (Po x py) , OF (16)

b) T = —po x (Po x P1) (17)
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Proof

As p,, p; € S2, we denote with p, and p, the associated vector radius to p, and p;,
respectively.

Furthermore, as p, # p,, then p, and p, are linearly independent; and as in 52, the geodesics
are maximum circumferences, then they are in the plane generated by p, y p;.

Denoting by:

#01 the plane generated by p, and p;.

Cy; maximum semicircle passing through p, and p;.

Thus Cy; C 4. Then, the vector cross produc of p, and p;:
Poxp1 L o1

Thus, a vector tangent to S? , which starts from p, and is the plane @, is:

Po X (Po x p1) (18)

Let w = p; — p,, then:
a)lf (w, pox (poxp))> 0,then T = pyx (py x py)-

b) If (w, pox (poxp1)) < 0,then T = —pyx (po x p1). m

Theorem 5.3. Let p,, p; € S, po # p;. The tangent vector T = (T, T, ,T,) to S7 inp,, given
by (16) or (17) in coordinates is respectively:

Ty = 2(voP, — Ppy/1 —uf — v§)
1y = AT P a9

T, = i(uOPy —voPy)
where po xp, = (P, B, B,).
Proof
We only give the proof respect to (16); because the other option is analogous.

Using the parametrization (9), there are q, = (uy,vo), g1 = (uq,v1) in U, such that:

(Po = X(uo,vo), p1 = X(uy,vy)

{Po=(uo'vof Vl_ug_vg)' (20)
tp1=(ul,v1, Vl_u%_vf)
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Using (20), we have: p, x p; = (P, P,,B,), where:

Pe=voy/1—uf — v} — vi/1—uf — 1§
Py =uy/1—ud —v¢ —upf1—ul —v3 (21)
P, = ugvy —uyv

Therefore, from (21), the vector T = (T, T, , T,) = po x (po x py) iS given by:

!(Tx voP, — P, ’1—u§—v(2,
|

Qﬂ

=P, ’1 ui —vi —

T, = uoP, — voP,

The following theorem allows us to find the minimal geodesic direction; which is used in the
initial condition of the initial value problem (12).

Theorem 5.4. The minimal geodesic direction t = (z; ,7,) € R?, for the system (12), is given by:

7, = voP, — Py/1 —u§ — v§ 22)
T, = Py 1 —uj —vi —uyP,

Proof

As 5% is the graph of the differentiable function f(x,y) = /1 — x2 — y2, of theorem (5.3), we
have:

— 2
ly x 1_u0_170 _uOPz

TZ = uOPy—UOPx

Therefore, the vector 7 = (1,,1,) € R?, is given by:

{(Tl =vyP,— P, fl—ué—vg
k‘rz =P, ’1—u(2)—vg — ugP,

Because it is the projection of T = (Tx, T, ,Tz) on the coordinate plane XOY.
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6. Algorithm.

In this section we developed a algorithm (Rubio, 2015), to approximate the Geodesic distance
dy(Po,P1), Po,P1 € SZ , Obtaining the numerical solution of I.V.P (12).

1. Input p, = (uo, Vo, J1—us— 17(2,), Py = (ul,vl, J1—u? - vf), N, tol.

2. h==, t;=ih, i=01,..,N,

1
N
3. Using (22), calculate:
T =(1,,7,) € R?
4. u(0) =uy, v(0)=1v,,
u'0)=1, vV(0)=1

5.Solver the 1.V.P (12),

Error = \/(u(k) — u)? + (v(k) — v,)?
5.1. If Error < tol , then

Calculate dg,,, where d,, is the distance obtained by the algorithm.

ap
6. dg(pOﬂpl) = dap'

7. End

7. Examples.
7.1. Find the geodesic distance between points p,,p; € S?, given by:

po = (0.7,0.2,0.6856) y p, = (0.12,0.83,0.5447).

Let:
d., approximate distance given by the algorithm.
d, geodesic distance obtained by (15).
Using the algorithm we obtain:
Geodesic
Do D1 Distance: d,,, | distance: d, | Error: |dap = dg|
0.7 | 0.2 | 0.6856 | 0.12 | 0.83 | 0.5447 0.8913 0.8977 0.0064

Table Nro. 1. Comparison between distance d,, and distance d,,.
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Fig. Nro. 1. Pre-image of the geodesic in the plane,
and circle of arrival.

Fig. Nro. 2. Geodesic from P, to P;.

Fig. Nro. 3. Geodesic from P, to P,.



F. Rubio and R. Leon —Selecciones Matematicas. 03(02): 49-59 (2016) 58

7.2 The following table shows results.

Points on S? Parameter: N =200, tol =0.01, h=4/N
Geodesic
Po D1 Distance: Distance: Error:

dap dy |dap — dg|

0.7 0.2 0.6856 0.12 0.83 | 0.5447 0.8913 0.8977 0.0064
0.13 | 0.17 0.9768 0.77 -0.32 | 0.5520 0.9409 0.9460 0.0051
0.45 | -0.54 | 0.7113 -0.69 0.55 | 0.4705 1.8279 1.8471 0.0192
-0.3 | -0.6 | 0.7416 | -0.21 | -0.08 | 0.9744 0.5854 0.5851 0.0003

0.5 -0.5 0.7071 -0.7 -0.7 | 0.1414 1.4726 1.4706 0.002
-0.62 | 0.43 | 0.6563 0.39 | -0.47 | 0.7918 1.4957 1.4950 0.0007
0.0 | -0.8 | 0.6000 0.0 0.9 | 0.4359 2.0262 2.0471 0.0209
0.47 | 0.66 0.5861 0.21 -0.72 | 0.6614 1.5599 1.5596 0.0003
09 | -0.1 | 0.4243 -0.8 | -0.58 | 0.1536 2.1985 2.2103 0.0118
-05 | 08 0.3317 0.8 0.21 | 0.5620 1.6183 1.6164 0.0019
0.49 0.0 0.4359 -0.9 0.0 | 0.4359 2.2282 2.2395 0.0113
0.2 | 0.15 | 0.9682 0.8 -0.23 | 0.5542 0.8394 0.8472 0.0078
-0.2 | -0.15 | 0.9682 -0.8 0.17 | 0.5754 0.7945 0.8070 0.0125
0.0 0.0 1.000 0.0 0.98 | 0.1990 1.3328 1.3705 0.0377
0.91 | -0.1 | 0.4024 -0.1 -0.9 | 0.4243 1.3994 1.4003 0.0009
-0.2 | 0.85 | 0.4873 0.33 | 0.37 | 0.8684 0.8297 0.8343 0.0046

Table Nro. 2. Comparison between distance d,, and distance d,.
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